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The Uniqueness of Skeleton Presentation of Complete
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Abstract Kobayashi discussed some kinds of standard embeddings into 3-manifolds of spatial
graphs. He introduced the concept of book presentation, which is a standard embedding of
spatial graphs with good properties, and proved that the book presentation of minimum sheets
of K, is unique up to the sheet translation and the ambient isotopy. In this present paper
we give the definition of skeleton presentation of spatial graphs, and prove that the skeleton
presentation of minimum floors of a complete bipartite graph K, , is unique up to ambient
isotopy.

Keywords complete bipartite graph; skeleton presentation; floor; ambient isotopy.

MR(2010) Subject Classification 57M15; 57TM25

1. Introduction

Kobayashi discussed some kinds of standard embeddings into 3-manifolds of spatial graphs
in [1] and [2]. He introduced the concept of book presentation, which is a standard embedding
of spatial graphs with good properties. In [1] Kobayashi conjectured that the book presentation
of minimum sheets of K, is unique up to the sheet translation and the ambient isotopy. In [3]
Yin et al. discussed some properties of book presentation of spatial graphs, and proved that the
book presentation of minimum sheets of a complete graph Ko, with even vertices is unique up
to sheet translation and ambient isotopy.

In this paper we give the definition of skeleton presentation of spatial graphs, and prove
that the skeleton presentation of minimum floors of a complete bipartite graph K,, , is unique
up to ambient isotopy.

In Section 2, we will preview some definitions and give some new definitions, and in Section

3, we will give the main results.

2. Preliminary

A graph G is denoted by (V, E), where V is a set. The element in V' is called a vertex. Let
E be a subset of V' x V. Then each of its elements is called an edge.
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The set of vertices is denoted by V(G), and the set of edges is denoted by E(G), G is called
a finite graph if V(G) and E(G) are both finite sets, otherwise G is called an infinite graph.
Only finite graph will be discussed in this paper. The following Definition 1 to Definition 3 can
be found in [3] and [4].

Definition 1 The graph K;; is the graph given by taking two sets of vertices, the first set
having i vertices and the second set having j vertices. All of the vertices in any one of the sets
are connected by edges to all of the vertices in the other two sets but to none of the other vertices
in their own set. We call K; ; a complete bipartite graph.

Obviously, a complete bipartite graph K, ,, contains (m xn) edges. For a spatial embedding
f: G — R3 of a graph G, let SE(G) be the set of embedding from G into R?. An element of
SE(G) is called a spatial embedding of the graph or simply a spatial graph.

Definition 2 Let f,g € SE(G), f,g: G — R3, and I = [0,1] be a unit closed interval. The
map ® : G x I — R? x I is called

(1) Level preserving, if for any t € I, there exists a map ®; : G — R? so that ®(z,t) =
((I)t (‘T)v t)'

(2) Locally flat, if for any point of the image of ®, there is a neighborhood N s.t., (N, N N
®(G x I)) is homeomorphic to the standard pairs of disks (D*, D?) or (D® x I, X, x I), n is
non-negative.

(3) Between f and g, if there is a real number, so that for allx € G, 0 <t <0, &(x,t) =
(f(z),t); and for allz € G, 1 — 0 <t <1, ®(z,t) = (g9(x),1).

Definition 3 Let f,g € SE(G), f,g: G — R3, and I = [0,1] be a unit closed interval. f and g
are called

(1) An ambient isotopic, if there is a level preserving and locally flat embedding map
®:G xI— R?x I between f and g.

(2) Cobordism, if there is a locally flat map ® : G x I — R? x I between f and g.

(3) Isotopic, if there is a level preserving map ® : G x I — R3 x I between f and g.

