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Abstract In this paper, the authors study a class of Finsler metric defined by a Rieman-

nian metric and a 1-form. We find a necessary and sufficient condition for the metric to be

prejectively flat.
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1. Introduction

It is an important problem in Finsler geometry to study and characterize projectively flat
Finsler metric on an open domain in Rn. The flag curvature is an analogue of the sectional
curvature in Riemannian geometry. Projectively flat Finsler metrics are of scalar flag curvature,
but the flag curvature is not necessarily constant in contrast to the Riemannian case.

The main purpose of this paper is to study and characterize certain projectively flat Finsler
metrics.

On every strongly convex domain U in Rn, Hilbert constructed a complete reversible pro-
jectively flat metric H = H(x, y) with negative constant flag curvature K = −1. Then Funk
constructed a positively projectively flat metric Θ = Θ(x, y) with K = −1/4 on U so that its
symmetrization is just the Hilbert metric, H(x, y) = 1

2 (Θ(x, y) + Θ(x,−y)). When U = Bn is
the unit ball in Rn, the Funk metric is given by

Θ =

√
(1− |x|2)|y|2 + 〈x, y〉2

1− |x|2 +
〈x, y〉

1− |x|2 ,

where y ∈ TxBn ∼= Rn. Here | · | and 〈, 〉 denote the standard Euclidean norm and inner product.
The Funk metric Θ on Bn is a special Randers metric expressed in the form

Θ = α + β,

where

α =

√
(1− |x|2)|y|2 + 〈x, y〉2

1− |x|2 , β =
〈x, y〉

1− |x|2 .
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Recently, Shen [1] and Yang [2] respectively studied the following projectively flat Finsler
metrics:

F = α + εβ + k
β2

α
. (1.1)

In [3], Shen gave a necessary and sufficient condition for the following Finsler metric to be
projectively flat:

F = α + εβ + 2k
β2

α
− k2β4

3α3
. (1.2)

The above discussion leads us to study the following function F on the tangent bundle TM

of a manifold M ,

F = α(1 + a1s + a2s
2 + a4s

4 + · · ·+ a2ns2n), s =
β

α
, (1.3)

where α =
√

aij(x)yiyj is a Riemannian metric, β = bi(x)yi is a 1-form on M and a1, a2, a4, . . . , a2n

are constants. By observation and calculations, we find a simple sufficient condition for F in
(1.3) to be projectively flat, if a2, . . . , a2n in (1.3) satisfy

a2k = (−1)k−1λk−1a
k
2 , λ1 =

n− 1
6n

, . . . , λl =
(2l − 1)(1− l

n )
(l + 1)(2l + 1)

λl−1, (1.4)

where k = 2, . . . , n, l = 2, . . . , n− 1.
In this paper, we shall first prove the following:

Theorem 1.1 Let a2 6= 0, and F in (1.3) be a Finsler metric on a manifold M satisfying (1.4).

F is projectively flat if and only if

(i)

bi|j = τ [(a−1
2 + 2b2)aij − 2n + 1

n
bibj ], (1.5)

(ii) the spray coefficients Gi
α of α are in the form:

Gi
α = θyi − τα2bi, (1.6)

where b := ‖βx‖α, bi|j denotes the covariant derivatives of β with respect to α, τ = τ(x) is a

scalar function and θ = θi(x)yi is a 1-form on M . In this case

Gi = (θ + τχα)yi, (1.7)

where

χ :=
φ′(1− 1

na2s
2)

2a2φ
− s, s =

α

β
, (1.8)

where φ = 1 + a1s + a2s
2 + a4s

4 + · · ·+ a2ns2n.

About this class of projectively flat metric, we have

Corollary 1.2 Suppose that F = α + a1β + a2
β2

α + · · ·+ a2n
β2n

α2n−1 with a2 6= 0 is projectively

flat with constant flag curvature K = λ = constant, then λ = 0.

