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On the Property of Solutions for a Class of Higher Order
Periodic Differential Equations
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Abstract In this paper, the property of linear dependence of solutions for higher order linear
differential equation

F™ @)+ A2 (2) FF D (2) + - + Ao(2) f(z) = 0, (%)

where A;(z) ( = 0,2,...,k — 2) are constants and A; is a non-constant entire function of
period 27i and rational in e?, is investigated. Under certain condition, the representation of
solution of Eq. () is given, too.
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1. Introduction and main results

In this paper, we use the standard notations from the Nevanlinna’s values distribution theory
of meromorphic functions [10, 13]. In addition, we use the notation o(f) and A(f), respectively,
to denote the order of growth and the exponent of convergence of the zeros of a meromorphic
function f. oo(f), the hyper-order of f(z), is defined to be

w— loglogT(r, f)

= lim
72(f) rﬂ1+oo logr
We define as in [7]
— logT(r,
oe(f) ——rher oL\l 7“( 1)

to be the e-type order of a meromorphic function f(z). Obviously, if f(z) is entire, then

+— loglog M(r, f)

elf)= D =
We also define as in [7]
— log N(r,
Ae(f) = rggloo y

to be the e-type exponent of convergence of the zeros of f(z).
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For a set E C (1,400), we denote

7ME%iédn7m@D:Amxﬂﬂ&ﬁ

where xg(t) denotes the characteristic function of the set E. In accordance with the usual
notation, we will use the abbreviation “n.e.” (nearly everywhere) to mean “everywhere in (0, +00)
except in a set of finite linear measure”.

The study of the properties of solutions of a linear differential equation with periodic coef-
ficients is one of the difficult aspects in the complex oscillation theory of differential equations.
However, it is also one of the important aspects since it relates to many special functions. Many
important researches were done by various authors, see, for instance, [1,2,4-9,11].

For the second-order periodic differential equation
"+ AR)f =0, (1.1)
In [1], Bank and Laine proved the following theorem.

Theorem A Let A(z) be a nonconstant periodic entire function of period w, which is of finite
order of growth and transcendental in e**, where o = 2miw~'. If f(z) # 0 is a solution of the
equation (1.1) with the property A(f) < oo, then f(z) and f(z + w) are linearly dependent.

In [7], Chiang and Gao proved the following theorem.

Theorem B Let A(z) = B(e®), where B(¢) = ¢1(1/¢) + ¢92(¢), g1 and go are entire functions
with go transcendental and o(g2) not equal to a positive integer or infinity, and g, arbitrary.
(i) Suppose o(g2) > 1. If f is a non-trivial solution of (1.1) with A.(f) < o(g2), then f(z)
and f(z + 2wi) are linearly dependent.
(ii) Suppose o(g2) < 1. If f is a non-trivial solutions of (1.1) with A\.(f) < 1, then f(z)
and f(z 4 2wi) are linearly dependent.
For second-order differential equation (1.1), if f; and fo are two linearly independent solu-
tions, then
2 12 "
_4A = % - % + 2%,
where E = f1 fo. This formula plays an important role in the proofs of Theorems A and B. But
for a higher-order differential equation, there does not exist such formula. So it is more difficult
to investigate the properties of solutions for higher-order periodic differential equations.
For a higher order periodic differential equation only with two terms, Gao Shi-An proved

the following result in [9].

Theorem C Let A(z) = B(e*), where B(¢) = gl(%) +92((), 91(t) and g2(t) are entire functions,
91(t) (or g2(t)) is transcendental and o(g1) (or o(g2)) < &. If f is a non-trivial solution of the

differential equation

& 4 A(2)f =0, (1.2)
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with

logt N (r, %) = O(r), (1.3)

then f(z) and f(z + 2mi) are linearly dependent.
For a general higher-order periodic differential equation, Bank and Langley proved the

following theorem in [2].

