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Abstract This work focuses on the existence and stability of positive quasi-periodic solutions
for the 3-dimensional Lotka-Volterra system. Using KAM (Kolmogorov-Arnold-Moser) theory
and Newton iteration, it is shown that there exists a positive quasi-periodic solution in a
Cantor family for the 3-dimensional Lotka-Volterra system. On the above basis, we can show
the stability of the solution with the help of Lyapunov function.
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1. Introduction and main results

In recent years, various mathematical models have been applied in the study of popula-
tion dynamics, and one of the most famous models is the Lotka-Volterra model. Owing to its
theoretical and practical significance, the Lotka-Volterra system has been studied extensively in

[1,2,4,7-9]. In this paper, we consider the 3-dimensional Lotka-Volterra system

dys /dt = yr (A1 + ha (1) — a1 + haa (8)yr — Si—p (s + hai(8))wi),

dyz/dt = ya((A2 + ha(t)) + (Nax + ha1 (8)yr — Si_y(Nai + hai (£))wi), (1)

dys/dt = y3((As + ha(t)) + (Ns1 + har (£)yr — 3y (Nai + hai(1))yi).
This system describes a situation that three populations have the relations of predator-prey and
competition, where population y; is prey, y2 and ys prey on yi1, A, \ij (4,7 = 1,2, 3) are positive
constants, and ﬁi(t),%ij(t) (i,j = 1,2,3) are the quasi-periodic functions in time ¢.

In [6], the authors proved the existence of positive quasi-periodic solutions for the 2-
dimensional Lotka-Volterra system. In fact, when dealing with such problem in the above paper,
it is inevitable to encounter the so-called small divisor problem. As we know, KAM theory is a
very powerful tool to cope with this problem; hence, the authors have perfectly utilized the KAM
technique and Newton iteration to structure a positive quasi-periodic solution in a Cantor family.

A natural question is: can we get the analogous conclusion for the 3-dimensional situation? After
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a further study, we find that the “twist” condition is hard to be proved, which is essential to
apply KAM theory, because of a more complex coefficient matrix in the 3-dimensional system.
However, we can overcome the difficulty by the creative skills in [11] where a finite number of
terms in the Fourier expansion of the perturbation are killed in each iteration, and the remainder
is included in the time-independent term.

Since error is inevitable in the observation, the biological significance of the stability for
solutions is self-evident. So it is important for us to know whether the solution of the Lotka-
Volterra system is stable. Luckily, we can prove solution’s stability of (1) by Lyaponov function,
which is not discussed in [6].

Before giving our results, we need the following definitions that have been concerned in [6].

Definition 1.1 A function F is called quasi-periodic function in time t with the basic frequencies
w = (w1,...,wy), if there exists a function F(01,...,0,) that is 2r-periodic in all its arguments
0; (j =1,...,n) and satisfies F(t) = F(wit,...,wnt). We call F the hull of F(t).

If F is analytic in the complex strip

s =1{0 € T" = (C/27xZ)" : Im6| = max|Imb;| <o, i=1,...,n},

then we say that F' is analytic quasi-periodic in D, .

It is also known that the above analytical quasi-periodic function () has Fourier expansion

defined by
= Z F(k)eV— k0
kezn

where

~ 1 -
]-'(k):i(zﬂ)n - F(@)e VRO g9

is called Fourier coefficients, T" = (R/27Z)"™, and (k,0) = k1601 + kob2 + - - - + k0, is the usual
inner product. In D, we define
IFIPe = @) = 3 E e,
kezn

It is easy to see that || - ||P~ is a norm.

Analogously, if the frequency w € O is seen as a parameter, where

O0={weC":|Imw|=max|Imw;| <gq, i=1,...,n},
we define
IF| P> = (| F(0;0)||P%C = D | F(k,w)|[ e,
kezr
where

|1F (k,w)||© = sup || F(k,w)|.-
weO

When F = (F};) is a matrix-valued function in D, x O, we define

IFIIP=C = 1 F (k,w) O,
kezr
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where

|F (k,w)[[© = sup | F(k,w)ll,
weO

with || F(k,w)| being the sup-norm of the matrix F(k,w) = (fij(hw)), ie.,
17k, )l = maxc | 75 (k, ).