Definition 4 Let

{(«F
ﬁ$—1 ={(=}_ 1yt 1250 ) e RP| 2} (I-m)(y*—y), 0<y <1},

m—1 —

Pr={(f,yf,27) e R’ |2 =—(v* —y), 0<y <1},

{
PgZ{($8,y8728)€R3|28=O, 0<y< 1}7
P ={(zy,y1,21) €R* | 2y =¢y° —y, 0<y <1},
ﬁ,

n—1

(T 13 Yn_1)%n_1) € R | 2,1 =(n— 1)(92 —y), 0<y <1},
(T yn 2n) ER® | 2, =n(y? —y), 0<y <1}

ﬁ_

n

{
{



618 Lin XIAO, Guangyan SHEN and Bin LI

Let B be the set of 13;,...,13;,135),13;,...,13;. We call it a skeleton. Let A = {(z,y,z) €
R¥|y=2=0}, B={(x,y,2) € R® |y =1,2=0}. We call A and B the binder of B. Let
B, = {ﬁl, 162, ol ﬁn}, where ﬁl, 162, A P, are different elements of B. Let P; = P; — (AU B).
We call P; the i-th floor of B,,. Thus B, = |, P, = Ui, P;UAU B is a skeleton with n floors
{P;} and two binders A and B.

Definition 5 Let v : G — B,, be an embedding satisfying that

(1) »(V(G)) C (AU B);

(2) For any edge e € E(G), ¥ (Int(e)) C P; for some P;;

(3) For any floor P; there is at least one edge e of G with 1(Int(e)) C P;.
Then we call G = ¥(G) (or the embedding 1) a skeleton presentation of G with n floors. It is
clear that 1 < n <| E(G) |. When n is minimum, we call G a skeleton presentation of G with

minimum floors.

Definition 6 For a finite bipartite graph K,, ,, there are two sets of vertices such that each
two vertices in the same set do not have any edge between them. Denote the two vertex subsets
by VY (Kmn) = {V1,Vay ..., Vin}, VE(Kn) = {V{,V4,...,V!}. If a skeleton presentation v :
Konn — Bs satisfies (V') C A, ¢(V?) C B, where A and B are the binders of Bs, we call
G= ¥(G) a normal skeleton presentation, or N.S.P for short.

3. The main Theorem

Lemma 1 Let ¢ : Ky m — By be an N.S.P of a complete bipartite graph K., ,,. Then there

are m floors at least.

Proof There are two sets of points, V(K m) = {V1,Va, ..., Vi }, V2 (Kmom) = {V{, V4, ..., V), }.
We denote (V,, V) to be an edge of the graph, where V, € V!, V}/ € V2. And the sum of (V,, V)
is denoted by (a+b), and the set of edges with the sum [ is denoted by E(l). There are m edges
VL, V), Vo, Vi 1)y ooy (Vi = 1, V3), (Vi, V{) in E(m +1). And these m edges cannot pairwise

lie in one floor as shown in Figure 1.

NS
2 <
.

WS

m-1

Figure 1 m edges pairwise intersect

So these m edges in E(m 4+ 1) must be in m distinguished floors, respectively. Next we will

give a way to show there exist an N.S.P of complete bipartite graph K, ,, with m floors.
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First, we put edges (V1,V{), V1, V5),...,(Vi, V), Vo, Vi), ..oy (Vin, Vi) in Py, as shown in
Figure 2.

Figure 2 P,

m—1

Second, we put edges (Va, V{), (Vo, V5), ..., (Vo, V1), V3, Vi 1)y ooy (Vin, Viiy) in Pa.

Next, we put edges (Vin—1,V{), Vin—1, V), (Vin, V3) in Pp_1.
Above all, we put edge (Vi,,, V{) in Pp,.
So, there is an N.S.P of complete bipartite graph K, ,, with m floors and m is the smallest

number of floors.

Lemma 2 Let vy : K., ,, — By be an N.S.P of a complete bipartite graph K,, ,,. Then there
are k floors at least, where k is the smaller number of {m,n}.

Proof Without loss of generality, assume m < n. The two sets of vertices are V(K )
V1, Va, oo, Vi b, VA(Kon) = {V{, V4, ..., V}. Consider the edges in E(n+1), where E(n+1)
{(Vlv Vé)a (‘/27 Vé—l)v R (mela Vv{+m+2)7 (Vm’ Vvé—m-{-l)}'

And these m edges cannot pairwise lie in one floor. So they must be put in m distinguished

floors, respectively.
Now we give a way to show there exist an N.S.P of complete bipartite graph K, , with m
floors.
First, we put edges (V1,V{), V1, V5),...,(V1i,V.)),(Va, V1), ..., (Vin, V) in Py.
Secondly, we put edges (Va, V{), Vo, V3), ..., (Va, V! 1), (V5, V1) eo oy (Vimn, V._1) in Pa.
Next, we put edge (Vin—1, Vi), (Vin—1, V3), ..o, V=1, Vi _ o)y (Vin, Vi o) in Py
Above all, we put edge (Vin, V{), (Vin, V3), .., Vin, Vi _pi1) in Py,
So, there is an N.S.P of a complete bipartite graph K, , with m floors and m is the smallest

number of floors.

