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Abstract Let G be a graph. The Hosoya index Z(G) of a graph G is defined to be the total
number of its matchings. In this paper, we characterize the graph with the smallest Hosoya
index of bicyclic graphs with given pendent vertices. Finally, we present a new proof about
the smallest Hosoya index of bicyclic graphs.
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1. Introduction

The Hosoya index of G, denoted by Z(G), is defined to be the total number of its matchings
(independent edge subsets), namely, Z(G) = Zﬁé m(G, s), where m(G, s) denotes the number
of s-matchings of G, and m(G,0) = 1. It was introduced by Hosoya in 1971 (see [1]), and was
applied to correlations with boiling points, entropies, calculated bond orders, as well as for coding
of chemical structures.

Many results have been obtained on the Hosoya index of graphs, for example, a survey [2],
trees [3-7], quasi-tree graphs [8], unicyclic graphs [9-12], bicyclic graphs [13], cacti [14]. In [2],
Wanger and Gutman pointed out that since the aforementioned questions can be answered for
trees with fixed diameter [3], trees with given pendent vertices [5, 7], unicyclic graphs with given
pendent vertices [10], and graphs with given clique number [15], it is also natural to consider the
analogous questions for other treelike graphs.

In this paper we investigate the bicyclic graphs with given pendent vertices, and charac-
terize the graph with the smallest Hosoya index of bicyclic graphs with given pendent vertices.

Moreover, we present a new proof of the result in [13].

2. Some preliminaries
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In this section, we introduce some definitions, notations and basic properties which we need

to use in the proofs of our main results. Other undefined notations may refer to [16].

Let G = (V,E) be a simple connected graph with the vertex set V(G) and the edge set
E(G). For any v € V, Ng(v) = {uJuv € E} denotes the neighbors of v, and dg(v) = |Ng(v)]
is the degree of v in G. A pendent vertex is a vertex of degree one. For £/ C E and V' C V,
we denote by G — E’ and G — V’, the subgraphs of G obtained by deleting the edges of E’, the

vertices of V'’ and the edges incident with them, respectively.

Let P, be the path on n vertices, C,, be the cycle on n vertices, and S,, be the star on n
vertices. Let T¥ be a tree with n vertices and k pendent vertices, and S¥ be a tree obtained

from a star Sii1 by attaching a path P,_j to a pendent vertex of Si1.

The following basic results will be used and can be found in the references cited.

Lemma 2.1 (1) If e = uv is an edge of a graph G, then Z(G) = Z(G — e) + Z(G — {u,v}).

(2) Ifv is a vertex of a graph G, then Z(G) = Z(G —v) + - e ng () 2(G — {v,u}).

(3) If G is a graph with components G1,Ga,...,Gy, then Z(G) = II'_, Z(G;).

(4) For paths, stars and cycles, we have Z(Py) = 1,Z(P,) = Fyq1 forn > 2, Z(S,) =
n,Z(Cy,) = Fn_1+ Fy41, where F,, denotes the n-th Fibonacci number such that Fp =0, F) =1
and F, =F,_ 1+ F,_o forn>2 F, =F,Fy_jy1+ Fr_1F,—) for 1 <k <n.

For convenience, let Z(Py) = 1. Thus Z(P,,) = F,41 for n > 0.

Transformation A ([14]) Let H, X,Y be three connected disjoint graphs. Suppose that u,v
are two vertices of H, u; is a vertex of X, v; is a vertex of Y. Let G* be the graph resulting from
H, X,Y by identifying v with u;, and v with vy, respectively. Let G}, be the graph obtained
from H,X,Y by identifying vertices u,u1,v1, and G} be the graph obtained from H, X,Y by
identifying vertices v, u1, vy (see Figure 1).

G” Gy G5
Figure 1 Graphs G*, G5, G5 from H, X, Y by Transformation A

Lemma 2.2 ([14]) Let G*,G:,G: be graphs obtained from H,X,Y by Transformation A.
Then Z(G*) > Z(G%) or Z(G*) > Z(G?).

Transformation B ([6]) Let t,n be integers with 1 < ¢ < n, H be a connected graph.
Choose v € V(H). Let P(n,t, H,v) (see Figure 2) be the graph resulting from H and a path
P, =vivg - vy -+ - vy, by identifying v with the vertex v;.
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U1 v2 Vt—2 Vt—1 vVt =0 Un—1 Un

Figure 2 Graph P(n,t, H,v) from H and P, by Transformation B

Lemma 2.3 ([6]) Lett,n,l,m,i be integers with1 < t < n = 4m+i wherem > 0, € {1,2, 3,4},
| = |5], H be a connected graph but not a path and v € V(H), P(n,t,H,v) be the graph
obtained from H and P, by Transformation B. Then

Z(P(n,2,H,v)) < Z(P(n,4,H,v)) < --- < Z(P(n,2m + 2{, H,v))
< Z(P(n,2m+1,H,v)) < --- < Z(P(n,3,H,v)) < Z(P(n,1, H,v)).

Lemma 2.4 Let t,n, k be nonnegative integers with 1 <t <n—1, H be a connected graph but
not a path and v € V(H), P(n,1,H,v,t,k) (see Figure 3) be the graph obtained from H and a
path P, = vyvy-- v - --v, by identifying v with the vertex vi, and adding k pendent edges to
vy € V(P,). Then we have

(1) Z(P(n,1,H,v,1,k))=Z(H)F, + Z(H —v)F,_1 + kZ(H — v)F,.

(2) Ift > 2, then Z(P(n,1,H,v,t,k)) = Z(H)F,, + Z(H — v)F,_1 + K(Z(H — v)F;—2 +
Z(H)F;—1)Fp—t41-

k ..
v =1 vo vt ' Un, vy Un—1 Un
Graph P(n,1, H,v,t, k) for t > 2 Graph P(n,1, H,v,1,k)

Figure 3 Graph P(n,1, H,v,t,k)

Proof We only prove (2) since the proof of (1) is similar.

Case 1 k=0.
Note that P(n,1, H,v,t,0) = P(n,1, H,v), and let e = vivy. By (1), (3), (4) of Lemma 2.1,
we have Z(P(n,1, H,v)) = Z(H)Z(Po_1) + Z(H — v)Z(Py_s) = Z(H)F, + Z(H — v)F,_;.

Case 2 k> 1.
Let e be one of the k pendent edges added to v;. By (1), (3), (4) of Lemma 2.1, we have

Z(P(n,1,H,v,t,k)) = Z(P(n,1, H,v,t,k — 1)) + Z(P(t — 1,1, H,0)) Z(Pn_;)
= Z(P(n,1,H,v,t,k — 2)) + 2Z(P(t — 1,1, H,0)) Z(Pn_;)

=Z(P(n,1,H,v,t,0)) + kZ(P(t — 1,1, H,v)) Z(Py_¢).