Corollary 1.3 Let F = α + a1β + a2
β2

α + · · · + a2n
β2n

α2n−1 , where a2 6= 0. Suppose that F is a

locally projectively flat metric with zero flag curvature. If τ = 0, then α is flat metric and β is
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parallel with respect to α. In this case, F is locally Minkowskian.

Remark 1 When n = 1, a1 = ε, a2 = k, Theorem 1.1 is reduced to Theorem 3.1 in [1]. When
n = 2, a1 = ε, a2 = 2k, τ = 2kτ̃ , χ = 1

k χ̃, Theorem 1.1 is reduced to Theorem 1.1 in [3], where τ̃

and χ̃ are equivalent to τ and χ in [3], respectively.

Remark 2 When n = 1, a1 = ε, a2 = k, Corollaries 1.2 and 1.3 are reduced to Lemma 4.1
Proposition 4.2 in [1], respectively. When n = 2, a1 = ε, a2 = 2k, Corollaries 1.2 and 1.3 are
reduced to Lemma 5.1 and Proposition 5.2 in [3], respectively.

2. (α, β)-metrics

The Finsler metric in (1.3) is a special (α, β)-metric. By definition, an (α, β)-metric is
expressed in the following form,

F = αφ(s), s =
β

α
,

where α =
√

aij(x)yiyj is a Riemannian metric and β = bi(x)yi is a 1-form, φ = φ(s) is a C∞

positive function on an open interval (−b0, b0) satisfying

φ(s)− sφ′(s) + (b2 − s2)φ′′(s) > 0, |s| ≤ b < b0.

It is known that F is a Finsler metric if and only if ‖βx‖α < b0 for any x ∈ M (see [4]). Let Gi

and Gi
α denote the spray coefficients of F and α, respectively, given by

Gi =
gil

4
{[F 2]xkylyk − [F 2]xk}, Gi

α =
ail

4
{[α2]xkylyk − [α2]xk},

where (gij) := ( 1
2 [F 2]yiyj ) and (aij) := (aij)−1. We have the following

Lemma 2.1 The geodesic coefficients Gi are related to Gi
α by

Gi = Gi
α + αQsi

0 + J(−2Qαs0 + r00)
yi

α
+ H(−2Qαs0 + r00)(bi − s

yi

α
), (2.1)

where

Q :=
φ′

φ− sφ′
,

J :=
φ′(φ− sφ′)

2φ((φ− sφ′) + (b2 − s2)φ′′)
,

H :=
φ′′

2((φ− sφ′) + (b2 − s2)φ′′)
,

where s := β
α and b := ‖βx‖α. The formula (2.1) is given in [4].

It is well-known that a Finsler metric F = F (x, y) on an open subset U ⊂ Rn is projectively
flat if and only if

Fxkylyk − Fxl = 0. (2.2)

This is due to Hamel [5]. From [1] and [5], we have

Lemma 2.2 An (α, β)-metric F = αφ(s), where s = β
α , is projectively flat on an open subset
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U ⊂ Rn if and only if

(amiα
2 − ymyi)Gi

α + α3Qsi0 + Hα(−2αQs0 + r00)(biα− syi) = 0. (2.3)

3. Polynomial (α, β)-metrics

If an (α, β)-metric is Finsler metric and has the following form:

F := α(1 + a1s + a2s
2 + · · ·+ ansn) = α(1 +

a1β

α
+

a2β
2

α2
+ · · ·+ anβn

αn
), (3.1)

we call it a polynomial (α, β)-metric. In this paper, we study the polynomial (α, β)-metric having
the form (3.1).

First, we hope β is closed when F in (3.1) is projectively flat. From (2.3), F must be in the
form (1.3), that is,

a2k−1 = 0, k = 2, . . . , n.

Secondly, from [1] and [3], we assume

a2k = (−1)k−1λk−1a
k
2 , k = 2, . . . , n.