Theorem 3 The N.S.P of the complete bipartite graph K, », with minimum floors is unique
up to ambient isotopy.

Proof By Lemma 1, the N.S.P of K(m,m) with minimum floors contains m floors denoted by
Py, Py, ..., Py. There are m edges with the sum being m+1in K (m,m), namely (V1, V), (Va, V! 1),
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ooy (Vin, V{). And they must be in m distinguished floors, respectively. Without loss of gener-
ality, assume (V1,V.) C Pi,(Va,V,),_1) C Pa,...,(Vim,V{) C Py, as shown in Figure 3.

VI V]' VI V]' VI V]' Vl V]'
VZ VZ' VZ VZ' VZ - - VZ' V2 VZ'
" ER EN g % g
- 2 " -2 " -2 " - '
. Yz T Yz T Vo2 " Vo 2
m- m-1 Vm— - Vm- 1 Vm— - Vm- 1 Vm— m-1
V! 4 V' 4 Vv V'
m m m " m m m " m m m

Nyl

3

Figure 3 m floors with the sum m + 1

We will put the edges with the sum k (2 < k < m) upper of the edges of E(m + 1). While
we put the edges with the sum &k (m + 2 < k < 2m) lower of the edges of E(m + 1). We only
need consider the case of putting edges with the sum k (2 < k < m), the other cases are similar.

So we divide it into m — 1 steps and construct all possible N.S.P of K, .

First, we put the edges E(m) = {(V1,V,),_1), V2, V. _5), ..., (Vin—1,V{)}. We only have the
following two kinds of possibilities:

Case 1 If (V4,V/, ) is put into floor P;, we have,
Vi, Vio) C Py (Vo, Vo) CPas oo (Vi Vioy) € P
(Vet1, Vin—je1) € Peya s oo 5 (Vie1, Vi) € P (1 <k <m —2).
Case 2 If (V4,V,,_,) is put into floor P, we have
(Vi, V1) € Pos (Va, Vi o) € Pajo s (Vin—1, V) C P

In the above two cases, for Case 1 by an isotopy as

(V17V7/7171) (V27V7/7172) (V3?V7/n,73) (Vk717v7;lfk+l) (Vk?v'r/n—k)
gl P2 P3 . P

Pk+17
we get Case 2.

Secondly, we will prove the following different kinds of possibilities are ambient isotopy by
induction. Suppose in the i-th step, the floors with edges of sum m — ¢ 4 1 satisfy,

V1, Viei) € Poys (Va, Vii—1) € Py s (Vin—is Vi) C P,

LTm—i*

Where {z1,22,...,Zm—i} is a subset of {1,2,...,m} and z1 < 22 < -+ < Zpp—;. E(m —1) =
(Vi Vi), Vo, Vi a)s ooy (Vin—i1, VI 1
1) If we put these m—i—1 edges into the m—i floors { Py, , Py, , ..

can be put in two ways, one is in floor P,,, and the other is in floor P,,.

P

Tm—i

}- (V17V7;17i71)
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Case 1 If (V4,V. _, ;) is fixed in P,,, we have
Vi, Vi—ic1) C Py (Va, Vi —i2) € Pryieoos (Vie, Vi) C Py
Vi1, Vomiio1) € Payas oo o5 (Vinic1, V) C Py, (1< s <m—i —2).
Case 2 If (V4,V) _, ) is fixed in P,,, we have,
(Vi Vi—ic1) © Py (Va, Vi 25) € Pugi oo o5 (Vin—i—1, Vi) C Py,

In the above two cases, for Case 1 by an isotopy as

Vi,V o Va, Vi Vs, Vi Vi1, Ve Vi Vim— i
P, (W D) P, (Va 2) P, (Vs 3) (Vie—1 k1) P, (Vi k) Pﬂck+1v
we get Case 2.
2) If an edge (Vi, V., _,_,) is not in the floor P,,, P,,,..., Py, _,. Suppose (V, V. . .)€