Case 2.1 t = 2. It is clear.
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Case 2.2 t > 3.
Z(P(Tl,].,H,”U,t,k)) :Z(H)Z(Pn—l) +Z(H—”U)Z(Pn_2)+
k[Z(H)Z(Pi—2) + Z(H — v) Z(Pi—3)]Z (Pn—t)
=Z(H)F, + Z(H —v)Fy 1+ k(Z(H —v)Fy—2 + Z(H)F; 1) Fog41.

Hence (2) follows.

Remark 2.5 In Lemma 2.4, if H is a cycle on 7 vertices and k = 0, we have

Z(P(n,1,Cp,v,t,0)) =Z(P(n, 1,Cy,v))
=Z(Cr)Z(Pp-1) + Z(Cr —v)Z(Pp—2)
=2F, 1F, + Fan+l-
For nonnegative integers n,r(> 3), let f(n,r) = 2F,_1F, + F.F,11. Then f(n,r) =
Z(P(n,1,Cy,v)) for n > 1. Note that f(0,7) = F, = Z(P,_1), for convenience, we can de-
fine f(0,r) = Z(P(0,1,Cy,v)). Therefore, f(n,r) = Z(P(n,1,Cy,v)) for n > 0.

It is easy to prove the following proposition.

Proposition 2.6 Let n,r(> 3) be positive integers. Then
(1) fin,r)=fn—1,7)4+ f(n—2,r) for n > 2.
(2) fn,r)<3f(n—1,r) forn > 1.
The following Lemmas 2.7-2.10 will play an important role in Sections 3-5.

Lemma 2.7 Let n >4, F, be the n-th Fibonacci number. Then g § L <

OJ\I\D

Proof By induction on n.

It is obvious that F3 = g, % = % Then for n = 4,5, the result holds.

Suppose the result holds forn=s(s>4). Forn=s+1,

8 3 2 5

- Fs=F,+-F,<Fs,1=F;+F; 1< F,+-F;, = -Fj,

5 t3 L ! T3 3
thus % = % < 7 For = FS+F1'33,1 < %Fl;is = % < % The result follows.

Remark 2.8 Note that % = % < %, then F;;’l < % holds for all n > 3.

Lemma 2.9 Let n(> 3),t, k be positive integers with 1 <t <n —1, and P(n,1,H,v,t, k) be
defined as before. If Z(H — v) < %ZueNH(v) Z(H — {v,u}), then

Z(P(n,1,H,v,1,k)) < Z(P(n,1,H,v,t,k)),
with the equality holding if and only if t = 1.

Proof We only need to show Z(P(n,1,H,v,1,k)) < Z(P(n,1,H,v,t,k)) when t > 2.
Suppose t > 2, by Lemmas 2.4, 2.7, and (2), (4) of Lemma 2.1, we have

Z(P(Tl,l,H,’U,l,k’)) - Z(P(n717H7vvta k))
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=kZ(H —v)F, — kZ(H — v)Fs_yFy_41 — kZ(H)F,_1F\_y 11
=kZ(H —v)Fp — kZ(H = 0)FsoFp_vj1 — k(Z(H —v) + > Z(H = {v,u}))F;_1Fp 411

uEN g (v)
=kZ(H —0)[Fp — (Fro+ F,_1)Fp_111] — k Z Z(H — {v,u})Fi_1Fp_411
uENg (v)
=kZ(H —v)(Fp, — FiFp_yy1) — k Z Z(H — {v,u})Fi_1Fp_411
wENg (v)
=kZ(H—0)F,_1F_y— k Z Z(H — {v,u})Fi_1Fp_4 11
u€ENpg (v)

=kFy 1 [Z(H —v)Foy — Y Z(H = {v,u})Foy11]

uENg (v)

3
< KFy1Foy[Z(H —v) = 3 > Z(H - {v,u})].

uENg (v)

Then Z(P(n,1,H,v,1,k)) < Z(P(n,1,H,v,t,k)) by Z(H —v) < 53 ,engw) Z2H — {v,u}).
The result holds. (I

Lemma 2.10 Let n,k be nonnegative integers, H be a connected graph and x € V(H),
P(n,1,H,x,1,k) be defined as above. If Z(H —u) < Z(H — v) for u,v € V(H), then we have
Z(P(n,1,H,u,1,k)) < Z(P(n,1,H,v,1,k)).

Proof By (1) of Lemma 2.4,
Z(P(n,1,H,u,1,k)) — Z(P(n,1,H,v,1,k)) = [Z(H —u) — Z(H —v)|[kF, + F,,—1] < 0. O

Let G(n,n+1,k) be the set of bicyclic graphs on n vertices and k pendent vertices. For any
graph G € G(n,n + 1, k), there are two cycles of C,, C, and k pendent vertices in G.

Let G°(p, ¢, k) be the set of G € G(n,n + 1,k) in which the cycles C, and C, do not have
common vertices, and G'(p, g, k)(I > 1) be the set of G € G(n,n + 1,k) in which the cycles C,,
and C, have | common vertices. Let G(0, k) be the set of G € G(n,n + 1,k) in which the two
cycles do not have common vertices, and G(I, k)(l > 1) be the set of G € G(n,n + 1, k) in which
the two cycles have I common vertices. Clearly, G°(p,q,k) C G(0,k) and G'(p,q,k) C G(l, k)
for I > 1.

In Sections 3-5, we will characterize the graph on n vertices with the smallest Hosoya index
in G(0,k), G(1,k), and G(l, k) (I > 2), respectively.

3. The graph with the smallest Hosoya index in G(0, k)

In this section, we will characterize the graph on n vertices with the smallest Hosoya index
in G(0, k).

Let s,p(> 3),q(> 3),1(> 2) be positive integers with s = p+q+1—2, Si(p, q¢) be the graph
on s vertices, obtained by connecting C, and Cj; by a path P, (see Figure 4). For convenience,
we let ui(uq) be the common vertex of P, and Cp(Cy), uz € V(Cp)\{u1}, us € V(F)\{u1,us}
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(it 1 > 3), us € V(Cy)\{ua}

u1 us3 Uq
.~ AN

u2 Figure 4 Graph S;(p, q) s

Lemma 3.1 For 1 <i <5, we have Z(Si(p,q) — u;) < %ZxGNs,@,q)(m) Z(Si(p,q) —{x,ui}).
Proof There are five cases.

Case 1l ¢ =1.
By Lemma 2.1, Remark 2.5 and F}, < 2F,_;,

3
Z(Sl(patnful)*i Z Z(Sl(paq)i{x,ul})
zENs, (p,q) (u1)

<Z(Sip,g)—w)— >, Z(Sipq) —{z,u})

€N, (p,q) (u1)
=Z(P(1—-1,1,Cq,u4))Z(Pp_1)—
[2Z(Pp—2)Z(P(1 —1,1,Cq,us)) + Z(Pp—1)Z(P(l — 2,1,Cy, uys))]
= [l =1,q)(Fp = 2Fp1) = f(I = 2,9)F, <0.
Case 2 7 =2.
Let d(uy,uz) =t —1,ui(€ P) be adjacent to u; and e = uyuj. Then ¢t > 2. By Lemma 2.1,
Remark 2.5 and F), < 2F),_; < 3F,_1, we have

Subcase 2.1 t > 3.