Then, by direct calculations, we have

H =
U

V
,

where

U = a2 − 6λ1a
2
2s

2 + · · ·+ (−1)n−1n(2n− 1)λn−1a
n
2 s2n−2, (3.2)

V =(1 + 2a2b
2)− (12λ1a

2
2b

2 + 3a2)s2 + · · ·+ [(−1)n−12n(2n− 1)λn−1a
n
2 b2−

(−1)n−2(2n− 1)(2n− 3)λn−2a
n−1
2 ]s2n−2 − (−1)n−1(2n + 1)(2n− 1)λn−1a

n
2 s2n. (3.3)

Since β is closed, equation (2.3) is reduced to the following

(amiα
2 − ymyi)Gi

α + Hα(biα− syi)r00 = 0. (3.4)

We can get r00 from (3.4), but to have a simple form, from [1] and [3], we should make

H =
a2(1− 6λ1a2s

2 + · · ·+ (−1)n−1n(2n− 1)λn−1a
n−1
2 s2n−2)

(1 + 2a2b2 − 2n+1
n a2s2)(1− 6λ1a2s2 + · · ·+ (−1)n−1n(2n− 1)λn−1a

n−1
2 s2n−2)

. (3.5)

From

(1 + 2a2b
2 − 2n + 1

n
a2s

2)(1− 6λ1a2s
2 + · · ·+ (−1)n−1n(2n− 1)λn−1a

n−1
2 s2n−2)

= (1 + 2a2b
2)− (12λ1a

2
2b

2 + 3a2)s2 + · · ·+ [(−1)n−12n(2n− 1)λn−1a
n
2 b2 − (−1)n−2

(2n− 1)(2n− 3)λn−2a
n−1
2 ]s2n−2 − (−1)n−1(2n + 1)(2n− 1)λn−1a

n
2 s2n,

we get

λ1 =
n− 1
6n

, . . . , λl =
(2l − 1)(1− l

n )
(l + 1)(2l + 1)

λl−1, l = 2, . . . , n− 1. (3.6)

So we study the Finsler metric satisfying condition (1.4) with the form in (1.3).
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4. A class of projectively flat finsler metrics

By Lemma 2.1 and (1.4), the spray coefficients Gi of F are given by (2.1) with

Q :=
a1α

2n + 2a2α
2n−1β + · · ·+ 2na2nαβ2n−1

α2n − a2α2n−2β2 − · · · − (2n− 1)a2nβ2n
, (4.1)

J :=
φ′(1− 1

na2s
2)

2φ
(
1 + 2a2b2 − 2n+1

n a2s2
) , (4.2)

H :=
a2α

2

(1 + 2a2b2)α2 − 2n+1
n a2β2

, (4.3)

Equation (2.3) is reduced to the following equation:

0 =(α2n − · · · − (2n− 1)a2nβ2n)
(
(1 + 2a2b

2)α2 − 2n + 1
n

a2β
2
)
(amiα

2 − ymyi)Gi
α+

(
(1 + 2a2b

2)α2 − 2n + 1
n

a2β
2
)
α3(a1α

2n + · · ·+ 2na2nαβ2n−1)si0−
2a2α

3(a1α
2n + 2a2α

2n−1β + · · ·+ 2na2nαβ2n−1)s0(biα
2 − βyi)+

(α2n − a2α
2n−2β2 − · · · − (2n− 1)a2nβ2n)a2α

2r00(biα
2 − βyi). (4.4)

The coefficients of α must be zero (note: αeven is a polynomial in yi). We obtain

a1α
2n+3

(
(1 + 2a2b

2)α2 − 2n + 1
n

a2β
2
)
si0 = 2a1a2α

2n+3s0(biα
2 − βyi). (4.5)

Suppose that a1 6= 0. Then
(
(1 + 2a2b

2)α2 − 2n + 1
n

a2β
2
)
si0 = 2a2s0(biα

2 − βyi). (4.6)

Contracting (4.6) with bi yields

(α2 − 1
n

a2β
2)s0 = 0. (4.7)

From (4.1) and (4.2), we have

α2 − 1
n

a2β
2 6= 0.

