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Abstract In this paper, weighted estimates with general weights are established for the
multilinear singular integral operator defined by

Taf(z) =p. V./ 2@ —y)

o [T —y|

(A() — Aly) — VAW)(x — 3)) F()dy,

where 2 is homogeneous of degree zero, has vanishing moment of order one, and belongs to
Lip, (8™~ 1) with v € (0, 1], A has derivatives of order one in BMO(R").
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1. Introduction

We will work on R", n > 1. For a point x € R", we denote by x; the j-th variable of .
Let Q be homogeneous of degree zero, integrable on the unit sphere S"~!, and have vanishing

moment of order one which means that for each j with 1 < j < mn,

/ Q(z")z}do(z") = 0.
Sn—1

Let A be a function on R™ having derivatives of order one in BMO(R™). Define the multilinear

singular integral operator T4 by

Taf(z) = p~V~/R

This operator was first considered by Cohen [1] and is closely related to the Calderén commutator.
A well known result of Cohen states that if Q € Lip, (S"~') with v € (0, 1], then for p € (1, oc)
and u € Ay(R"), T4 is a bounded operator on LP(R", u) with bound C(n, p)||VA|smo®»),
here A,(R™) denotes the weight function class of Muckenhoupt [3]. Hofmann [4] proved that
Q € Utcg<ooL9(S™ 1) is a sufficient condition such that T4 is a bounded operator on LP(R")
for p € (1, co). Hu and Yang [8] considered the weighted estimate with general weights for Ty,
and proved that if p € (1, 00), Q € Lipv(S”_l) with v € (0, 1], then for any § > 0, any weight

w, bounded function f with compact support,

Qz —y)

NP (A(x) = A(y) — VA®W)(x — v)) f(y)dy. (1.1)

||TA.f||LT’(]R",w) S ||f||LT’(]R",ML(log L)zp—1+5’w)a (12)
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and for any \ > 0,

LT ]

w({z € R : [Taf(@)| > AD) < / )M (1og yrssw(2)dz, (1.3)

here and in the following, for a weight w, we mean w is nonnegative and locally integrable in
R™. For other works about the operator Ty, see [5-7] and the reference therein.
As it is well known, for a standard Calderén-Zygmund T', Pérez proved that if p € (1, 00),

then for any 6 > 0, any bounded function f with compact support and any weight w,

P i P VAR (14)

and for any \ > 0,
w({r € R 5 [T4(@)] > A) SA7 [ 1@)|My 0o (15)

Comparing the inequalities (1.2) and (1.4) ((1.3) and (1.5), respectively), we may ask if the weight
M, (1og 1y2r-1+sw in the right hand side of the inequality (1.2) can be replaced by My (1og )p-1+5w,
and the weight M, (og y1+sw in the right hand side of the inequality (1.3) can be replaced by
M (10g Lysw. The purpose of this paper is to consider this question. Our main result can be

stated as follows.

Theorem 1.1 Let €2 be homogeneous of degree zero, have vanishing moment of order one and
belong to Lip.(S™~') with v € (0, 1]. Let A be a function on R™ with derivatives of order one
in BMO(R"™) and T4 be the operator defined by (1.1). Then

(i) Forp € (1, 00), any weight w and bounded function f with compact support,

ITafllr @, w) S IVAIBMO@™) [ fllLr @, 81, 1, 45 1450) (1.6)

(ii) For any weight w and bounded function f with compact support,
w({z € R™ : [Taf(z)| > A})

S @1V A o) [ L 10g (o + LYoty (o

where ®(t) = tlog(e +t) for t > 0.

Remark 1.2 In [8], to obtain the estimate (1.2), the authors first established a variant sharp
function estimate for T4, from which they deduced that for 0 < p < co and bounded function f,

ITafllze@®n,w) S IVAlBMo® 1M fllLe®e, 0)

provided that v € A (R™), where and in the following, A (R") = Up>14,(R™). This, via
a duality argument and the weighted estimates with general weights for the commutator of
the Calderén-Zygmund operator [10], leads to (1.2). The argument in this paper is somewhat
different from that used in [8]. We will first establish a variant estimate for the operator T4,
defined by

T4f(z) = p.v. / (A(x) - Aly) - VA()(x — 1)) f(y)dy. (L.7)
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This, together with the relation of the operator T4 and some Calderén-Zygmund operators, and

the ideas used in [9], leads to our result (1.6). For details, see Section 2.