2Z(Si(p,q) —u2) =3 Y Z(Si(p,q) — {z, u2})

TEN, (p,q) (u2)
=2(Z(Si(p.q) — u2 — €) + Z(Sup, @) — {ua,ui, u2}))—
3 Z [Z(Si(p,q) — {z,u2} — €) + Z(Su(p, q) — {z,u2, u1, ui})]

zeNSz(p,q)(UQ)

=2Z(P(1—-1,1,Cy,u4))Z(Pp_1) + 2Z(P(1 — 2,1,Cy,u4)) Z(Pr—2) Z(Pp_y)—
62(P(I = 1,1, Cysua)) Z(Py_s) + 3Z(P(L — 2,1, Cypy ) )(Z(Pr—s) Z (P )+
Z(Pi—2)Z(Pp—t-1))]
=2f(l=1,¢)(Fp = 3Fp—1) + f(I1 = 2,q)[(Fi—1 = 3Fy—2) Fp—s1 + Fioa (Fp—tg1 — 3F,—4)] <0.
Subcase 2.2 t = 2.
260 —w)~5 Y ZSi(pa) — )

TENS, (p,q) (u2)

<Z(Sipa) —us) = Y Z(Sip,a) — {w,us})

TENs, (p,q) (u2)

= (2(Si(p, @) — u2 — ¢) + Z(Si(p, q) — {wa, ui, u}))—
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Z [Z(Sl(p7 Q) - {x,u2} - 6) + Z(Sl(pa q) - {wvu%ul?uf})]

IGst(p,q)(UQ)
= Z(P(I - 1,1,Cy,u)) Z(Py_1) + Z(P(I — 2,1, Cy, 1)) Z(Py_2)—

[QZ(P(Z -11 Cq)u4))Z(Pp—2) + Z(P(l -2,1, Cq7u4))(Z(Pp—2) + Z(Pp—?)))]
=fl=1q)(Fp —2F,—1) — f(l = 2,q)Fp,—2 <0.

Case 3 i =3.
Let d(u1,u3) = hy — 1. Then hy > 2 and [ > h; +1 > 3. By Lemma 2.1, Remark 2.5 and

Proposition 2.6, we have

22(Si(p,q) —us) =3 > Z(Sulp,q) — {w,us})

©EN, (pq) (3)
=2Z(P(h1 —1,1,Cp,u1)) Z(P(l — h1,1,Cq, us))—
3Z(P(h1 —2,1,Cp,u1))Z(P(l — h1,1,Cy,uq))—
3Z(P(h1 — 1,1,Cp,u1)) Z(P(l — h1 — 1,1,Cy, ua))
= (f(hr = 1,p) = 3f(h1 = 2,p)) f(I = h1,q) + f(ha = L,p)(f (I = h1,q) = 3f (I — h1 — 1, ¢)) <O.

Case 4 ¢ = 4. It is similar to Case 1.

P
P

Case 5 ¢ =>5. It is similar to Case 2.
Combining the above arguments, we prove the result.

By Lemmas 2.9 and 3.1, we have

Corollary 3.2 Let n(> 3),t,k be positive integers with 1 <t <n —1, P(n,1,H,v,t,k) and
Si(p, q) be defined as before. Then for any i(1 <1i < 5),

Z(P(n,].,Sl(p, q)vuivlvk)) < Z(P(nvlasl(pv q)»ui»tvk))

with the equality holding if and only if t = 1.

Let Gy and G2 be two graphs, v1 € V(G1), va € V(G3). G = (G1,v1)A (G2, v2) denotes the
graph resulting from identifying v; with vs as one common vertex.

Let m,k be positive integers with 2 < k < m — 1, v € V(TX) and d(v) > 2. Take
Ri(p,q,TE) = (Si(p,q),wi) & (TE,v) (i 1,2,3,4,5) (see Figure 5), then Ri(p,q,TF) €
G(p, g k).

Rl (p,q,T%)

R}(p,q,Ty)
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Ri(p,q,Tp) Ri(p,q,Ty)
Figure 5 Rj(p,q,Ty) (i = 1,2,3,4,5)

Lemma 3.3 Let m,k,p,q,l,t be positive integers with p,g > 3,1 > 2 and 2 < k < m — 1,
Si(p,q), ui, Ri(p,q,TY), P(m —k+1,1,S(p,q),ui,t,k — 1) be defined as before for 1 < i <5.
Then for any i(1 < i <5), there exists some integer t with 1 <t < m — k such that

Proof For any i(1 < i < 5), repeating Transformations A and B on Ri(p,q,TF), we get a
graph P(m —k+1,1,5(p, q),ui, t,k — 1). By Lemmas 2.2 and 2.3, Z(Ri(p,q,T%)) > Z(P(m —
k+ 1, ]-7 Sl(pv Q)a (N k — 1))

b N A

u* p=v*

I v w2 U3 U4 Us v U2 U3 U4 Vs

<

Figure 6 R3(4,4,Ty) is transformed to Z(P(6,1, S2(4,4),u1, 3,3)) by Transformations A and B

Note that Ri(p,q,SF) = P(m —k+1,1,5(p,q),ui, 1,k — 1), by Corollary 3.2 and Lemma

3.3, we can get the following corollary immediately.

Corollary 3.4 Let 1 <i <5. We have Z(Ri(p,q,T¥)) > Z(Ri(p,q,SE)), with the equality
holding if and only if TF = Sk .

Lemma 3.5 Suppose G € G%(p,q,k) on n vertices, and P, is the path connecting C,, and C,
with length | — 1. Then Z(G) > Z(R} (p,q, S%)) or Z(G) > Z(R}(p,q, S¥)).

Proof It is obvious that there exists some i (1 < i < 5) and some tree T such that

Z(G) > Z(Ri(p,q,Tk)) by Transformation A. Then we only need to show Z(Ri(p,q,Sk)) >

Z(R}(p,q,SE)) for i = 2,3 and Z(R] (p,q,S%)) > Z(R}(p, q,SE))) for j = 3,5 by Corollary 3.4.

Note that Ri(p,q,S%) = P(m —k +1,1,5/(p,q),ui, 1,k — 1), we only need to show the
following inequalities by Lemma 2.10:

Z(Si(p,q) —u1) < Z(Su(p,q) — uz2) (3.1)

Z(Si(p,q) —u1) < Z(Su(p,q) — us) (3.2)

Z(Si(p,q) —ua) < Z(Si(p, q) — us) (3.3)
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Z(Si(p,q) — ua) < Z(Si(p,q) — us3) (3.4)
Now we show (3.1). Let d(uq,uz) =t —1. Then t > 2.

Case 1l t=2.