Theorem D Suppose that k > 2 and that Ay, ..., Ai_o are entire functions of period 27i, and

that f is a non-trivial solution of the differential equation
f(k) + Akizf(k—Q) +.- 4+ Agf =0. (1.4)

Suppose further that f satisfies log™ N(r,1/f) = o(r), that Ay is non-constant and rational in
e*, and that if k > 3, then Ay,..., Ax_o are constants. Then there exists an integer q with
1 < ¢ < k such that f(z) and f(z + q2mi) are linearly dependent. The same conclusion holds if

Ay is transcendental in e*, and f satisfies
log" N(r,1/f) = O(r),

and if k > 3, then as r — +o0o through a set L of infinite linear measure, we have
T(r,Aj) = o(T(r, Ao))

forj=1,....k—2.
Later, Chen proved the following theorem in [5].

Theorem E Let A; (j = 0,...,k — 2) be entire functions of period 2mi, A;(z) = Cj(%) +
B;((),( = e*, and C;(t), Bj(t) be entire functions with finite order of growth. Let By(t) be
transcendental with o(By) < 3,0(B;) < o(Bo) (j = 1,...,k —2) and o(C;) < o(By) (s =
0,1,...,k—2) ifo(By) >0;0or B; (j=1,...,k—2) and Cs (s =0,1,...,k —2) be polynomials
ifo(By) = 0. If f(z) is a non-trivial solution of (1.4) and satisfies (1.3), then f(z) and f(z+ 2mi)
are linearly dependent.

We can see that the results of Theorem C to Theorem E are under the hypothesis that
Ap of (1.4) is the dominant coefficient. A natural question is what can be said when A,(s €
{1,...,k —2}) of (1.4) is the dominant coefficient. When A; is the dominant coefficient and
transcendental in e?, the author and Chen have obtained following result recently in [12].

Theorem F Let k > 3, Ag, ..., Ax—2 (Ao Z 0) be entire function of period 2mi satisfying
max{oc(A4;)(j #1)} < 0e(A1) < +00.

If f(z) is a non-trivial solution of Eq. (1.4) satisfying A.(f) < o.(A1), then there exists an integer
q with 1 < g < k such that f(z) and f(z 4+ ¢q2wi) are linearly dependent.

Remark 1 A; of Theorem F must be transcendental in e?.
In this paper, we continue to study the properties of solutions of (1.4) when A; is the

dominant coefficient and rational in e®. One of our results is similar to Theorem C. Another
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result is the representation of solution of Eq. (1.4). We will prove the following Theorems.

Theorem 1 Let k > 3. Suppose Ag(# 0), Aa, ..., Ap_o are constants, and A is a non-constant
entire function of period 2mi and rational in e*. If f(z) is a solution of (1.4) satisfying A(f) < 1,
then there exists an integer ¢ with 1 < ¢ < k such that f(z) and f(z + ¢2mi) are linearly
dependent.

Theorem 2 Suppose that k > 3, and A; is a non-constant periodic entire function, rational
in e*. Suppose further that Ag(# 0), Aa,..., Ar_o are constants. If f(z) is a solution of (1.4)
satisfying A(f) < 1, then there exists an integer ¢ with 1 < g < k, a constant d, and rational
functions R(£), S(€), analytic on 0 < |{| < 400, such that

fz)= R(ez/q) exp(dz + S(ez/q)).

2. Lemmas for the proof of Theorems

Lemma 1 ([3]) Let g(z) be an entire function of infinite order, with the hyper-order o2(g) = o,
and v denote the central index of g. Then

o log log v(r) _

r—+4o00 log r

Lemma 2 ([10]) Suppose that f(z) is meromorphic and transcendental in the plane and that

f)"P(f) = Q(f),

where P(f),Q(f) are differential polynomials in f with meromorphic coefficients b;, and the
degree of Q(f) is at most n. Then

m(r, P(f)) = O{3_m(r.b;) + S(r. f)},

where S(r, f) = O{logT(r, f) + logr}, n.e..

Lemma 3 ([2]) Let A(z) be a non-constant entire function with period 2mi. Then

c= lim M>0.

r—-+00 r

If ¢ is finite, then A(z) is rational in e*.