Remark For convenience, we use the decorated letter of a function or itself to express its hull
in the following paper.

After giving the above definitions we present the main results of this paper:

Theorem 1.1 Let positive constants \;, \;; (i, j = 1,2,3) and a compact set of positive Lebesgue
measure II C R, be given. Assume the functions Ei(t),ﬁij (t) (4,5 = 1,2,3) are real analytic
quasi-periodic functions in D, (o > 0) with basic frequency w = (w1, ...,w,) € II. Then, for
“most” w € II (in the sense of Lebesgue measure), the equations (1) possesses a positive quasi-
periodic solution, provided the norms |h;(t)]|?*©, ||7Lij(t)||D”XO (4,5 =1,2,3) are bounded by

a sufficiently small constant € > 0 and O is a complex g-neighborhood of II.

Theorem 1.2 If (1) satisfies the conditions in Theorem 1.1 and Zj# Nig +1 < XN (4,5 =
1,2,3), the positive quasi-periodic solution y*(t) = (y;(t),y5(t), y3(t))T that we have structured
is stable. That is, if y(t) = (y1(t), y2(t),y3(t))T is any positive solution, the following equations
are established.

tlim ly:(t) —yi ()| =0, i=1,2,3.

We will make the following arrangements in the rest paper: in the second part, we do
coordinate changes to transform (1) into the ordinary vector form that is helpful for us to solve
the problems. In the third part, some significant iterative lemmas that would be cited in the
following proof will be given. In the fourth part, we plan to structure the positive quasi-periodic
solution by Newton iteration. In the fifth part, we will prove the stability of the solution. In the
end some technical lemmas will be presented.

2. Coordinate changes

Since we assume the norms [|k;(t)]|P=*©, HE” (t)||P=*© are bounded by a sufficiently small

constant € > 0, we can write

Ri(t) = ehi(t), hij(t) = ehi(t), i,j=1,2,3
with ||k (£)[|P=*C < 1, ||k (t)||P*© < 1. Suppose the frequency w € II satisfies the Diophantine

conditions:

v n
|<k’w>|2|k‘T+1’ VO%]GEZ,

otherwise, we can remove the set containing those w that do not satisfy the Diophantine condi-

tions, whose measure is less than or equal to v 3", 7. [k|~(" D < Cy.
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Without loss of generality, we assume that /ﬁi(O) =0 (i =1,2,3), otherwise, we can replace
Ai with 72;(0) + A;. Thus we can expand h;(t) into Fourier series
hi(t) = > hi(k)eVTRe =123,
kez"\{0}
Since w satisfies the Diophantine conditions and h;(t) are analytic and quasi-periodic in D, with

o > 0, we have

~

‘ (s)ds — hi(k) oV Ik}t _ i
/Ohl( )d > 7\/771%7@( 1), 1,2,3

kez"\{0}
are analytic and quasi-periodic too. We set the following linear quasi-periodic coordinate changes
yi(t) = elo Pi@dsg ) =123,
then equations (1) become
dy/dt = Mh — (M1 + €Ha1 (1)55 — Zfzg()\u + eHu)yih
dyz/dt = Xol2 + (N1 + €Ha (1))75 — Z?:Q(AQi + €H2i)yiy2 (2)
dgs/dt = N30 + (A1 + €Ha1 (8))73 — 20 5 (Nsi + eHa:) i3
where
Hij(t) = hij(t) + € (hgg + ehy (8))(elo Pi@ds 1y 4 5 =123,
Let
Ui(t) = e i =123,
where «; are constants to be determined. Then the equations (2) become

Gdl‘l/dt =\ — E?:l ai(Ali + GHli)eefci(t)
edza/dt = Ay + a1 (Ao1 + eHy e ) — Z?:z ai(Nao; + €Hoy)ec® () (3)
edzs/dt = A3 + a1 (Ag1 + eHzp)e () — Z?:Q ai(Ngi + €Hz;)ei (),