Z(Si(p.q) —u1) = Z(Si(p,q) —u2) = f(l = 1,9)Z(Pp1) — f(1 = 1,0)Z(Pp—1) — f(1 = 2,¢) Z(Pp-2)
— (I 2,9)Z(Py3) < 0.
Case 2 t > 3.

Z(5i(p,q) —ur) — Z(Si(p, q) — u2)
=fU-1,9)Z(Pp-1) = f(l = 1,9)Z(Fp-1) = f(1 = 2,q)Z(Pp—t) Z(Pr—2)
=—f(-2,9)Z(Py—t)Z(Pi—2) <0.
Now we show (3.2). Let d(uy,uz) =hy —1. Then hy >2and [ > h; +1 > 3.

Z(Si(p,q) —u1) — Z(Si(p, q) — us)
=Z(Pp-1)f(l—=1,9) = f(ha = 1,p)f(I = h1,q)
=FQ2F 1Pl + FyF) — (2Fp 1 Fhy -1 + FypFny ) 2Fy— 1 Fiopy + FyFiop, 1)
=Fy 1 Fp a(FpFi—hy—1 —2F, 1 Fyp,) + FoFp 1 (FpFi—py, — 2Fp 1 F1_py 41)
< 0.

Since the proof of (3.3) (or (3.4)) is similar to that of (3.1) (or (3.2)) by the symmetry of
Cp and Cy, we ignore it. The result follows.

Lemma 3.6 Let I,m,k,p,q be positive integers with [l > 2, p,q > 3 and 2 < k < m — 1,
Rl (p,q,Tk) and u; (1 <i <5) be defined as above. Then

Z(R} (p, q, SS@)) = [kamekle + Fmefk + 2Fp71mek+1]f(l - ]-7 Q) + Fmefqulf(l - 23 q)
Proof By Lemma 2.1,

Z(Ri(p,a,Sp)) = Z(R}(p,q,Sy,) — u1) + > Z(Ri(p,q,S,) — {u1,z})

mENR} (pra,SE,) (u1)

= Z(P(lf1;170q7u4))Z(Pp—1)Z(Pm—k)+ Z Z(Sl(paQ)7{u17x})Z(Pm—k)+
TENs, (p,q)(u1)

Z Z(Sr]%_{ulvx})Z(P(l_1ﬂlchvu4))Z(Pp*1)

mGNSbn (u1)

= [kaFm—k—i-l + Fme—k + 2Fp—1Fm—k+l}f(l - 13 Q) + Fme—k+1f(l - 27q)

Lemma 3.7 Let I,m,k,p,q be positive integers with | > 2, p,q > 3, l +q— 3 > 3 and
2<k<m-—1. Then Z(R}(p,q,S%)) > Z(Ri(p,l +q—3,S%)), with the equality holding if and
only if R} (p,q,Sp,) = Ri(p, 1+ ¢ —3,5p,).

Proof There are two cases.
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Case 1 [ > 3.
Firstly, by Remark 2.5, we have

f@2,0+q—3)— f(l—1,q9) =2Fyq-als+ Fryq3F3) — (2F;1Fi—1 + F )
:2E+q—2 - 2Fq—1ﬂ—1 - FqFl
=28 _ 1 Fy+2F _oF, 1 —2F;_1F_1 — I F
=(2F, 1 — F))Fy+2F,_1(Fi—2 — F1—1)
=—-F 3F;, 3<0.

fLl+q—=3) = fl—2,q9) =(2Fi4q-aF1 + Fipg3F2) — 2F;1Fio + FyF 1)
=Fqa+Fryqgo—2F,_1F_o— FF_,
=(Fi_1Fy_o + Fi_oFq_3) + (Fi_1Fy+ Fi_oF;_1)—
2Fy 1 Fi_o —FyF_
=F 1 Fy o+ Fi_o(Fy—3 — Fy—1)
=F_3F; 2 2>0.
Then by Lemma 3.6 and F,_o — kF,;_3 <0 for k > 2,
Z(Ry(p, 1+ q—3,5%)) — Z(R (p,, Sy))
= [kameerrl + Fmefkr + 2Fp71mek+1Hf(2a I+ q— 3) - f(l - 17Q)]+
FpF'rn—k+1[f(17l + q—- 3) - f(l - 2a Q)]
= [kaFm—k+l + Fme—k + 2Fp—lFm—k+1] [*F‘l—3Fq—3]+
FpF g1 Fi3Fg 2
=[Fy—2 = kFy_3]FpyFr k113 — [FpFpi + 2F, 1 Fry 1] Fi—3F,—3 < 0.
It is obvious that the equality holds if and only if { = 3. O
Case 2 [ =2.
Note that ¢ > 4 by [ +p —3 > 3. Then by Lemma 3.6 and F,_> — kF,_3 <0 for k& > 2,
Z(R3(p,q—1,5%)) — Z(R5(p, 4, 5%,))
- [kamek+1 + Fmefk + 2Fp71Fm7k+1][f(27q - 1) - f(lu q)] + Fme7k+1[f(17q - 1) - f(o, Q)]

= [kaFm—k+l + Fme—k + 2Fp—1Fm—k+1][_Fq—3] + Fme—k+lF -2
= [Fq_z — qu_3]Fme_k+1 — [Fme_k + 2Fp_1Fm_k+1]Fq_3 < 0.
Lemma 3.8 Let I,m, k,p,q be positive integers with l > 2, p,q > 3 and 2 < k < m — 1.
Then Z(R}(p,q,S%)) > Z(Ri(p+m —k —1,q, S’,j+1)), with the equality holding if and only if
m=k+1.

Proof By F, = Fan7k+1 + kaanfka

Fme—k+1 - Fp+m—k—1 = Fme—k+1 - (Fp—lFm—k+1 + Fp—QFm—k) = Fp—QFm—k—l- (35)
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Fyp1Fmk+1 — Fprm—k—2=Fp 3Fn_ k1.

FyFm s — Fovmot = FyFong — (Fy Pt + Fyy Fro 1) = —Fy 1 o1

Then by Lemma 3.6 and (3.5), (3.6), (3.7),
Z(Ri(p.q,Sp)) — Z(Ri(p+m —k —1,¢,55,1))
= [k(Fme—k+1 - Fp+m—k—1) + (Fme—k - Fp+m—k—1)+
2(Fp—1Fm—p+1 = Fppm—r—2)|f (1 = 1,¢) + (FpFr—pt1 — Fprm—i-1)f (L = 2,9)

= (kFp—oF_j—1—Fp1Fp_—1+2F, 3Fy_k_1)f(l—1,¢) + Fy_aFpm_—1f(l —2,q)

=[(k = 1) Fp—2 + Fyps]Fon—p—1f(l = 1,q) + Fp—2Frnp-1 f(l = 2,¢) 2 0.

It is obvious that the equality holds if and only if m =k + 1. O

Lemma 3.9 Let m,k,p,q be positive integers with p,q > 3 and 2 < k < m — 1. Then

Z(Ri(p,q, S,’jﬂ)) > Z(Ri(p+q—3,3, S’ljﬂ)), with the equality holding if and only if ¢ = 3.

