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Abstract In this paper, the authors study a class of Finsler metric defined by a Rieman-
nian metric and a 1-form. We find a necessary and sufficient condition for the metric to be
prejectively flat.
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1. Introduction

It is an important problem in Finsler geometry to study and characterize projectively flat
Finsler metric on an open domain in R™. The flag curvature is an analogue of the sectional
curvature in Riemannian geometry. Projectively flat Finsler metrics are of scalar flag curvature,
but the flag curvature is not necessarily constant in contrast to the Riemannian case.

The main purpose of this paper is to study and characterize certain projectively flat Finsler
metrics.

On every strongly convex domain ¢/ in R”, Hilbert constructed a complete reversible pro-
jectively flat metric H = H(x,y) with negative constant flag curvature K = —1. Then Funk
constructed a positively projectively flat metric © = ©(x,y) with K = —1/4 on U so that its
symmetrization is just the Hilbert metric, H(z,y) = 1(0(z,y) + O(z, —y)). When U = B" is
the unit ball in R™, the Funk metric is given by

o_ VA-RPWE+@y? (o)
1—|zf? 1—[af?’

where y € T,B" = R"™. Here |-| and (,) denote the standard Euclidean norm and inner product.

The Funk metric © on B” is a special Randers metric expressed in the form
O=a+p,

where

o =

VA PP+ y? 5 @)

1= faf? ’ 1= 2>
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Recently, Shen [1] and Yang [2] respectively studied the following projectively flat Finsler
metrics:
62
F=a+ef+k—. (1.1)
a
In [3], Shen gave a necessary and sufficient condition for the following Finsler metric to be
projectively flat:
2 ]4?2
F:a—&—sﬁ—i—%ﬁ—— ﬂ .
a  3a3
The above discussion leads us to study the following function F' on the tangent bundle T'M
of a manifold M,

(1.2)

F:a(l+als+a2$2+a4s4+--~+a2ns2"), s = g, (1.3)

where @ = /a;j(x)y'y7 is a Riemannian metric, 3 = b;(x)y" is a 1-form on M and a1, as, aq, . .., a2,
are constants. By observation and calculations, we find a simple sufficient condition for F' in
(1.3) to be projectively flat, if ag, ..., as, in (1.3) satisfy

n—1 2 -1n1-14)

e = (DT Aecen A= TE N = ey

Aot (1.4)

where k=2,...,n,0=2,...,n— 1.

In this paper, we shall first prove the following:

Theorem 1.1 Let as # 0, and F in (1.3) be a Finsler metric on a manifold M satisfying (1.4).
F is projectively flat if and only if

(i)

bi; = 7l(ay" +2b%)ay; — ?bibj], (1.5)
(i) the spray coefficients G°, of « are in the form:
Gi =0y’ — Ta’b', (1.6)
where b := ||3;||a, b;; denotes the covariant derivatives of 8 with respect to a, 7 = 7(x) is a

scalar function and 6 = 6;(x)y® is a 1-form on M. In this case

G = (0 + Txa)y’, (1.7)
where ) )
@' (1 — 2ags?) «@
= n_- - _ 87 S = —, 1.8
X Saad 3 (1.8)

where ¢ = 1+ a15 + ags? + ass* + - - + a9, 52"

About this class of projectively flat metric, we have

Corollary 1.2 Suppose that F = a+ a18 + ag%2 4+ 4+ ag,L% with as # 0 is projectively

flat with constant flag curvature K = A\ = constant, then A = 0.

Corollary 1.3 Let F = a+a168+ a2%2 + -4 (12»,1%, where ay # 0. Suppose that F is a
locally projectively flat metric with zero flag curvature. If T = 0, then « is flat metric and (3 is
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parallel with respect to «. In this case, F' is locally Minkowskian.

Remark 1 When n = 1,a; = ¢,a2 = k, Theorem 1.1 is reduced to Theorem 3.1 in [1]. When
n=2a =¢,ay =2k 1T=2kT,x= %i, Theorem 1.1 is reduced to Theorem 1.1 in [3], where 7

and Y are equivalent to 7 and x in [3], respectively.