Expand e*i(*) with Taylor expansion
1
e =14 ex;(t) + 56961i62xf(t), 1=1,2,3, 0<0<1,

then bringing back (3), we obtain

daz/dt = (A + eB(t))z(t) + £(t) + F(t, z(t)) (4)
with
—1A11 —eAi2 —a3Ai3
A= o1A21 —Q2dgg  —asAaz |
01A31 —ad32  —a3A33

—a1C11(t) —aCra(t) —a3Cis(t)
B(t)=| a1Coi(t) —a2Csm(t) —azCas(t) |,
angl(t) 7042032(15) *053033(75)
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—a1C11(t) — aaCra(t) — azCis(t)
E(t) = | 1Ca(t) — azCos(t) — asCas(t) |,
041031(75) — Cl{2032 (t) - C¥3033 (t)

70&1(A11 + €Cll(t)) Emlx (t)e - G1
F(t, x(t)) = al()\gl =+ GCgl(t))% Exlx (t)€ G2 B (5)
0[1()\31 + 6031( ))% Ewlx (t)E Gg

3
Z Aji + €Cjil )) Ot 22(t)e, i,j=1,2,3,

Cij(t) = (/\U + Ghij(t))ef‘)t ehi(s)ds, i,j = 1, 2, 3,

while
= A1A22A33 — A1 A23A32 + Ao A13A32 — AaA12A33 + A3 A12A23 — A3 A13A22 ’
A11A22A33 — A11A23A32 + A12A21A33 — A12A23A31 + A13A31A22 — A13A32 21
= A1A21A33 — A1 A23A31 + Ao A11A33 + AaA13A31 — A3A11A23 — A3A13 A1 ’
A11A22A33 — A11A23A32 + A12A21A33 — A12A23A31 + A13A31A22 — A13Az2 a1
s = —A1A21A32 + A1 A22A31 — A2 A11A32 — Ao A12A31 + A3 A 11 A2 + A3 A 1201

A11A22033 — A11A23 A2 + 221 Azz — A2 A2z Aar + Az Az Aoz — AizAsedar
From (5), it is easy to get
1Bt 2(@)][P*C < Ce, (6)

where C' is a constant.

3. Iterative lemmas

The proof of Theorem 1.1 is based on some iterative lemmas. Before we state the main
iterative lemmas, we need introduce some notations.

In the following we denote by C, C, Cs, - - - positive constants that will arise in the estimates.
Denote by m the number of the iterative step, and let

(1) em=€e®"" e =€ m=1,2,3,...; especially, set ¢y = 1.

m —J

(ii) szafaﬁ, o9 = 0.

(111) ﬁm B ﬁgzm 3— 7760 ﬂ

(iv) = {0 € T" : |Imf| = max; [Imb;| < o, i = 1,...,n}, Upn = U(om,Bm) =
{(0,z) € T™ x K3 Imé| < o, |z| < Bm}. K denotes R or C.
() am = enile

(Vi) m =y/m?

(vil) C(m) be a constant of the form a;m®, where a1, as are constants independent of m.

(viii) Let D C C™. If a matrix-valued function F : U, x D — K3 is real analytic in variables
(0,2) € Up,, w € D, and there are a series of functions {F;(0;w)} for I € {0,1,2,...} satisfying

F(0,z;w) ZFGw
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then we write
F =0,, 3, p().

And by (5), we have
F(O, z;w) = 00075070(.r2). (7)

Let I =1y D II; D -+ D II;,—1 be the compact sets in R?} and II,,, C II,,—1 be defined in

the proof of Lemma 3.2. Let O; be the complex ¢;-neighborhood of II; for [ = 0,1,...,m and
Ri(m) = {w € W1 : [[V=1{k,w)Es2 — B3 ® Ay + AL @ Esla| < v/ |k},
My = Mo, My =11\ U Ri(m),
0<|k| <M,

where ® is kronecker product, E,, is the m x m identity matrix, A,, is a 3 X 3 constant matrix
and satisfies (H1),,41 in Lemma 3.1, 71 = 9(n+1) and M, = |In€p|/(0m—1 — 0m). Assume O
is the complex g;-neighborhood of ﬁl.