Remark 2 When A(z) is a non-constant, entire function and rational in e*, then T'(r, A) ~ cr;

when A(z) is an entire function and transcendental in e?, then r = o{T'(r, 4)}.

Lemma 4 Suppose that k > 3, Ag(£ 0), A, ..., Ax_o are constants. Ay is a non-constant entire
function of period 27i and rational in e*. Suppose further that f,g, f1,..., fx are all non-trivial

solutions of (1.4) satisfying

max{A(), Alg), () (i = 1,...,k)} < L.

Then there exist a constant d (0 < d < 1) and a set L C (0,+00) of infinite linear measure such
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that the following hold:
(1) o2(f) =1
(2) logT(r, f) # o(r?) as r — +o0 in L;
(3) If f, g are linearly independent, then we have log T(r, f/g) # o(r?) as r — +o0;
(4) logT(r,f'/f) = o(r?) as r — +oc0 n.e.;
(5) If f1,..., fi are linearly independent, then the product E = fi - - - f}, satisfieslogT(r, E) =

o(rd) as r — 400 n.e..

Proof (1) It is easy to see that every solution f (Z£ 0) of (1.4) is entire and transcendental.
From Wiman-Valiron theory, there exists a set E; C (1, +00) with m;(E;) < 400, such that for
j=1,2,...,k and for z satisfying |z| =r ¢ [0,1] U Ey and |f(z)| = M(r, f), we have

f(j)(z) 7 L(r) i )
o~ (o), (2.1)

where v¢(r) denotes the central index of f(z). For any given ¢ > 0, we have for sufficiently large
T.’

|4;(2)] < exp{r*e}, (2.2)

for j = 0,1,...,k — 2. Now, we take a z satisfying |z| = r & [0,1] U Ey and |f(2)| = M(r, f).
Substituting (2.1),(2.2) into (1.4), we obtain

D1 4 o) < K21 1 o1) expfr ),

E |2|
This gives
— logl
fm eslosve(r) (2.3)
r—+00 logr

Since ¢ is arbitrary, by (2.3), we have oa(f) < 1. We assert that oz(f) = 1. Assume that
o2(f) < 1, since
f/
T(r,—=)=m
(r, %) =m(

)+ N(r, J;) — O{log T(r, f) + log 7 + N(r, %)}, ne.

i
" f

this gives
!/

1
log T'(r, f7) <loglogT(r, f) + loglogr + log N (r, ?) +log M, n.e.,

(We denote by M some fixed positive constant, M may be different at each occurrence). Using
the fact that A(f) < 1, we obtain

O’(J;,/) <1 (2.4)
On the other hand, we obtain by rewriting (1.4),
(k) (k—2) "
—Alz%(%‘FAkuff +"'+A2f7+"'+140). (25)
Since 0
ALY VIR STPREPIYS VR YR AN e
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forj =2,...,k, where H j_g(fTI) is a differential polynomial in fTI and its derivatives with constant

coefficients, and the degree of H. j_g(fTI) is not greater than j — 2, it follows from (2.6) that

Uﬁ <U(f—/

7= f), (2.7)

for j =2,...,k. By (2.5), (2.7), we get

a contradiction to (2.4), so o2(f) = 1 holds.

(2) We can choose a constant d satisfying
max{A(f), A(g), A(fi) (i=1,...,k)} <d <1.
From (1), there exists a sequence {r,} (r, — o) such that

lim loglog T'(ry, f)