Remark 2 When n = 1,a; = €,a3 = k, Corollaries 1.2 and 1.3 are reduced to Lemma 4.1
Proposition 4.2 in [1], respectively. When n = 2,a; = ¢,ay = 2k, Corollaries 1.2 and 1.3 are

reduced to Lemma 5.1 and Proposition 5.2 in [3], respectively.

2. (a, f)-metrics

The Finsler metric in (1.3) is a special (a, 3)-metric. By definition, an (¢, 3)-metric is

expressed in the following form,

where o = \/a;j(z)y’ys is a Riemannian metric and 8 = b;(x)y’ is a 1-form, ¢ = ¢(s) is a C>°
positive function on an open interval (—bg, by) satisfying
$(5) — 59/ (s) + (b = s*)¢"(s) > 0, |s] <b < bo.

It is known that F is a Finsler metric if and only if ||3,||o < bo for any x € M (see [4]). Let G*
and G, denote the spray coefficients of F' and «, respectively, given by

9" e k 2 _adl s k 2
G' = I{[F ]:rkyly - [F ]x’“}7 Gg = Z{[a ]x"‘yly - [a ]zk}’v
where (g%7) := (5[F?],:,s) and (a™) := (a;;)~'. We have the following

Lemma 2.1 The geodesic coefficients G are related to G, by

G = Gg + aQsé + J(—2Qasg + roo)ygz + H(—2Qasg + roo)(bi — s%), (2.1)
where
__ 9
T
o #(6— s6/)
©20((¢ — s¢') + (b2 = s2)¢")’
H = ¢

2((¢ — s¢) + (> = s2)¢")’
where s := g and b := ||8;||o. The formula (2.1) is given in [4].
It is well-known that a Finsler metric F' = F(z,y) on an open subset i C R™ is projectively
flat if and only if
Fpreyy® — Fu = 0. (2.2)
This is due to Hamel [5]. From [1] and [5], we have

Lemma 2.2 An (a, 8)-metric F = a¢(s), where s = g, is projectively flat on an open subset



740 Weidong SONG and Jingyong ZHU
U C R™ if and only if

(amic® — ymyi)Gg + ?Qsig + Ha(—2aQso + o) (bia — sy;) = 0. (2.3)

3. Polynomial (o, 5)-metrics

If an (o, 8)-metric is Finsler metric and has the following form:

2 n
F::a(1+a18+a282—|—-~-—|—ansn):a(1+%+a§£ _|_..._|_a2£

)s (3.1)

we call it a polynomial («, 3)-metric. In this paper, we study the polynomial («, 8)-metric having
the form (3.1).

First, we hope  is closed when F in (3.1) is projectively flat. From (2.3), F' must be in the
form (1.3), that is,

agp—1 =0, k=2,...,n.
Secondly, from [1] and [3], we assume
a2k = (_1)k_1/\k—1a§, k=2...,n.

Then, by direct calculations, we have

where
U=ay—6\a3s® + -+ (=1)""n(2n — 1)\, _1a5s* 2, (3.2)

V =(14 2a9b*) — (12M\1a3b* + 3az)s* 4+ - + [(=1)" " '2n(2n — 1)\, _1a5b°—
(—1)"2(2n — 1)(2n — 3)A\p_2al )s* 2 — (= 1)" 1 (2n 4+ 1)(2n — 1)A,_1a5 s>, (3.3)
Since f is closed, equation (2.3) is reduced to the following
(amio® = ymy:) G, + Ha(bja — syi)rop = 0. (3.4)

We can get oo from (3.4), but to have a simple form, from [1] and [3], we should make

H— as(1 — 6A1ags® 4 -+ (—=1)" " 'n(2n — D)A,_1a) 1527 2) (3.5)
(14 2a2b% — 2 4582) (1 — 6A1azs? + - + (=1)" " n(2n — DAy_1ah~'s2=2)"