What we would like to remind readers is there is a relation II,, D ﬁm D II,,,_1 established,

if we carefully observe the definition of IL,, in the proof of Lemma 3.2.

Lemma 3.1 Consider a quasi-periodic differential equation
dz/dt = (Apm—1 + €0 Qm(t;w))z, (8)
where the following conditions are satisfied
(Hl)py, Apo1=A+ elfl(w) 44 em_lzm_l(w),m > 2 Ay = A with Zl(w) analytic in

Oy and L) < C forl=1,...,m—1;
(H2),, The hull Qp, of Qu(t;w) is analytic in Dy,_1 x Opy_1 and

||Qm(9;w)| D1 XOp 1y < C, (9)

where C' is constant.

Then there is a quasi-periodic transformation
r=(E+enPn(t))y, (10)
where P,,(t) is quasi-periodic with frequency w. Its hull P,,(0;w) is analytic in D,, X O, and
[P (8:0)| PO < C(m)

such that (8) is changed into

dy/dt = (A + €mt1Qm+1(1))y, (11)
where A, and Q,+1 satisfy the conditions (H1);,4+1 and (H2);,41.
Proof This proof can be found in [12, p.4074].
Lemma 3.2 Consider the following differential equation

dz/dt = A, (w)x + £(6;w), (12)
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where 0 = wt, A, (w) is a 3 X 3 constant matrix and satisfies (H1),,+1, and the function £(0;w)
is analytic in D,, X (5m. Then equations (12) has an analytic quasi-periodic solution in one of

its subsets D,, x O,, and we have the following estimation of the norm for the solution
[ (t)[|Pm>Om < Oyl PO /B, (13)

where 7 = 9n + 11.

Proof We can expand z(0),£(6) into Fourier series
x(t) = Y B(k)eV TN, g() = D7 Ek)eV IR,
kezn kezn

Contrasting the corresponding Fourier coefficients on both sides of (12), we get
diag(v—1{k,w)E — A;,) X = E, (14)
where diag(*) is the diagonal matrix whose diagonal entry is *, E is the 3 x 3 identity matrix,
X=(..2Fk). ), andE=(...&k)..)".
Set
Gw)=v-1UkwE—-A,, Mpw)=|Gw)|4

and

Rk(m) = {w ell,,_1: |Mk| < ’Ym/“flﬁ}, (15)

where | - |4 is the determinant of a matrix and

I, = ﬁm\ U Rk(m) (16)
0<|k|< M,
with M, = |Ine€,|/(0m—1 — 0 ) being the number of Fourier coefficients we must consider at

the mth step of the iteration. Denote by O, the complex g¢,,-neighborhood of II,,. By the
definition of II,,, we can get

(M| = v/ k™

for 0 < |k| < M, and w € I1,,,.
It is easy to know that
IG(@)[|7 < Culk], & #0,
where C; = 2(max{|w| : w € I} + [|A| + 1). Since |G(w)]|s = Mi(w), G~ (w) exists for w € I,

and

_ adj G(w)
Gl w)= —=—F=,
(w) M (@)
where adj is the adjoint of a matrix. Thus, for 0 < |k| < M,,, there exists a constant C5 satisfying
lG @l < B _ i,
Y/ k[T

where 7 =711 +2 = 9n + 11.

Now, we assume that w € O,,. Then there is an wy € II,, such that |w — wy| < ¢, Thus,

IG™H wo)lIG(w) = G(wo)ll < G H@) " VG ()7 - | — wol
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_ q
< Con ' [KI7|| Gw)|| Ot ——
dm—1 — dm
dm
dm—1 — dm
dm
dm—1 — dm
Com® 420 | In e, |+, 5 (v00) ™!
- 1/36 1/36
€m  —€pi1
1

57
where V is the differential operator of vector. Therefore, E + G~!(wp)(G(w) — G(wp)) has its

inverse which is analytic in O,, since

< Covp KT

< CoM !