=1
Ty —+00 log ry,

We take L = (J > [r,, 7 + 1], then obviously m(L) = +oo and
i loglog T(r, f)

r—+00 log T
rel

=1
holds, which gives
log T(r, f) # o(r?) as r — 400 in L.
(3) Assume that U = f/g satisfies
log T'(r,U) = o(r?) (2.8)
as r — 4o00. Substituting f = gU into (1.4) yields,
kg + Broag® ™ 4 4 (Bo + A1)g = 0, (2.9)

where each coefficient B; is a polynomial in the logarithmic derivatives Ul(;,n) form=1,...,k,

and in As, ..., Ag_2, so by (2.8),

m(r, Bj) = o(r?), n.e. (2.10)
holds. Since g is a solution of (1.4),
0 4 A 0g® D L 4 Ag + Agg = 0 (2.11)

holds. Eliminating A; from (2.9) and (2.11) yields,

(k) (k—2) " (k—1) (k—2) / /
97+Ak_29 +«-~+A2%+(—kgg —Bj_? f~-«fB1%fBo)%+A0:0. (2.12)

Setting G = %' and combining (2.6) and (2.12) yields

GF 4+ Cp 1 GF 14 4 Cr=0 (2.13)
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where each coefficient C; is a polynomial in the logarithmic derivatives % form=1,2,...,k
and in By,..., Bi_2. So by (2.10),

m(r,C;) < o(r?) + O{log T(r,G)}, n.e..
By Clunie Lemma (Lemma 2), (2.13) yields
m(r,G) < o(r?) + O{log T(r,G)}, n.e..
Using the fact that log N(r,G) < log N(r,1/g) = o(r%), we obtain
m(r,G) = o(r?), n.e.. (2.14)
Since for j =1,...,k,
m(r,GD) < m(r,G) + O{log T(r,G) + logr}, n.e.. (2.15)
It follows from (2.6), (2.14) and (2.15) that
g0

mr—zord n.e.
(r, =) = o(r"), ne,

for j =1,..., k. Substituting it into (1.4) yields

/ (k) (k—=2) "
m(r, A1) < m(r, Al%) + m(r, ?) = m(r, 97 + Ak,gg 4 ,Ag% + Ap) +m(r, 5)

<o(r?) +T(r, “;/) + 0(1) = o(r?) + m(r, Z/) + N(r, 5;/)

=o(r?), n.e.,

which gives 0(A;) < d < 1, a contradiction to the condition o(4;) = 1.
(4) By setting H = £, (2.5) yields,

H* + D), H*'4 ...+ D{H + Dy = 0, (2.16)

where D; is a polynomial in the logarithmic derivatives # form = 1,...,k and in A;. It
follows from (2.16) that

k Hm)
m(r, H) < O{log T(r, H) +logr} + Y m(r, ——) + m(r, A1)

H
m=1
= O{logT(r,H) +1logr} +m(r, A1), n.e.

So
logT(r,H) <logm(r,Ay) + loglogr + log N(r, H) + log M
< M(1+¢)logr, ne.

This gives log T'(r, fT/) = o(r?), n.e. as r — +00 as required.
(5) It follows from Ai_1 = 0 that the Wronskian W(f; -+ fx) is a non-zero constant, say

¢, we can write

¢ _ Wi fi)

E fofi
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so & is represented as a determinant in the functions f;m)/fj forj=1,...,kandm=1,...,k—1.
But each of these functions satisfies, by (4)
(m)

logT(r,"-—) = o(r%) as r— +oo, n.e..

fi
So logT'(r, E) = o(r?), n.e. as r — +o00. This completes the proof of Lemma 4. [J

Lemma 5 ([2]) Let k > 2, L be a subset of (1,+00) having infinite linear measure, and ¢(r)
be a positive increasing function on (1,+00) such that ¢(r)/logr — 400 as r — 4o00. Suppose
that f1,..., fr are meromorphic in the plane, such that the following hold, as r — 4oc in L:

(i) For cach j, 10gT(r, f;) # o((r));

(i) Fori £, logT(r, fi/ f;) # o(6(r));

(iii) For each j, log T'(r, f}/f;) = o(¢(r)).

Then f1,..., fi are linearly independent.

Remark 3 If f(z) satisfies a homogeneous linear differential equation with rational coefficients,
and if f(z) has an essential singularity at infinity, then the order of f(z) is a positive rational

number. This follows from the Wiman-Valiron theory [1].