From
(1+ 2a9b® — 2n + 1a252)(1 —6A1ags® + -+ (1) n(2n — )N, 105 72
= (14 2a2b?) — (12\1a3b + 3az)s® + -+ + [(=1)" " *2n(2n — 1)\, _1a5b* — (—1)" 2
(2n — 1)(2n — 3)Ap_0ad )s* 72 — (=1)" 1 (2n 4 1)(2n — 1)A,_1a5s>",
we get l
A = ”67;1, a= ((2zl+_11))((211 J_F ;)))\11, 1=2,....n—1 (3.6)

So we study the Finsler metric satisfying condition (1.4) with the form in (1.3).
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4. A class of projectively flat finsler metrics

By Lemma 2.1 and (1.4), the spray coefficients G* of F are given by (2.1) with

a1 4+ 2a20*" 1B + - - - + 2nas, a2t

a? —aga?n232 — .. — (2n — 1)ag, /2™’
¢'(1— Lags?)

- 26 (14 2a2b? — 2tlgys?)’

B aza’?

(14 2a9b?)a? — 24l gy52”

Q=

Equation (2.3) is reduced to the following equation:

o+ 1
0 =(02" — - — (21 — D)ag82") (1 + 2azb%)a? — ”J

241
(1 + 2a9b?)a? — 222

2a20° (a1 + 2a2a2" 134 4 2nag,a 82" s (bia® — Byi)+
(a2" —aya® 2% — (2n — 1)a2nﬂ2n)a2a2roo(bia2 — By;).

The coefficients of o must be zero (note: V"

2n+1

a1® 3 (1 + 2a20%)0® —
Suppose that a; # 0. Then

((1+ 2a2b*)a® — az/3%)sio = 2az50(bia” — By;).

2n+1
n

Contracting (4.6) with b yields

1
(? — ZGQBQ)SO =0.

From (4.1) and (4.2), we have
1
a? — —ayf? #0.
n
Thus sg = 0. Then it follows from (4.6) that
Si0 = 0.

Thus S is closed.

Suppose that a; = 0. Then (4.4) is reduced to the following

2n+1
n

{((1 + 2a9b0%)a® —
(@®" — a0 7232 — .. — (2n — 1)ag, %)
oy o 2n+1 2 2
= —{si0((1 + 2a20*)a”® — n a33%) = 2a250(bia” — By;) §
032020213 + - + 2nagnafFY).

a?ﬂz)(amza ym,yz)G + a2x TOO(

Note that a?(2a202" 13+ - - - + 2naz,aB** 1) is not divisible by a?” — asar

a28?) (amic® —

as8%)a®(a10®” + -+ - + 2naz,a B ) si—

ymyi)Gfx—F

is a polynomial in y*). We obtain

a2%)sio = 2a1a20" 5o (bja® — By;).

ﬁyl)}

m-232

741

(4.8)

(4.9)

—(2n—

1)azn 82", Thus s;o((142a2b%)a? — 2L q, 3%) —2a5 50 (b;ja — By;) is divisible by a?" —asa®"~23%—
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.o+ —(2n — 1)ag,3?". But this is impossible unless

2n+1

sio((l + 2a9b0%)a® — a262) = 2a950(bia® — By;). (4.10)

By the discussion under the supposition a; # 0, we have (3 is closed, too.
Since S is closed, equation (3.4) is reduced to the following

2 1 .
((1 + 2a9b*)a? — n;— aQHQ)(amiaQ — ymyi)Go, + az’roo(bio® — By;) = 0. (4.11)

Contracting (4.11) with b?, we get
2n+1
n

((1 + 2a5b%)a? — agﬁz)(bmon — ymB)G", = —aza? (b*a® — B*)roo. (4.12)

Note that (1 + 2a9b?)a? — 2”—;1@52 is divisible by b%a? — 2 if and only if
=" 4 >0 (4.13)
a2
In this case, from the definition of («, #)-metric and equation (3.5), we know F' is not a Finsler
metric. Thus (142azb?)a?— 2L ay 42 is not divisible by o and b?a?— 3%, Then (b, —ymB)GY,

is divisible by a?(b?a? — (3?). Therefore, there is a scalar function 7 = 7(z) such that

2 1
ro0 = L[(l + 2a2b%)a® — nt as 3. (4.14)
a2
Then ,
1
bij; = al[(l + 2a2b%)az; — n asb;b;]. (4.15)
2

By sio = 0 and (4.14), the formula (2.1) for G* can be simplified to
G' =G + txay' + 1V, (4.16)
where x is given in (1.8). We know that F is projectively flat if and only if
G = Py'.
By (4.16), this is equivalent to the following
G = 0y' — 102D, (4.17)

where § = 0;(z)y* is a 1-form. In this case, G* is given by (1.7).
Below is a special example satisfying (1.5) and (1.6).