(E+ G w)(G(w) = Gw) " =Y (=G (wo)(G(w) = Glwo))).
j=0

J

So, G(w) has its inverse for w € O,, and
IGTH W)l = I(E + G™H(wo)(G(w) = G(wo))) " - G™H(wo)l
< (B + G Hwo)(G(w) = G(wo))) Ml - G (wo)
< Oy

In the end, we get

||l‘(t)||Dm><om = Z ||§(k)”ome|k|<7m < Z 7%1|k|7—||£<k)||0melk|am
kez™ kezr

< Oyt k| e lomar=am)| ]| PmXOm < Gy 2L ||| PmxOm /3T,

where the last inequality follows from Lemma 6.1. So (12) has a bounded analytic quasi-periodic

solution in the set D,,, x O,,.

Lemma 3.3 If{(t) is an analytic quasi-periodic function and its hull

€(8; ) || Pt <Omit < e,

Meanwhile,
£(0:w) =& (0:w) + &2(0;w),
where
Q)= > gk 1RO
0<|k|< M,
and

HO:w) = Y Ek)eY IR,

|k|>Mp,

Then the following inequality holds

€2 (8; w) | P +1 7Ot < e
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Proof In view of

&(0;w) = Z E(k)eV 1k

|k|>Mp,

and the definition of ||&x(0;w)||Pm+1*Om+1, we get

‘|£2(0;w)|Dm+1XOm+1 _ Z Hg(k;w)|‘o""+1e‘k‘07n+1
[k|>Mm,
= 3 (ks w)|[ O elklom g klom lklom s
|k|>M,,
< 37 E(Bw) | Pt X O e lklom Ikl
[k|>Mm,
<ém Z e kllom—omi1)
|k|>Mm,
= e,zn Z e~ El(@m—0mi1)
|k|>0

<C(m)e2, < emyr(e € 1).

4. Newton iteration

When we use the Newton iteration to structure the solution of (4), we need the following

definition to describe the approximation.

Definition 4.1 Consider the M-dimensional system dz/dt = f(t,x), where M € Z.. If there

exists x = x(t) defined in some set ) such that
sup |dz/dt — f(t,z(t))] < Ce,
teQ
where C' is a constant, then we call z(t) an e-approximate solution of the system dx/dt = f(t,x).
Lemma 4.1 Assume the equation
da/dt = A(t)x + £(t) (17)

is defined in Q). A(t) and £(t) are real analytic. For any analytic linear transformation x = P(t)y,

where P(t) is bounded and has a bounded inverse, (17) can be turned into
dy/dt = P~'APy — P~'Py + P¢, (18)

where - means the derivative with respect to time t. If yo(t) is an e-approximate solution of (18),

P(t)yo(t) is an e-approximate solution of (17).
Proof We calculate derivative on the both sides of z = P(t)y with respect to ¢
&= Py + Py,

bringing it back to (17), then we can get (18) directly.
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If yo(t) is an e-approximate solution of (18), then
ljo — P~YAPy, + P~ 1Py, — P71¢| < Ce.
Due to ||P|, [P~ < C,

|d(Pyo)/dt — APyo — €| =|Pgo + Pyo — APyo — ¢
=|P(jo — P~"APyo + P~ Pyo — P1¢)|
<||P|| - [go — P~ APy + P Pyo — P¢|
<Cl.

Thus P(t)yo(t) is an e-approximate solution of (17).
We will use mathematical induction to structure the e,,-approximate solution of (4). In the

first place, let us try to find an e-approximate solution of the equations (4). Consider a part of
(4)
do/dt = Az + & (0;w), (19)

where
§(O;w) = &1(0;w) + §2(0;w),

Qw)= > glk)eV IR0,

0<|k| <M,
&(0;w) = Z g(k)eﬁ(k,e)_
|k“>M1

Since Dy x O1 C Dy x Oy, we think over the solution of (19) in D; x O;. When we notice
the specific form of &, it is easy to know ||£[|Po*©0 < (C. As a subset of Dy x O, the same
inequality is right in D X 61.

lglPer < c.