P,,. Then z, € {1,2,...,m} and z, & {21,22,...,Zm—i}. Let us consider the two sets of edges

as follows

El = {(‘/15 Vviz—i—l)7 (‘/2’ Vviz—i—2)7 sy (kala Vviz—i—k-l—l)}a

E? = {(Vk+1a Vrngifkfl)v (Vk+2a Vrﬁzfifk72)7 ) (meifla Vf)}-
The edges in E! can be put in k floors Py, P,,, ..., Py, , and the edges in E? can be put in floors
P P, P

Tr419+ 429 9" Tm—i*

(a) If V1,V _, ;) is fixed in P,,, we get
(V1. Vi—i1) C Poys (Va, Vi 9) C Prysoo 5 (Ve Vi i) C Pa;
(Ver1: Vo—ioao1) € Poiasooos Ve, Vi i 1) € Pey (1 <5 <k —2).
(b) It (V4, V) _, ) is fixed in P,,, we get
Vi, Vi—ic1) C Pogys (Vo, Vi _i9) € Prgs o5 (Vie1, Vi 1) C P

(@) If (Vig1, V), _, r_q) is fixed in P,

g1y We get

(Vitr1s Vo—i—i—1) € Payyys Vi, Vi) C€ Py ay 5 (Vi, Vi i) C Py
(Vis1: Vi —iv 1) C Poyns oo s (Vip—im, V) C Py s (K+1<t<m—i—2).
(b,) If (Vk-‘rlu V’r;l—i—k—l) is fixed in P,

Tpyor WE get

(Vk‘i‘l? Vrgnfifkfl) C P$k+1; (Vk+27 ijmfifk72) C Pmk+2; cees (Vm—i—l, Vll) Cc P,

LTm—i*

Then we can put the edges into the skeleton in the following ways

Case 3, bb' ; Case 4, ab’ ; Case 5, ba’ ; Case 6, aa’.

. (Vk!v'r/n—i— )
For Case 3, by an isotopy as, Py, L meh, Py, ., we get Case 2.
For Case 4, by an isotopy as,
(V17V7/nfi—l) (V27V7;1—i—2) (VS)V’V/YLfiffi) (‘/Sfllv'r/nfifs#»l) (Vslv'r/nfifs)
1 xTo ng e PLIJS P$S+17
(Vk7v’l;lfifk)
P;Ea I — Pmk+17
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we get Case 2.
For Case 5, by isotopy as,

p Vet 1,V i 1) P (Vit2, Vo —i—1—2) P (Vi Vo i i—s)
PR SN
Tk+1 Th+2 Tk+3
(‘/t*17v7;zfi7t+1) P (‘/t"/;:lfift) P
Tt Ti41
(Vk7V7In—i—k)
Pma PI;C+17

we get Case 2.
For Case 6, by isotopy as,

(thrizfifl) (V27V7;71'72) (V31V711473) (V5*17‘/7117i75+1) (V57‘/7:17i75)

T T2 T3 T PLES P$S+17

(Vet1,Von i k1) p (Vi42, Vi s g o) p (Vits, Vi s _x—3)

Th41 Th+2 Tk+3

(thlvvvikifwrl) (‘/t7v7;17i7t)
Py, Prpis
(Vkvvriz—i—k)
P;Ea Pmk+17
we get Case 2.
Similarly, if the number of edges not in Py, , Py,,..., Py, , is more than one, we can get

the similar conclusion. The induction will end in the (m — 1) steps.

Finally, there are m — 1 steps, so without loss of generality, denote the character string by
{¥1,Y2, .- Ym—1| yi € R}. Consider the (i + 1)-th step in the construction before.

Now we choose N.S.P which are different only on the (i + 1)-th step. We can consider only
6 cases as what has discussed before.

The cases are denoted by

Case 1, {al,. ey Q41 . ..,amfl};
Case 2, {b1,...,bix1,...,bm—1};
Case 3, {¢1,. -+, Cit1y--sCm—1};
Case 4, {dl,.. .,di+1,.. .,dmfl};
Case 5, {€1,.. ., €41, €m—1};

Case 6, {f1,. s fit1s -y fm—1},
where a; = b; = ¢; = d; = e; = fj when j # i+ 1, aip1 # biy1 # cip1 # dig1 # €1 # figr-
The edges in floor P,; whose summation are smaller than or equal to m — i are denoted by
Sj=(Em—-i)UEm—i—-1)U---UE(2))NFP,,.