Example 4.1 Let F' = a¢(s) be an («, §)-metric on an open subset & € R™. Define

n—1 (_1)k017€1—182k+2

¢(s):1+2"5+2nkz:0 L (4.18)
where
om ~m(m—1)---(m—k+1)
k k! )
" g " @) | (o)
_ = _ > = > A ~_i 5 LY a,y
S_O[’ « _wn ’ B_ nﬁ) o = 27 6_ w2 + C ? (419)
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where
w:i=+/1—|z? (4.20)
¢:=1+(a,x), (4.21)
n:= V(1= [z[)|yP + (z,9)?, (4.22)

where a € R™ is a constant vector with |a| < 1. Thus F satisfies (1.4), and it is projectively flat.
By direct calculations from (4.19)-(4.22), « and § satisfy (1.5) and (1.6).

5. Flag curvature

In this section, we shall study the following metric with constant flag curvature K = A,
2 2n
F:a+alﬂ+a2%+"’+a2n%v
where aq,...,as, are constants with as # 0. We assume that F' is locally projectively flat so
that in a local coordinate system the spray coefficients of F' are in the form (1.7). It is known
that if the spray coefficients of F' are in the form G* = Py’, then F is of scalar curvature with

flag curvature

K — P2 — P,L.kyk )
F2
Then
= O+ 7x0)% = 0oy — mpreyxa — X () syt = TxOLrY" (5.1)
7 . .
Observe that
k T00 2
Soky" == + o2 (bma — sym)Gy,
11,
= (2~ L,
k 2 m
gy = —Golym = 2(0 — 70) .
o
We obtain
0% — 0,1yF + 72x%0% — T yFxa — T2 — L2\ (s)a? + 2572y’
K- kY X Ry X (25— %)X (8) xa” (5.2)

F2

Proposition 5.1 Suppose that F = « +a15+a2%2 +--- —&—agn% with as # 0 is projectively

flat with constant flag curvature K = A\ = constant, then A = 0.
Proof First by (5.2), the equation K = \ multiplied by a®?~4F* yields:
Aa® T 4 Ba®" — 4aya3, BT TN — - — dag,_0ad, 52 Na? — Na3, 05" =0,  (5.3)

where A and B are homogeneous polynomials in y of degree 6n—1 and 6n, respectively. Rewriting

the above equation as

(Aa? — 4a1agn66"+1)\)a2”71 + (Bagy — -+ — 4a2n_2a3n68"72/\042 - a%nﬂsnx\) =0, (5.4)
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we must have
Ad? —4ara3, BTN =0, (Ba*""% — ... —dag, a3, 5" *N)a? = a3, 35"\ (5.5)

From (3.6), we know

-1
6n a%? agp = Ol('fl)alz’ 2 S l S n — 1’

where Cj(n) is a function associated with n and [. Since 3? is not divisible by a and ay # 0, we
conclude from the second identity in (5.5) that A = 0. O

Now, we consider the case when 7 = 0. In this case, from (1.5) and (1.6), we have

ay = —

bi; =0, G'=Gi =0y
By Lemma 5.1, F' has zero flag curvature. Thus « is locally isometric to the Euclidean metric.

We have proved the following

Proposition 5.2 Let F =a+ a8+ ag%z 4+ 4 agn%, where ay # 0. Suppose that F' is
a locally projectively flat metric with zero flag curvature. If T = 0, then « is flat metric and (3

is parallel with respect to «.. In this case, F' is locally Minkowskian.
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