Proof Suppose g > 3. By F,, = FiFp—k11 + Fr—1Fn—r,
(FpFy1 + FpFy) =3Fp14-3
= (prqufl + Fp*2Fq71) + (prqu + Fp*2Fq) - B(prqufl + Fp*2Fq72)
= (Fp_oFy_1 — FpoF, o)+ (Fp_1Fy —2F,_1Fy_1) + (Fp—oF, — 2F,_oF,_5)
= (2Fp—2 — F)_1)F;_3 >0,
(Fpo1Fy1+ Fpo1Fy) —3Fp1q—a = (2Fp_3 — F_2)Fy_3,
and
Fp(Fyo1+ Fyp1) —4F 4 g3 =3F,Fy_1 + FyFy_o —4F, 4,3
=3(Fp1Fy1 + FpoFy 1) + (FporFy2+ Fp oFy o) —4(Fp1Fy1 + F2Fy )
= (3Fp—2 — F,_1)Fy—5 > 0.
Then by Lemma 3.6,
Z(R3(p, 4 Sk11)) — Z(R3(p+q — 3,3, 5¢,1))
=[(k+1)F, +2F,1]f(2,9) + Fp f(1,q) = [(k + 1) Fpyq—3 + 2Fp1q-a] f(2,3) — Fpyq—3/(1,3)
=2(k+ 1)[(Fqu*1 + R F) - 3Fp+q73] + 4[(Fp71Fq*1 + FpaFy) - 3Fp+qf4]+
[Fp(Fym1 4 For1) — 4Fp1q-3]
=2(k+1)(2Fp—2 — Fp1)Fy3 +4(2F, 5 — Fp2)Fy3+ 3Fp—2 — F 1) Fys
= [2kF,_o — (2k — 5)F,_3]Fy_3 > 0.
Combining the above arguments, we have the following theorem.
Theorem 3.10 Let n,k be positive integers with 2 < k < n—6 and G € G(n,n + 1,k) be
a bicyclic graph on n vertices and k pendent vertices with the two cycles having no common

vertices. Then we have
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(1) If 2 < k <n-—71, then Z(G) > 6kF,__4 + 10F,,__3 + 2F,_j_5, with the equality
holding if and only if G = Ry(n — k — 4,3, S, ).

(2) If k = n— 6, then Z(G) > 8n — 28, with the equality holding if and only if G =
RY(3,3,5,°9).

Proof Let p,q be positive integers with p,q > 3 and G € G°(p, ¢, k) on n vertices. Suppose the
two cycles in G are connected by a path P, with [ > 2. Then there exist ¢ € {1,2,3,4,5} and
some tree T where 2 < k <m —1and m =n —p— q— [+ 3 such that Z(G) > Z(Ri(p,q,Tk))
by Transformation A.

Thus by Corollary 3.4 and Lemma 3.5,

Z(G) > Z(Ri(p,q,Ty) > Z(Ri(p,q, Sk,) > min{Z(R} (p,q, S},)), Z(R} (p, 4, Sy,) }-
Noticing the similarity of R} (p, q, S¥,) and R} (p, q, SF,), we only need to consider Z (R} (p, g, S,)).

Case 1 [ > 3.

By Lemmas 3.7-3.9,
Z(Ri(p,q,83,)) = Z(Ry(p, 1 +q—3,8},)) = Z(Ry(p+m — k= 1,1+ ¢~ 3,5(,1))
Z(Ry(n —k —4,3,55 1))

Y]

Case 2 [ =2 and q > 3.

The result is the same as in Case 1.

Case 3 [ =2 and q = 3.

Then by Lemma 3.8, Z(Rj(p,3,5%,)) > Z(Ry(n —k —3,3,5¢,1)).

Combining the above arguments, we have Z(G) > min{Z(R§(n—k—4,3,5¢,,)), Z(Ry(n—
k—3,3,8F 1))} for any G € G(0,k) when 2 < k < n — 6.

Suppose kK = n — 6. Then by p,g > 3,1 >2andn=p+q+1+k— 2, we have | = 2,
p=q=3. Thus Z(G) > Z(R4(3,3,5""%)) = 20n — 28.

Suppose 2 < k < n — 7. By Lemma 3.6, we have Z(R§(n —k —4,3,5;,,)) — Z(Ry(n — k —
3,3,590.1)) = (2k=3)(Fr—k—4—2F_j—5)—Fp_p—4 < 0. Thus Z(G) > Z(R§(n—k—4,3,5¢,,)) =
6kFy ga+ 10F 5 +2F, 4 5.

Let m be positive integers, P, be a path on m vertices, v € V(P,,) and d(v) = 1. Take
Ri(p,q, Pm) = (Si(p, @), wi) & (P, v) (i = 1,2,3,4,5), then Rj(p,q, Pn) € G°(p, ¢, 1).

Similarly to the proof of Lemmas 3.5 and 3.6, by (1) of Proposition 2.6, we have

Lemma 3.11 Suppose G € G°(p,q,1) on n vertices, and P, is the path connecting Cp and C,
with length | — 1. Then Z(G) > Z(R}(p,q, Pn)) or Z(G) > Z(R}(p, q, P))-

Lemma 3.12 Let I,m,p, q be positive integers with | > 2, p,q > 3, Rl1 (p,q, Pm) and u;(1 <
i <5) be defined as above. Then

Z(Rll(Pa Q7Pm)) = Fmef(l, Q) + [Fme—l + 2Fp—1Fm]f(l - 17(1)-
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Remark 3.13 For k& = 1, similarly to the proof of Lemmas 3.7-3.9 and Theorem 3.10, we can
show that Ri(n — 5,3, P) is the graph with the smallest Hosoya index in G(0,1).
By Theorem 3.10 and Remark 3.13, we have

Lemma 3.14 Let n, k be positive integers. Then
(1) Z(Ri(n—5,3,P)) > Z(Ri(n—6,3,5%2)).
(2) Z(Ri(n—k—4,3,5F,)) > Z(Ri(n—k—53,51))) for2<k<n-—8.
(3) Z(R3(3,3,5,2¢)) > Z(R5(3,3,5,25))-

Theorem 3.15 Let G be a bicyclic graph on n vertices with the two cycles having no common
vertices. Then Z(G) > 8n — 28, with the equality holding if and only if G = R1(3,3, SZ:S).

4. The graph with the smallest Hosoya index in G(1,k)

In this section, we will characterize the graph on n vertices with the smallest Hosoya index
in G(1, k).

Let p(> 3), ¢(> 3) be positive integers, S(p, q) be the graph on p + g — 1 vertices, obtained
by connecting C), and C, with a common vertex v; (see Figure 7). That is, S(p,q) = (Cp,z) A
(Cqyy), where x € V(C)p) and y € V(C,), denote = and y by v;. For convenience, we let
vs € V(S @)\V(Cy), va € V(S a)\V(Cy), v # v3 and v (€ V(C,)\V(Payry)) be adjacent
to v1, where P, ,, is the shortest path from v; to vy of Cp.