(1) Changing {a1,...,ai+1,-.-,am—1} by isotopy as

Sl SQ 53 Sk—l Sk

P11—> s — mg—’—’Pmk—’

we will get {bl, ey bi+1, ey bm—l}-
(2) Changing {c1,...,¢i+1,---,Cm—1} Dy isotopy as

Sa
Pza PI;C+1;

we will get {bl, .. .,bi+1, . .,bm_l}.



The uniqueness of skeleton presentation of complete bipartite graph 623

(3) Changing {di,...,dit1,...,dm—1} by isotopy as

Sl SQ Sg szl S Ss+1 S
Pﬂﬂl PIQ PIS PI —S>PI3+1—)P117 Pﬂﬂa—a>PIk+17
we will get {bl, ey bfL'Jrl, ey bmfl}.
(4) Changing {e1,...,€i41,...,€m—1} by isotopy as
Skt Sk42 Ski3 St—1 S Sty1 Sa
Pﬂﬂk+1 Pﬂﬂk+2 Pwk+3 ? Pmt ” Pact+1 ” Pack+1a Paca ” Pwk7
we will get {bl, ey bfL'Jrl, ey bmfl}.
(5) Cha’nging {f17 SRR f’i+1a e fmfl} by iSOtOpy as
Sl SQ 53 Ss—l S Ss+1
Pﬂﬂl—)sz—)P13—>"'—>PIs—S)PﬂCs+1 PIU
Sk+1 Skt2 Sk43 St—1 St Sty1 Sa
Pﬂﬂk+1 Pﬂﬂk+2 Pwk+3 > ? Pmt ” Pact+1 ” Pack+1a Paca ” Pwk7
we will get {bl, ey bi+1, ey bm—l}-
Similarly, for the other cases with more than one edge not in Py, Py,,..., Py, _,, we will

get the same conclusion. For any two cases, if they are different in k steps by induction, they

are equivalent to each other by k steps as before.

Theorem 4 The N.S.P of the complete bipartite graph K,, , with minimum floors is unique

up to ambient isotopy.

Proof Without loss of generality, assume m < n. By Lemma 2, the N.S.P of K(m,n) with
minimum floors contains m floors denoted by Py, Ps, ..., Py. Assume (V1,V,)) C Py, (Va,V,_4) C
Py, ...,(Vin, Vi _jni1) C P, as shown in Figure 3.

The sum could be 2,3, ..., m+n, then we have the following three sets of edges R = {E(k) |
2<k<m}, S={Ek)|m+1<k<n}, T={Ek)|n+2<k<m+n}.

Firstly, put the edges in .S, that is,
m+1<k<n, E(k) = {(Vlv Vkl—l)v (V27VkI—2)7 ) (va Vkl—m)}'

We get

(Vmavk/—m) C Pm; (Vm—lavk/—m-q—l) C Pm—l; e ;(Vlavk/—l) C P

Next, put the edges in R and T'. We will put the edge in R upper of the edges in E(m + 1)
as shown in Figure 4, and put the edges in T lower of the edges in F(n + 1) as shown in Figure
5.
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" " neon a 4 neon "
VZ VZ VZ " " VZ' V2 " " VZ' VZ VZ
% % £ 4 % %
V;n— 2. m- 2. V;n— 2. Vm» V;n— 2. V;n— 2.
Vm_ er - er - . Vm- - . er er -y
Vm [ n ]! Vm [ n ]! Vm [ n ]! Vm [ n ]! Vm
m m m m m
a ) a ) a ) V) V) V)
A ) B L L "
Figure 4 m floors with the sum m + 1
al! al! al! s ! s

4 V!
1 n-m+l
'
V2 LR
'
i e m+3
'
n V 2
'
Vm- m U Vn, 1
14 V!
m m n

m-1 m

Figure 5 m floors with the sum n + 1

Then with the same process as in Theorem 3.1, we get the N.S.P of the complete bipartite

graph K, , with minimum floors being unique up to ambient isotopy.

Corollary 5 The N.S.P of K, . and K, ¢4 with minimum floors is unique up to ambient

isotopy.
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