Thus s0 = 0. Then it follows from (4.6) that

si0 = 0. (4.8)

Thus β is closed.

Suppose that a1 = 0. Then (4.4) is reduced to the following
{(

(1 + 2a2b
2)α2 − 2n + 1

n
a2β

2
)
(amiα

2 − ymyi)Gi
α + a2α

2r00(biα
2 − βyi)

}

(α2n − a2α
2n−2β2 − · · · − (2n− 1)a2nβ2n)

= −{
si0

(
(1 + 2a2b

2)α2 − 2n + 1
n

a2β
2
)− 2a2s0(biα

2 − βyi)
}

α3(2a2α
2n−1β + · · ·+ 2na2nαβ2n−1). (4.9)

Note that α3(2a2α
2n−1β + · · ·+ 2na2nαβ2n−1) is not divisible by α2n− a2α

2n−2β2− · · · − (2n−
1)a2nβ2n. Thus si0((1+2a2b

2)α2− 2n+1
n a2β

2)−2a2s0(biα
2−βyi) is divisible by α2n−a2α

2n−2β2−
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· · · − (2n− 1)a2nβ2n. But this is impossible unless

si0

(
(1 + 2a2b

2)α2 − 2n + 1
n

a2β
2
)

= 2a2s0(biα
2 − βyi). (4.10)

By the discussion under the supposition a1 6= 0, we have β is closed, too.
Since β is closed, equation (3.4) is reduced to the following

(
(1 + 2a2b

2)α2 − 2n + 1
n

a2β
2
)
(amiα

2 − ymyi)Gi
α + a2α

2r00(biα
2 − βyi) = 0. (4.11)

Contracting (4.11) with bi, we get
(
(1 + 2a2b

2)α2 − 2n + 1
n

a2β
2
)
(bmα2 − ymβ)Gi

α = −a2α
2(b2α2 − β2)r00. (4.12)

Note that (1 + 2a2b
2)α2 − 2n+1

n a2β
2 is divisible by b2α2 − β2 if and only if

b2 =
n

a2
, a2 > 0. (4.13)

In this case, from the definition of (α, β)-metric and equation (3.5), we know F is not a Finsler
metric. Thus (1+2a2b

2)α2− 2n+1
n a2β

2 is not divisible by α2 and b2α2−β2. Then (bmα2−ymβ)Gi
α

is divisible by α2(b2α2 − β2). Therefore, there is a scalar function τ = τ(x) such that

r00 =
τ

a2
[(1 + 2a2b

2)α2 − 2n + 1
n

a2β
2]. (4.14)

Then

bi|j =
τ

a2
[(1 + 2a2b

2)aij − 2n + 1
n

a2bibj ]. (4.15)

By si0 = 0 and (4.14), the formula (2.1) for Gi can be simplified to

Gi = Gi
α + τχαyi + τα2bi, (4.16)

where χ is given in (1.8). We know that F is projectively flat if and only if

Gi = Pyi.

By (4.16), this is equivalent to the following

Gi
α = θyi − τα2bi, (4.17)

where θ = θi(x)yi is a 1-form. In this case, Gi is given by (1.7).
Below is a special example satisfying (1.5) and (1.6).

Example 4.1 Let F = αφ(s) be an (α, β)-metric on an open subset U ∈ Rn. Define

φ(s) = 1 + 2ns + 2n
n−1∑

k=0

(−1)kCn−1
k s2k+2

(2k + 1)(2k + 2)
, (4.18)

where

Cm
k :=

m(m− 1) · · · (m− k + 1)
k!

,

and

s =
β

α
, α :=

ζn

ωn
α̃, β :=

ζn

ωn
β̃, α̃ =

η

ω2
, β̃ =

〈x, y〉
ω2

+
〈a, y〉

ζ
, (4.19)
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where
ω :=

√
1− |x|2, (4.20)

ζ := 1 + 〈a, x〉, (4.21)

η :=
√

(1− |x|2)|y|2 + 〈x, y〉2, (4.22)

where a ∈ Rn is a constant vector with |a| < 1. Thus F satisfies (1.4), and it is projectively flat.
By direct calculations from (4.19)–(4.22), α and β satisfy (1.5) and (1.6).