3. Proof of Theorem 1
Proof We define k + 1 solutions of (1.4) from f(z) by
fi(z) = f(z+j2mi) for j=0,... k.
By Lemma 4 (2), there exists a set L; C (0,+00) of infinite linear measure for each f; such that
log T(r, f;) # o(r?) as r — +oo in L;.
We take L = U?:o L;, then m(L) = +o00 and for each j
log T(r, f;) # o(r?) as r — 400 in L
holds obviously. By Lemma 4 (4), we have for each j
log T(r, f1/£;) = o(r?), n.e. as r — +o0.
We can assume for i # 7,
log T(r, fi/ f;) # o(r?) as r — +o0,

for otherwise by Lemma 4 (3), the functions f; and f; are linearly dependent, and the conclusion
of the Theorem 1 holds with ¢ = |i — j|. Now we can apply Lemma 5 with ¢(r) = ¢ to conclude
that {fo,..., fe—1} and {f1,..., fx} are both fundamental solution sets for (1.4). Now form the
product

Ey=fo - fk—1 and Ez = f1--- f.

By Lemma 4 (5), we have
log T(r, By /Ey) < logT(r, Ey) +log T(r, E3) + O(1) = o(r?), (3.1)
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as r— +oo, n.e.. But Ex/Ey = fi/fo = f(z+ k2mi)/ f(z), so that (3.1) and Lemma 4 (3) imply
that fo and fi are linearly dependent. This completes the proof of Theorem 1. [

4. Proof of Theorem 2
The proof of Theorem 2 is similar to the proof of Theorem 2 in [2].

Proof From Theorem 1, we know that f(z) and f(z + ¢2mi) are linearly dependent for some
integer ¢ with 1 < ¢ < k. We can therefore write

f(z) = eh*G(e*/9), (4.1)

where dy is a constant and G(€) is analytic on 0 < |¢| < co. Now for any R > 1 and any zero
& of Gin R7! < [€] < R, there exists z; with |21| < g(log R + 7) and exp(z1/q) = &, such
that f(z1) = 0. It follows that counting multiplicity, the number ng of zeros of G in the annulus
R < [€] < R satisfies logng = o(log R). We can therefore write

G(€) = €u(&)v(1/€) exp(K(€)) (4.2)

where @ is an integer, K is analytic on 0 < |£| < oo, and u, v are entire of order zero, formed as
follows. The function w is the canonical product formed with the zeros of G in || > 1, and so
has order zero. Similarly, v is a canonical product formed with the zeros of G in 0 < |£| < 1, for
each zero & of G which satisfies 0 < |£;| < 1, v has a zero of the same multiplicity at 1/&;, so
has order zero, too.

We first prove that K is rational. Set h(z) = K(e*/). Then

f(z) = W(2)e"®), (4.3)
where W (z) = e®2¢Qu(&)v(1/€) and log T(r, W) = o(r). Substituting (4.3) in Eq. (1.4) gives
k—1
(W) +> " B (1) + Ag =0, (4.4)
§=0

where each B; is a polynomial in the logarithmic derivatives W) /W and h(™ /R’ for m =

1,...,k and in A7, and hence satisfies
m(r, Bj) = O{log T'(r, 1) + o(r)} + m(r, A1) = Oflog T(r, 1) + o(r)} + O(r). (4.5)
Thus from Clunie Lemma, (4.4) and (4.5) give T'(r,h’) = O(r), so that T(r,h) = O(r) and by

Lemma 3, h is rational in e*/.

We now set U(&) = u(§)v(1/€). By (4.1), (4.2) and the fact K is rational, U satisfies a
linear differential equation with rational coefficients. Suppose U is transcendental, from Remark
3, the order of U is a positive rational number, this is a contradiction, since v and v both have
order zero. Set R(e*/7) = u(e*/T)wv(e=?/9), S(e*/9) = K(e*/9), d = di + Q/q, then f(z) =
R(e*/%) exp(dz + S(e?/9)). This completes the proof of Theorem 2. [J
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