.
U1

U2 U3

Figure 7 Graph S(p,q)
Lemma 4.1 For 1< <3, we have Z(S(p,q) —v;) < %EzeNs@,q)(vi) Z(S(p,q) — {x,v;:}).
Proof There are three cases.

Case 1 i =1.
By Lemma 2.1 and F}, < 2F,_; for p > 3,

2Sma)-v) -5 S Z(8m.a) - {zu))

TENs(p,q)(v1)

<Z(S(p7Q)_Ul)_ Z Z(S(p,q)—{$7’()1})

2E€N5(p,q) (V1)
= Z(prl)Z(qul) - [2Z(Pp72)Z(Pq71) + ZZ(prl)Z(quﬂ]

= (F, — 2F,_1)F, — 2F,F,_ <0.

Case 2 7 =2.
Let d(vi,v2) = s — 1. Then s > 2.
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Subcase 2.1 s=2.

QZ(S'(paQ)ilUQ)iz3 Z Z(S(pJI)i{vaQ})
mENs(p,q)(vz)
=2Z(P(p—1,1,Cq,v1)) = 3Z(P(p — 2,1,Cq,v1)) = 3Z(Py—1)Z(Pp—2)

:2f(p7 ]-aq) *3f(p72,q)*3Fqu—1
=[flp—3,9)— f(p—2,9)| + 2F,_1Fp_3+ F,F,_o — 3F,F,_1] < 0.

Subcase 2.2 s> 3.
Let e = v1v]. By Lemma 2.1 and Propsition 2.6,

28 -v) -3 Y ASma) - (rea))

TENs(p,q)(v2)

<Z(S(pa)—v)— Y. Z(S(p,q) — {z,v2})

fL’GNs(p‘q)(’UQ)
= [2(5(p,q) = vz =€) + Z(S(p. q) = {vz, 01, 01})] =
[ Z Z(S(p)q)_{xaUQ}_e)+ Z Z(S(p,q)—{x,vg,vl,vf})]

TENs(p,q)(v2) TENs(p,q)(v2)
=Z(P(s = 1,1,Cq,01))Z(Pp—s) + Z(Ps—2)Z(Pp—s—1)Z(Py—1)—

[Z(P(s —2,1,Cq,01))Z(Pp—s) + Z(Py—1)Z(Ps—3) Z(Pp—s-1)]—
[Z(P(Sf lalacqavl))Z(Pp s— 1)+Z(P )Z(PG—Q)Z(P;D—S—Q)]
= [prsflf(s - 37 Q) - prsf(s - 7Q)] + [Fp7572F573 - prslesf2]Fq < 0.

Case 3 i = 3. It is similar to Case 2.
Combining the above arguments, we prove the result.

By Lemmas 2.9 and 4.1, the following corollary holds:

Corollary 4.2  Let s(> 3),t,k,p(> 3),q(> 3) be positive integers with 1 < t < s — 1,
P(n,1,H,v,t,k), S(p,q) be defined as before. Then for 1 <1 <3,

Z(P(Sa 1,5(177 q),vi,1,k)) < Z(P(S, L, S(p, q),vi,t,k))

with the equality holding if and only ift = 1.

Let n,m, k,p(> 3),q(> 3) be positive integers with 2 <k <m —1landn=p+q+m — 2,
v e V(TF) and d( ) > 2. Take Si(p,q, TE) = (S(p,q),v;) A (T, v) (i = 1,2,3) (see Figure 8),
then S;(p,q,TF) € G*(p,q, k

Si(p,q,Tn) S2(p,q,Tn,) Ss(p,q,Tn,)
Figure 8 Si(p,q,Th)(i = 1,2,3)
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Lemma 4.3 Let m,k,p,q,t be positive integers with p,q > 3,2 < k < m — 1, S(p,q), vi,
Si(p,q,TE), P(m — k+1,1,5(p, q),v;,t,k — 1) be defined as before for 1 < i < 3. Then for any
1 (1 <14 < 3), there exists some integer t with 1 <t < m — k such that

Z(Sz(pv(Lsz)) 2 Z(P(m —k + 17 17S(p7 q)vvivtvk - 1))

Proof For any i (1 < i < 3), repeating Transformations A and B on S;(p,q,T%), we can
get a graph P(m — k + 1,1,5(p,q),vi,t,k — 1). By Lemmas 2.2 and 2.3, Z(S;(p,q,TF)) >
Z(P(m—Ek+1,1,5(p,q), v, t, k —1)).

Note that S;(p,q,SF) = P(m —k+1,1,5(p,q),vs, 1,k — 1), by Corollary 4.2 and Lemma

4.3, we can get the following corollary immediately.

Corollary 4.4 Let 1 < i < 3. We have Z(S;(p,q,TF)) > Z(Si(p,q,SF))), with the equality
holding if and only if T¥ = Sk .

Lemma 4.5 Suppose G € G'(p,q, k) on n vertices. Then Z(G) > Z(S1(p,q, SE)).

Proof It is obvious that there exist some i (1 < i < 3) and some tree T such that
Z(G) > Z(Si(p,q,T%)) by Transformation A on G. Then we only need to show Z(S;(p, ¢, S%)) >
Z(S1(p,q,Sk)) for i = 2,3 by Corollary 4.4.

Note that S;(p,q,S%) = P(m — k + 1,1,5(p,q),vs, 1,k — 1), we only need to show the

m
following inequalities by Lemma 2.10:

Z(5(p,q) —v1) < Z(Si(p,q) — v2), (4.1)
Z(Si(p,q) —v1) < Z(Si(p, q) — v3). (4.2)

Since the proof of (4.2) is similar to that of (4.1) by the symmetry of C, and C,, we only
show (4.1). Let d(vy,v2) = s — 1. Then s > 2.

Case 1 s=2.

Z(S(p,q) —v1) = Z(S(p,q) —v2) = Z(Pp-1)Z(Py—1) — Z(P(p — 1,1,Cq,v1))
= —2F, 1F;1 <0.
Case 2 s> 3.
Let e = v1v]. By Lemma 2.1 and F,, = FiFy_p+1 + Fr—1Fn—k for 1 <k < n, we have
Z(S(p,q) —v1) — Z(S(p,q) — v2)

=Z(S(p,q) —v1) — [Z2(S(p, q) —v2 — €) + Z(S(p, q) — {v2,v1,07})]

= Z(Pp-1)Z(Py-1) = Z(Pp—s)Z(P(s — 1,1,Cg,v1)) = Z(Pp—5-1)Z(Ps—2)Z(Py-1)
= 2F,_ 1 Fs_1F,_1 <O.

The proof of the following Lemma 4.6 is similar to the proof of Lemma 3.6.