5. Flag curvature

In this section, we shall study the following metric with constant flag curvature K = λ,

F = α + a1β + a2
β2

α
+ · · ·+ a2n

β2n

α2n−1
,

where a1, . . . , a2n are constants with a2 6= 0. We assume that F is locally projectively flat so
that in a local coordinate system the spray coefficients of F are in the form (1.7). It is known
that if the spray coefficients of F are in the form Gi = Pyi, then F is of scalar curvature with
flag curvature

K =
P 2 − Pxkyk

F 2
.

Then

K =
(θ + τχα)2 − θxkyk − τxkykχα− τχ′(s)sxkykα− τχαxkyk

F 2
. (5.1)

Observe that

sxkyk =
r00

α
+

2
α2

(bmα− sym)Gi
α

= τ(
1
a2
− 1

n
s2)α,

αxkyk =
2
α

Gm
α ym = 2(θ − τβ)α.

We obtain

K =
θ2 − θxkyk + τ2χ2α2 − τxkykχα− τ2( 1

a2
− 1

ns2)χ′(s)α2 + 2sτ2χα2

F 2
. (5.2)

Proposition 5.1 Suppose that F = α+a1β +a2
β2

α + · · ·+a2n
β2n

α2n−1 with a2 6= 0 is projectively

flat with constant flag curvature K = λ = constant, then λ = 0.

Proof First by (5.2), the equation K = λ multiplied by α8n−4F 4 yields:

Aα2n+1 + Bα2n − 4a1a
3
2nβ6n+1α2n−1λ− · · · − 4a2n−2a

3
2nβ8n−2λα2 − λa4

2nβ8n = 0, (5.3)

where A and B are homogeneous polynomials in y of degree 6n−1 and 6n, respectively. Rewriting
the above equation as

(Aα2 − 4a1a
3
2nβ6n+1λ)α2n−1 + (Bα2n − · · · − 4a2n−2a

3
2nβ8n−2λα2 − a4

2nβ8nλ) = 0, (5.4)
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we must have

Aα2 − 4a1a
3
2nβ6n+1λ = 0, (Bα2n−2 − · · · − 4a2n−2a

3
2nβ8n−2λ)α2 = a4

2nβ8nλ. (5.5)

From (3.6), we know

a4 = −n− 1
6n

a2
2, a2l = Cl(n)al

2, 2 ≤ l ≤ n− 1,

where Cl(n) is a function associated with n and l. Since β2 is not divisible by α and a2 6= 0, we
conclude from the second identity in (5.5) that λ = 0. ¤

Now, we consider the case when τ = 0. In this case, from (1.5) and (1.6), we have

bi|j = 0, Gi = Gi
α = θyi.

By Lemma 5.1, F has zero flag curvature. Thus α is locally isometric to the Euclidean metric.
We have proved the following

Proposition 5.2 Let F = α + a1β + a2
β2

α + · · ·+ a2n
β2n

α2n−1 , where a2 6= 0. Suppose that F is

a locally projectively flat metric with zero flag curvature. If τ = 0, then α is flat metric and β

is parallel with respect to α. In this case, F is locally Minkowskian.

References

[1] Zhongmin SHEN, G. C. YILDIRIM. On a class of projectively flat metrics with constant flag curvature.

Canad. J. Math, 2008, 60(2): 443–456.

[2] Chunhong YANG, Xiaohuan MO, Zhongmin SHEN. The construction of some projectively flat finsler metrics.

Sci Sin Math, 2006, 36(2): 121–133.

[3] Yibing SHEN, Lili ZHAO. Some projectively flat (α, β)-metrics. Sci Sin Math, 2006, 36(3): 248–261.

[4] S. S. CHERN, Zhongmin SHEN. Riemann-Finsler Geometry. World Scientific, 2005.
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