By Lemma 3.3, it is easy to know
€| P9 < e.

In fact, the present conditions do not completely fit the conditions in Lemma 3.3 if readers
observe carefully. However, we can directly get the above inequality by the proof process of
Lemma 3.3.
According to (13) in Lemma 3.2, we know (19) has a solution x; in D; x O; whose norm
satisfies
w1 [P < Gyt /BTl || PO < Gt/ BT

Let us confirm z; is an e-approximate solution of (4)
ldz /dt — (A + eB(8))a1 () = §() — F(t,21 (1)<
= [leB(t)z1(t) + &(t) + F(t, 21 (t)]|**
< eB@z1 ()17 + [|E@)1P O + [[F (20 (5)] 71
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< (Ce.

In fact ||F(t,21(t)||P**©1 < Ce can be inferred from its special form (5). So z; is an
e-approximate solution of (4).

In the second place, we assume that 2™ = Y " =, is an analytic quasi-periodic €,
approximate solution and ||z;]|?*% < Cv;te; 1 /67T, Tt is easy to know that when i = 1
the assumption holds true.

Assume z = 2™ + £ is the solution of (4). Then
dz™/dt + dz/dt =(A+ eB(t))(z™ + %) + £(t) + F(t, 2™ + )
=(A+eB(t))z™ +&(t)+ F(t,2™) + (A+€eB(t)Z + 0, F(t,2™)i+
/01 /01 OZF (t, wi + ™) pa2dpdw.
We get a new equation
dz/dt = (A + eB(t) + 0, F(t,x™))& + €™ (t) + Y™ (¢, %), (20)
where

EMTLE) = da™/dt — (A + B(t))z™ + £(t) + F(t,2™)),

T (2, F) = /01 /01 P2F(t, Wi + 2™ pi*dpdv = O,,, 6,..0,.(Z°). (21)
According to the assumption that 2™ is the €,,-approximate solution of (4), we obtain
€71 (8 )| Pm<On < Ce.
Similarly, we consider a part of (20)
dz/dt = (A4 eB(t) + 0, F(t,x™))x + " (0;w), (22)
where
M Bw) = T (O5w) + &7 (0 ),

W)= Y T (ke T,
0<[k[<Mm

;"H(G;w): Z gm+1(k)e\/jl<k,0)'
|k|>Mpm,

In fact, there exists a transformation y = P™x (P™ = (E + €,,P,,)P™ 1, that is, we just do
once transformation at the mth step based on the former step) to change (22) into

dy/dt = (A + €nt1 Qa1 (t,w))y + (P™) 71T, (23)
where A,,, Q,,+1 satisfy the conditions (H1),,+1 and (H2),,1+1. What’s more, the norms of P™
and (P™)~! satisfy the following inequalities in D,, 1 X (5m+1

IP™(0;0)|| Pt xOmss < 2 [|(P™(B;w)) Y| Pmt1 %Ot < 2,

The proof can be found in the following remark.
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Consider the main part of (23)
dy/dt = A,y + (P™)tep Tt (24)

According to the Lemma 3.2, the above equation has an analytic quasi-periodic solution 4,41
that satisfies

12370 < O NP /B < O/ B335

Similarly, ym41 18 an €,,1-approximate solution of (23) in Dy,41 X Opy1. Now, let us test

this conclusion.

dym-+1/dt = (A + emt1Qmar (t,w))y — (P™) 71T [P Omin

= |l €m+1Qm+1(t,w)Ymapr || Pt X Omtr

S C€m+1 -

According to Lemma 4.1, x,,11 = (P™) " 'y,41 is an €, +1-approximate solution of (22). In

the meanwhile, according to Lemma 3.3 and (21), the corresponding abandon part

g5 || Pt Omat < O,

A 24 2) [P Ot < Oy, 1€m ) Bmn)* < Cemya.

m—+1

To sum up, x = 2™ + Tpyy1 IS an €y, 1-approximate solution of (4).