Lemma 4.6 Let m,k,p,q be positive integers with p,q > 3 and 2 < k <m — 1, Si(p,q,TF)
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and v;(1 <14 < 3) be defined as above. Then
Z(Sl (p7 q, an)) = kaFqF7n—k+1 + 2Fp—1Fqu—k+1 + 2Fqu—1F7n—k+1 + FquF'rn—k-

Lemma 4.7 Let m,k,p,q be positive integers with p,q > 3, p+q—4 > 3 and 2 < k <
m — 1. Then Z(S;1(p,q,S%)) > Z(S1(4,p + q — 4,5 ), with the equality holding if and only if
Sl(p7q7 an) = 51(47]7 + q— 47 Srkr)L)
Proof We will complete the proof by the following two cases.
Case 1l p>4.
By F,, = FixFr_k11+ Fr1F_ for 1 <k <mn,
FoFy—FyFyqa=[Fp 1+ Fp o][2Fy o+ Fy 3] —3[Fp_1Fqo+Fy oFy 3] = Fp_4[Fy_o—F,_3];
prqu - F3Fp+q74 = Fp71[2Fq72 + Fq73] - 2[Fp71Fq72 + FP*QFQ*?’] = _FP*4FQ*3'
Thus by Lemma 4.6,
Z(S1(p,q, %)) — Z(S1(4,p+ ¢ — 4,5),))
= [k<Fqu - F4Fp+q74) + 2(Fp71Fq - F3Fp+qf4> + 2(Fqu,1 - F4Fp+q75)}Fm7k+1+
[FpFy = FaFpyq-alFimk
= p—4[Fq—2 - Fq—S][(k - 2)Fm—k+1 + Fm—k] > 0.

The equality holds if and only if p = 4 or ¢ = 4.

Case 2 p=3.
Then ¢ >4 by p+qg—4 > 3. By Lemma 4.6,
Z(S1(p,q.S%)) — Z(S1(4,p+ g —4,5%,))
= [k(F3F; — FyFy_1) 4+ 2(FoFy — F3Fy_1) + 2(F3Fy—1 — F4Fy_9)| Fr—g+1+
[FsFq — FyFy 1]Fp_g
=Fy4[(k—2)F—py1+ Fnei] > 0

The equality holds if and only if ¢ = 4.
Combining the two cases, we obtain the equality holds if and only if S; (p, g, S*) = S1(4, p+
q— 47 Slrcn)

Lemma 4.8 Let m,k,p,q be positive integers with p,q > 3 and 2 < k < m — 1. Then
Z(S1(p,q,S8%)) > Z(S1(p,qg+m—k—1, S,’jﬂ)), with the equality holding if and only if m = k+1.
Proof By F, = FkF7L—k+1 + Fr 1Fn g for 1<k < n,
Form—k—1=FyaFppt1+ Fyg2Fn—k; Fopm—k—2=Fy—oFn k1 + Fy3Fp k.
Fqu—k+1 - Fq+m—k—1 = Fqu—k+1 - [Fq—lFm—k+1 + Fq—2Fm—k] = Fq—ZFm—k—1~
Then by Lemma 4.6,

Z(S1(p,q,S%)) — Z(Si(p,g +m —k —1,5F 1))
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= (ka + 2Fp—1)[Fqu—k+1 - Fq+m—k—1] + 2Fp[Fq—1Fm—k+1 - Fq+m—k—2]+
Fp[Fqu—k - Fq+m—k—1]
= [(kFy_2+2F, 53— F,_1)F, +2F, 1F,_3]Fp_s_1 > 0.

The equality holds if and only if m =k + 1.

By Lemmas 4.1-4.6, we have the following theorem.

Theorem 4.9 Let n, k be positive integers with 2 < k <n—6, G € G(n,n+1,k) be a bicyclic
graph on n vertices and k pendent vertices with the two cycles having exactly one common
vertices. Then we have

(1) If2 < k <n—6, then Z(G) > (3k + 7)F,_p—3 + 6F,_k—_a, with the equality holding if
and only if G = Sy(4,n — k — 3,5, ).

(2) If k = n—5, then Z(G) > 4n — 8, with the equality holding if and only if G =
51(3,3,8"72).

Proof Let p,q be positive integers with p,q > 3 and G € G(p, q, k) on n vertices. Suppose
the two cycles in G are connected by a common vertex v;. Then there exist i € {1,2,3} and
some tree T where 2 < k <m —1and m =n —p — ¢+ 2 such that Z(G) > Z(Si(p,q,T%)) by
Transformation A.

Thus by Corollary 4.4 and Lemma 4.5,

Case 1 p+q > 7. Then by Lemmas 4.6-4.8,
Z(81(p, 4, Sp)) = Z(S1(4,p+q —4,87,)) = Z(S1(4,n — k = 3,5(,4))
= (3k + T)Fp_p—3 + 6Fp_p_4.

Case 2 p=gq=3.

By Lemmas 4.6 and 4.8, Z(51(3,3,5%)) > Z(51(3,n — k — 2,57 ,,)).

Combining the above arguments and Lemma 4.7, we have Z(G) > Z(S1(4,n—k—3,55,,))
when 2 <k <n—6and Z(G) > Z(51(3,3,5"73)) = 4n — 8 when k = n — 5.

Let m be a positive integer, P,, be a path on m vertices, v € V(P,,) and d(v) = 1. Take
Si(p, ¢, Pn) = (S(p, @), vi) & (P, v) (i = 1,2,3), then Si(p,q, P) € G*(p, ¢, 1).

It is obvious that Lemmas 4.5—4.6 and Lemma 4.8 hold for S (p, ¢, Ps,), and

Z(Sl(p, q, Pg)) = 2Fqu + 2Fp,1Fq + 2Fqu,1.

Similarly to the proof of Lemma 4.7, we can show Z(S1(p,q, P2)) = Z(S1(3,p+q — 3, P»)).

Then we have the following remark.

Remark 4.10 For k =1, S1(p,n — p, P») is the graph on n vertices with the smallest Hosoya
index in G(1,1) when p,q > 3 and Z(S1(p,n —p, P2)) = Z(S1(4,n — 4, P3)) = 4F,,_4 + 6F,,_5.
By Theorem 4.9 and Remark 4.10, we have

Lemma 4.11 Let n, k be positive integers. Then
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(1) Z(S1(4,n — 4, Pp)) > Z(51(4,n — 5,53)).
(2) Z(S1(4,n—k—3,5F1)) > Z(S1(4,n—k —4,5))) for2 <k <n—7.
(3) Z(S1(4,3,5,25)) > Z(51(3,3,5,23))-

Theorem 4.12 Let G be a bicyclic graph on n vertices with the two cycles having common
vertices. Then Z(G) > 4n — 8, with the equality holding if and only if G = 51(3, 3, SZ:Z).

5. The graph with the smallest Hosoya index in G(, k)

In this section, we will characterize the graph on n vertices with the smallest Hosoya index
in G(I,k) for I > 2. Since the proofs of the following results are similar to those of the above

results in Section 3 or 4, so we ignore them.