Remark 1.3 Theorem 1.1 is of interest since it implies that the singularity of T4 is the same
as that of the classical Calderén-Zygmund operator.

We now make some conventions. Throughout this paper, we denote by C' a positive constant
which is independent of the main parameters, but may vary from line to line. The symbol f < g
means that there exists a positive constant C' such that f < Cg. For any subset £ C R"™, xg

denotes the characteristic function of E.

2. Proof of Theorem 1.1

We begin with a preliminary lemma.

Lemma 2.1 Let b be a function on R™ with derivatives of order one in L(R"™) for some q with

n < q < oo. Then

b() - |<|x—y|z(

where @(w, y) is the cube centered at x and having side length 5v/n|z — y|.

1
Dib(2)l1dz)
\Q z, y)| JQw. )

For the proof of Lemma 2.1, see [1].
For each fixed k with 1 < k < n, let Ty be the operator defined by

N

W(m —yk) f(y)dy. (2.1)
Under the hypothesis of Theorem 1.1, T} is a Calderén-Zygmund operator. For a function
b € BMO(R™), define the commutator [b, Tj] as

[b, Ti] f(x) = b(2)T'f () — T(bf)(x).

n

It is well known that

||[ba Tk]fHLT’(]R",u) 5 Hb”BMO(R")Hf||Lp(R",u)7 pE (la OO), u e AP(Rn)

Note that

n

Tif(x) = Taf(x) = Y _[D;A, T;]f(x),

j=1
where T7 is the operator defined by (1.7). Thus, under the hypothesis of Theorem 1.1,
||T,Zf||LP(Rn,u) = HVA”BMO(]R")”f”LP(]R",u)v p € (1, 00), ue Ay(R"). (2.2)
Also, we have that

Lemma 2.2 Let Q € Lip (S"~') for some v € (0,1). Then T} is bounded from L'(R") to
LY °°(R™), namely, for any \ > 0,

{a € R™: Thf(2)] > AH S AT fllpreny.
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Proof Without loss of generality, we assume that ||V A|gymorn) = 1. For each fixed A > 0 and
f € LY(R"), applying the Calderén-Zygmund decomposition to f at level A, we then obtain a

sequence of cubes {Q;}, with disjoint interiors, such that

>\<—/ Y)dy < 27\,
Q]

and
If()] <\ ae. z € R\ (U; Q;).
Set
g(x) = f(x)xrm\u,q, () + ZmQJ )XQ, (),

h(z) =Y _(f = mq,()xq, Z hj(
J
By the L?(R") boundedness of T%, we know that
e € B [T3g()] > A} S A ITkgll oy S A~ 1 flLos e

Set Ex = U;2y/nQ;. It is obvious that |Ex| < A7 f||L1(rn). Thus, the proof of Lemma 2.2 is

now reduced to proving that
{z € R"™\Ex : |Tih(z)] > A} S A7 (2.3)

We now prove (2.3). For each fixed j, set A;(y) = A(y) —mq,(VA)y. It is obvious that for
xz,y € R,
Aj(x) = A;j(y) = VA;(2)(z —y) = Alz) — A(y) — VA(y)(z - y)

and so

Z/ﬂ |x _ y|n+1 Aj(z) — Aj(y)h;(y)dy+

> Z (DrA(z) — mq, (DyA)) /R M(wk — yr)h; (y)dy

J k=1
=T "h(z) + ZT; "hy(a
As pointed out in [8, p. 765],
o € R™Ey ¢ [T5h(@)| > A2} S A fll s

For each fixed j and k with 1 < k < n, and each fixed z € R™\E), by the vanishing moment of

h; and the regularity condition of €2, we have

— 90
10, ly — 3|
J

where y? is the center of Q]‘. On the other hand, a straightforward computation leads to that

/ |DA(z) — ma, (D A)| L@
R™\2v7Q;

ERFE
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= {uQ
Dy A(x) — 10, (DA
;{2 } + Ll+lﬁQj kA(z) = ma Qa( kA)|dz+
{2l€ (DkA) — m21+1Qj (DkA)|
=1
<1

)

where ¢(Q;) denotes the side length of ();. Therefore,
{z e R"™\Ex: Y |T hy(2)] > A/2}]

J
°Q
JEILATE z / D) = mo, (D) A1
"\2/nQ; |z — o5
<A Hf||L1(R")~
This lead to (2.3) and then completes the proof of Lemma 2.2. O

To prove Theorem 1.1, we will also use a sharp function estimate for T%. Let r € (0, 00).
Define the operator M? for by

i = in i —|" v
Mifw) = s int (15 [ 1)~ eay)

Q>z c€C

where the sup is taken over all cube containing z. Obviously, for the case of r € (0, 1],

{ME(f7) (@)} S MY ().
Also, Mf , which will be denoted by M? for simplicity, is just the sharp maximal operator of

Fefferman-Stein.