Remark We will use mathematical induction to prove the existence of the transformation. First,
for k = 1, since ||[F(t,2'(t)||P+*©* < Ce, we know 0, F(t,2') < Ce by Lemma 6.3. Meanwhile
60 = Oy, we can get the conclusion from Lemma 3.1 directly when k£ = 1. On the other hand,

we make such assumption that there exists a transformation y = P™ 'z to change
da/dt = (A4 eB(t) + 0. F(t,x™ ))x + & (1) (25)
into
do/dt = (Ap_1 4+ €mQm(t;w))x + (P™ 171 (1),

where A,,_1, @, satisfy the conditions (H1),, and (H2),,. In the following we will prove the
corresponding conclusion is right when k& = m. In fact, we can get the conclusion for any

1 <1 < m by Taylor’ expansion
1
0. F(t,2) = 0, F(t, 2" 1) + / O2F(t,sx) + '~ 1) xyds,
0

and

1
/ O2F(t, sz + 2" Hwds = O(x1) = Oy p,.0,(V; te1—1/B7 ™). (26)
0

So we can do two transformations for (25), in the first place ¢’ = P™ 1z, then

dy'/dt = (Am—1 + en@Q), (t,w))y' + (P11 (1),
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where Q!, = Qu(t,w) + (P 1)1 fol O2F(t, sz;+2'~1)z;. In the second place, from the Lemma
3.1, there exists a transformation y = (E + €,, P, )y’ to take the above equation into

dy/dt = (Am + €mt1Qm+1(t,w))y + (Pm)71§f1+1(t),

where P™ = (E + €, P, )P™ ™Y, Ay, Qoo satisfy the conditions (H1),,+1 and (H2),,41. That
is, there exists a transformation y = P™x to change (25) into the above equation. So the
conclusion is proved by mathematical induction. What is more, from the induction process we
know P™ = II"™ | (E 4 ¢;P;). Let us estimate the norms of P™ and (P™)~! on Dpy1 X Opy1,
in fact, according to Lemma 3.1, HPi(H;w)HD"X@ < C(4). Hence,

[P 50) [ PO ST B Py 8 0) [P
<II7", (14 C(i)e) < 2,

in the meanwhile

I(E + ePi(0;w)) "' < 1+ Ce,
SO ||(73m(9;w))_1HD*’”’“X@"’+1 < 2, that is, P™ is bounded and has bounded inverse.

Proof of Theorem 1.1 Let 2(t) = Y ,o; z(t), Il = ;oo II; (See Lemma 4.2 for the
estimate on the measure). In the meanwhile the sequence of coordinate changes we used in the

proof is convergent

P := lim P™:= lim II%,(E + ¢F;(t)).

In fact, Omit C Opyr (m=0,1,...), so

|P[[P=xO = fim_|[P7|Prex O STIE B + Py (1)) P *Om
m—0o0

<II2, (1 + C(i)e;) < 2.
Thus the infinite coordinate changes is convergent, and we have
22| Pror2X O <« Cy~H 1+ v te) <2071 (27)
i=1
Then for w € My, 2°(t) = (2°(t), 25°(t), #3°(¢))T is a real analytic quasi-periodic solution
of (4). Therefore, (y1,y2,y3)" is a quasi-periodic solution of (1). O

Remark In fact, we can get the positive quasi-periodic solution when «; in the coordinate

changes satisfy a; > 0,7 =1,2,3.

Lemma 4.2 (Estimates on the allowed frequencies set) Let

Oy = () M.
m=0
Then Meas Il = (MeasIlp)(1 — Cv).

Proof This lemma can be found in [12]. O
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In the foregoing paragraphs we have proved the existence of the solution of (1). Now let us

prove the stability of the solution.

5. The proof of Theorem 1.2

Assume y*(t) = (y5(t),y5(t),y5(t))T is the special solution that we get from Newton itera-
T

tion and y(t) = (y1(2), y2(t), y3(t))
It is easy to see from Zj# Aji+1 <Ay (4, =1,2,3),

is any solution of (1).