Let p(> 3),¢(> 3) be positive integers, and S(p, q,1) a graph on p + g — [ vertices, with the
two cycles Cp, and Cy having [ common vertices (see Figure 9). For convenience, we let wy = 2y,

wa € {iL’l,ZL'Q, v axp—l}a w3 € {y17y27' . -ayq—l}a and wy € {ZQ,~ .. 7Zl—1} if [ > 3.

2l

Tp—1 Yq—1
Tp—1—1 211 Yg—1-1
w2 wq w3
x2 022 Y2
z
x1 1 Y1 -
1

Figure 9 S(p,q,l)
Lemma 5.1 For1 <i <4, we have Z(S(p,q,1)—w;) < %erNs(p,q,L)(wi) Z(S(p,q, 1) —{x,w;}).

By Lemmas 2.9 and 5.1, the following corollary holds:
Corollary 5.2 Let n(> 3),t,k be positive integers with 1 < t < n —1, P(n,1, H,v,t,k),
S(p,q,l) be defined as before. Then for any i (1 <1i < 4),

Z(P<na 1,S(p,q,l),w“ 1ak)) g Z(P(’I’L, 17S(p,q7l>7wl7t7 k))

with the equality holding if and only if t = 1.

Let m,k be positive integers with 2 < k < m — 1, v € V(TF) and d(v) > 2. Take
0'(p,q,1, Ty) = (S(p,a. 1), wi) A (T,v) (i = 1,2,3,4) (see Figure 10), then 0'(p,q,1,Ty,) €
G'(p.q. k).
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Tk
w2 w4 w3 w2 w4 w3 w2 w4 ﬁ w3 w2 w4 W3

P
-—a

PO
S

Tk [
w1 w1 ‘wl w1
0'(p,q,1,T%) 0*(p, q,1,T%) 0%(p, q,1,T%) 0*(p,q,1,T%)

Figure 10 0'(p,q,1,T) (i = 1,2,3,4)
Lemma 5.3 Let m,k,p,q,t be positive integers with p,q > 3 and2 < k <m—1, S(p,q,1), w;,
0i(p,q,1,TE), P(m — k+1,1,5(p,q,1),w;, t,k — 1) be defined as before for 1 < i < 4. Then for
any i (1 <14 < 4), there exists some integer t with 1 <t < m — k such that

Note that 6%(p, q,1,S%) = P(m—k+1,1,8(p, q,1), w;, 1,k —1), by Corollary 5.2 and Lemma

5.3, we can get the following corollary immediately.

Corollary 5.4 Let 1 <i < 4. We have Z(0'(p,q,l,T%) > Z(6'(p,q,1,S%), with the equality
holding if and only if T¥ = Sk .

Lemma 5.5 Suppose G € G'(p,q, k) on n vertices, and P, is the common path of Cp and Cy.
Then Z(G) > Z(0*(p,q,1, SE)).

Lemma 5.6 Let m,k,p,q,l be positive integers with 2 < k < m —1, p,q > 3 and | > 2,
0'(p,q,1,S*) and w; be defined as above. Take F_; = 1, then

Z(el(pa q, l) Sﬁz)) = Tka—k:-‘,—l + TFm—k: + 8Fm—k+17
where
r=Fprg_apo i1 + Fp_iFl—oFy_ 141,
s =2Fpq-a141F11 + [FpiFymiin + Fpoipn Fyot + Fopgaig2| Fioa + Fpoip1 Fymiqa Fios.

Lemma 5.7 Let m,k,p,q,l be positive integers with 2 < k < m —1, p,q > 3 and | > 2.
Then Z(0*(p,q,1,8%)) > Z(0*(1 + 1,9 +p — 1 —1,1,8%)), with equality holding if and only if
0 (p,q,1,SE)) =0t (1+1,q+p—1—1,1,5%).

For the symmetry of P,_;, P,—; and P}, the following lemma holds:

Lemma 5.8 Let m,k,p,q,l be positive integers with 2 < k <m — 1,2 <. Then
Z(0'(1+1,4,1,8,)) = Z2(0'(a, 9,9 — 1, 53,))-

Lemma 5.9 Let m,k,p,q,l be positive integers with 2 < k <m —1, p,q > 3 and | > 2. Then
ZO(+ 1,1+ 1,0,SE) > Z(0 (I +m—k+2,l+m—k+2,l+m—k+1,5,)).
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Theorem 5.10 Let n,k be positive integers with 2 < k < n —4, G € G(n,n + 1,k) be a
bicyclic graph on n vertices and k pendent vertices with the two cycles having exactly at least
two common vertices. Then Z(G) > 2F,_;+ (k+1)F,_x—1+kF,_r_3, with the equality holding
ifand only if G=0'(n —k—1,n—k—1,n—k—2,5¢,).

Remark 5.11 For k£ = 1, similarly to the proofs of Lemmas 5.7-5.9 and Theorem 5.10, we can
show that 0*(n — 2,n — 2,n — 3, P») is the graph with the the smallest Hosoya index in G(I, 1)
and Z(0'(n —2,n —2,n — 3, P)) = 2F,, + F,,_4.

By Theorem 5.10 and Remark 5.11, we have

Lemma 5.12 Let n, k be positive integers. Then

(1) Z(O0'(n—2,n—2,n—3,P)) > Z(0 (n—3,n—3,n—4,53)).

(2) Z(0*(n—k—1,n—k—1n—k—2,55 1)) > Z(0 (n—k—2,n—k—2,n—k—3,5}))
for2 <k <n-—4.

Theorem 5.13 Let G be a bicyclic graph on n vertices with the two cycles having at least
two common vertices. Then Z(G) > 3n — 4, with the equality holding if and only if G =
0'(3,3,2,5"73).

6. The graph with the smallest Hosoya index in G(n,n+1,k) and G(n,n+1)

Let G(n,n+1) be the set of bicyclic graphs on n vertices. By Theorems 3.10, 3.15, 4.9, 4.12,
5.10 and 5.13, we obtain the extremal graphs with the smallest Hosoya index in G(n,n + 1, k)
and G(n,n + 1).

Theorem 6.1 Let G be a connected graph on n vertices in G(n,n + 1, k). Then

(1) For k =1, Z(G) > 4F,_o + 2F,_3, with the equality holding if and only if G =
S1(4,n — 4, Py).

(2) For2<k<n-6,Z(G)> (3k+T7)F, 3 +6F, 4, with the equality holding if and
only if G = 51(4,n —k — 3,55, ).

(3) Fork =n—5, Z(G) > 4n—8, with the equality holding if and only if G = Sy (3,3, 5"~3).

(4) For k = n— 4, Z(G) > 3n — 4, with the equality holding if and only if G =
0%(3,3,2,5773).
Theorem 6.2 ([13]) Let G be a connected graph in G(n,n + 1). Then Z(G) > 3n — 4, with
the equality holding if and only if G = 6'(3,3,2,S""3).

Acknowledgements We thank the referees for their time and comments.
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