Lemma 2.3 Let 0 < r < s < 1. Under the hypothesis of Theorem 2.1, for any bounded

function f with compact support,

MET3 1)) < IV Allparogen (3 Ma(Tf) (@) + M (),
k=1
where Ty, is the operator defined by (2.1).

Proof Let f be a bounded function with compact support. For each fixed x € R™ and each
cube @ containing x, decompose f as
) = FW)xsey) + fW)xemse W) == fi(y) + fa(y).
Let
Aq(y) = Aly) —mq(VA)y
and for y € Q,
Roty) = [ T (4gw) - A(a)) fa(2)d:

n |y — 2"t

Observe that for any k with 1 < k < n,

/?,Q Dy Aly) — ma(DeA)I T fa(y)dy
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1/2
S (/3Q |DpA(y) — mQ(DkA)pdy) | T f2| 22 (R -

Thus, by the fact that T} fo(y) is finite for a.e. y € 3Q, we can choose yg € 3Q\2Q such that
Ro(yg) is finite. Write

1/r
ﬁ / |T3;f<y>—RQ<yQ>|’”dy)
Jr 1/r
(1 | rinera) ™ + (i [ 1Ratv) - Rt an) "+

Z (@ /Q | DeAly) = mQ(DkA)\T|ka2(y)ITdy)l/

3
= ZIZ.
=1

By Lemma 2.2 and the Kolmogrov inequality, we can verify that

Recall that T} is bounded from L*(R™) to Ll’ *°(R™). The Holder inequality together with the
Kolmogrov inequality, tells us that

S o | mrra)” (g [ maera) ")

k=1

I3

A

N
M:

M (T f)(x) + £ (y)|dy
3Q

1
3Q|

=~
Il

1

S D Mo(Tf)(x) + M f ().

M=

b
Il
—

It remains to consider the term Iy. Let £(Q) be the side length of . By the regularity of
Q, it follows that for each fixed y € Q and z € R"\2y/nQ,

—2) Qg-2) . {UQ)Y
[y — 2 Jyg — 2| Jy— 2

On the other hand, for y € Q and 2z € 2771,/nQ\27/nQ with j a positive integer, it follows from
Lemma 2.1 that

1/q
Ag() — Ag(2)| < Iy — = Z BT o IPAC) — ma(DeA) )
Sﬂy*d~
Also, we deduce from Lemma 2.1 that for y € @,
[Aq(y) — Aq(ye)l S UQ).

Therefore, for each y € Q,

—2)  Qyg —2) ‘
_ < _
Ralw) ~ Rolvo)| 5 [ |02 - SUOZ D 1a0(0) — Ag(o) a0
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1
+ / e [4e®) — Aa()If2(2)ldz

s 1
<{UQ)Y j/ k()
e ; 2041 /mQ\27 /1 Q \y—ZI””I )

1
Wf(y)\dy

+ Q) —
R"\2/nQ ly

SM f(x),

and so Iy < M f(z). Combining the estimates for the terms I;, Iy and I3 leads to our desired

conclusion.

Proof of Theorem 1.1 Employing the argument used in [8], conclusion (ii) can be deduced
from conclusion (i). We omit the details. Note that we may view T as the dual operator of T4.
As pointed out in [9, p. 300], it suffices to prove that for p € (1, 00) and u € A (R"™),

HTZpr,u N ||VAHBMO(R") |Mpr,u~

For a fixed u € A (R™) and p € (1, o0), we can choose r, s such that 0 < r < s < 1, and

u € Ay (R™). For any bounded function f with compact support, we know from the inequality
(2.2) that M, (T}f) € LP(R™, u). It then follows from Lemma 2.3, the Coifman-Fefferman
inequality [2] and the inequality (2.2), that

T4 fll Lo e, uy S IMETEF) o @n, 0
SIMs(Tif)llLe@n,wy + 1M fllLe@n, w)
SIM fll e @, u)s

where the last inequality follows from the fact that

1Tk fllrer, ) SN fllLe@n,w), 1 <p <00, u€ A (R™),

which is just the inequality (16) in [9].
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