—(A11 Jr%u(t)) + (A1 + ?L21(t)) + (A3 +E31(t)) < —H,
(A2 + E1z(t)) — (Ao + Ezz(t)) + (A32 + 532(15)) < — U,
(A + hia(t) + (has + has(t)) — (As3 + has(t)) < —p,

where p is a fixed positive constant. In order to prove the stability by Lyapunov function, we

rewrite (1) with a simple vector form
dy/dt = g(t,y). (28)
By the transformation x = y — y*, (28) becomes
dz/dt = f(t,x), (29)
where
ftz) = g(t,y) — dy*/dt = g(t, 2 +y7) — g(t, y").

It is obvious that f(¢,0) = 0. The V function is the key to proving the stability of solutions by

Lyapunov function. Fortunately, we can define such Lyapunov function as follows

3 3
Vit,2) =Y [In(zi +y7) —Inyf| =) [lny — Iy,
i=1

i=1
where © = (z1,292,23)7. It is easy to know V(¢,0) = 0, moreover, V(t;x) > 0, for all = # 0.
Thus the function V is positive definite.
Calculating the right upper derivative of V (¢, x) with respect to t gives

3 . -
DYV (t,z) = sign(y; — ;) (= — =%).
=1

Yi Y
That is,
. N R N T w3 U3
DV (t,x) =sign(yr — y}) (- — 1) + sign(ys — v3) (5> — =2) +sign(ys — y3) (> — =)
1 Y Y2 Y Ys Y3
3
=sign(y1 — y7)[(M1 + ks ()5 — 1) + i + =i (D)) (07 — v)l+
1=2
3

sign(ya — ¥5)[— (a1 + har (D) (U7 — v1) + > (Nai + o (8)) (47 — )]+
=2
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3
sign(ys — y3)[— (Va1 + har (1) (7 — v1) + > (Nai + hai (D)) (4] — )]
=2
<= +ha@)lyr =l + Y Qi+ hu())ly; — vil—
i=2.3

Moz + haa(8))[y5 — w2l + D (Nai + hai (1))} — wil

i=1,3
(Nss + has(D)ly5 — ysl + Y (Nai + hai(8)) |y} — wil

i=1,2

=(—(M1 + h11(1)) + Qo1 + har (1) + (a1 + har () |y — ]+
(A12 +?L12(t)) — (A2 +E22(t)) + (A32 +E32(t)))|y§ — Yo|+
(M3 + has(t)) + (Aas 4 has()) — (Ass + has(t)))

3
< —uZIyZ‘(t) — (1)l

lyz — yal

where sign is sign function and pu > 0.
Thus, we know DTV (t,2) <0, ¢t > 0. It follows from Lemma 6.2 that the zero solution of
(28) is stable, that is,
tlirgo lyi (1) —yi(t)| =0, i=1,2,3.

Hence, Theorem 1.2 is proved.

6. Technical lemmas

Lemma 6.1 For § > 0,v > 0, the following inequality holds:

1
> e < (D) (1 o),
kezZm ¢

Proof The proof can be found in [5]. O

Lemma 6.2 Given the system dz/dt = f(t,z(t), z(t — o(t))) where x € R™, f € C[I x R" x
R™ R™], f(¢,0,0) =0, 0 < o(t) < oo. If there exists a positive definite function V (t,z) in the set
Gy = {(t,x),t > to, ||z|| < H} so that DTV < 0, then the zero solution of the system is stable.

Proof The proof can be found in [11, p.315]. O

Lemma 6.3 (Cauchy inequality) Let E and F' be two complex Banach spaces with norms ||- || g
and || - |, and let G be an analytic map from the open ball of radius r around v in E into F
such that ||G||r < M on the ball. The first derivative d,G of G at v is a linear map from E into
F', whose induced operator norm is

— max 19GWIlr
F,Ep = max .
w0 ulle

1duG|

Then ||d,G|re < 2.

Proof Let u # 0 in E. Then f(z) = F(v + zu) is an analytic map from the complex disc
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Izl < 7/|lz]|g in C into F that is uniformly bounded by M. Hence,

M
ldofllr = lldo F(w)llr < —=llulle

by the usual Cauchy inequality. The above statement follows, since u # 0 was arbitrary.
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