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Abstract In this paper we unify the system of functional equations defining multi-quadratic
mappings to a single equation, find out the general solution of it and prove its generalized

Hyers-Ulam stability.
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1. Introduction

Throughout this paper, let X and Y be vector spaces over Q, the field of rational numbers,

and n > 2 be an integer. A mapping g : X — Y is called quadratic if g satisfies the functional

equation g(z +y) + g(x — y) = 2g(x) + 29(y) for all z,y € X.

A mapping f: X — Y is called multi-quadratic or n-quadratic if it is quadratic in each

variable; that is,

flza, . @i, @+ 2, iy, Tn)  f(@1, 0 T, T — X, T, - -

=2f(x1,. ., @n) + 2f(T1s oo T 1, Ty T 1y e oy )
forallie {1,...,n} and all z1,...,2i—1, %, &}, Tig1, ..., Tn € X.
For a mapping f : X™ — Y, consider the functional equation

Z f@in+ (=) 212, o, 1 + (1) " 200)
i1,erin€{0,1}

=2" Z f(x1j17...,$njn)

J1,--in€{1,2}

for all z11,212,...,Zn1, T € X.

) Tn)

(1.2)

In this paper we reduce system (1.1) to equation (1.2), establish the general solution of (1.2)

and prove its generalized Hyers-Ulam stability.

The theory of Hyers-Ulam’s type stability is a very popular subject of investigations. For

the historical background on it, we refer to [1,2] and the references therein. Recently, some
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mathematicians established the general solution and investigated the stability of some multivari-
able functional equations. In particular, Ciepliniski [3] established the solution of multi-additive
functional equation, and the stability of it was proved in [4,5]. In [6], Prager and Schwaiger got
the solution of multi-Jensen equation, and the stability of it was recently investigated in [7-12].

The stability of 2-quadratic mappings were studied in [13]. In [14], K. Cieplifiski proved the
stability of the system (1.1) of equations defining the multi-quadratic mappings. So the result
of this paper generalizes the result of [13].

2. Solutions of Eq. (1.2)

We start with the following lemma.

Lemma 2.1 A function f : X™ — Y satisfies (1.2) for all x11,212,...,Tn1,Tne € X if and
only if f is n-quadratic.

Proof Assume that f : X™ — Y satisfies (1.2). First, we use induction to show that
flx1,...,x,) = 0 for any (21,...,2,) € X™ with at least one component which is equal to
zZero.

Putting 11 = 212 = -+ = Zp1 = Tp2 = 0 in (1.2), we get
2" £(0,...,0) = 2" x 2" £(0,...,0),

and consequently f(0,...,0) =0.

Now we assume that f(z1,...,z,) = 0 for any (x1,...,2,) € X™ with at most ¢ (0 < i <
n — 2) components which are not equal to zero. Fix 1 < ky < --- < k;31 < n and put o =0
for all j € {1,...,n} and ;1 = 0 for j € {1,...,n}\{k1,...,kiy1}. By assumption, we have
O, Ty, 0, - - TRy L Uy ,0) =0if jiyy .., Jriy, € {1,2} and at least one is 2. Then,
by (1.2)

2”f(0,...,xkll,(),...,xki+1170,...70)
=2"(2" 7 F(0, . k1, 0, Tk 01, 0,10, 0) 4
gn—i—1 Z{f(O,...,xkljkl,O,...,kalijl,O,...,O) :
Jkise s Jkipn € {1,2} and at least one is 2}),
and thus f(0,...,2k,1,0,..., 2k

any (z1,...,%,) € X™ with at least one component which is equal to zero.
Next, fix an ¢ € {1,...,n}. Putting x;o =0 for j € {1,...,n} \ {¢} in (1.2), we have

0,...,0) = 0. By induction, we have f(z1,...,z,) = 0 for

i+11

2" (@11, )1, Tt T2, T )1, - T+
2n71f($11, s T—1)15 Til — Tq25 T(i41)15 - - - y Tn1)
:2"( Z F(@140, s T—1) i1 Tils (it 1)jasrs -+ > T ) H
J1yeesJim15Jit 1500530 €{1,2}
Z f(l'ljl geeey x(ifl)ji_lyxi% :L‘(iJrl)jH_l, . 7xnjn))

J1yeeesJim1sJid1seedn €{1,2}
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= Qn(f(xlla <o T—1)1 Tily L(i41)1 - - - 7xn1)+
f(z1, ..., T(i—1)15T42, L(i41)1y - - - , Tn1)).

Thus f(z11,. .. y T(i—1)15 Tit Ti2, T(i41)15 - - - s Tn1)Ff (w115 y L(i—1)1> Lil =42, T(341)15 - - - , Tn1) =
2(f(x11a <o T—1)1 Tily T(i41)1 - - - 7xn1) + f(xlla <o T(i—1)15 Ti2, T(i41)1 - - - 7xn1)) for all i €
{1,2,...,n} and all 211,...,2G_1)1, Zi1, Ti2, T(i41)15 - - - » Tn1 € X, which proves that f is multi-

quadratic. The rest of the proof is clear.

Theorem 2.2 A function f : X" — Y satisfies Eq. (1.2) for all £11,212,...,Zn1,2n2 € X if
and only if there exists a function F : X?® — Y such that f(x1,...,2,) = F(21,21,...,%n, Ty)
for all x1,...,xz, € X, and F is additive in each variable and is symmetric about the (2i — 1)th

variable and 2ith variable fori =1,... n.

Proof If there exists a function F: X?" — Y such that f(z1,...,2,) = F(21,21,..., %0, Ty)
for all z1,...,z, € X, and F is additive in each variable and is symmetric about the (2i — 1)th
variable and 2ith variable for ¢ € {1,...,n}, then it is obvious that f satisfies Eq. (1.2).

Conversely, we define a function F : X?* — Y by
F(:I;117:E127 LR >xn17xn2)
1 . . . .
=— > (DT e 4 (1) a1g, -z + (1) 2e) (2.1)
G1yeesin€{0,1}
for all 11,212,...,2Zn1,2n2 € X. Fixi € {1,...,n} and zy;,, k € {1,...,n}\ {i}, jr € {1,2}.
Since f is quadratic in the ith variable, we see from [15, pp. 165-178] that the mapping

gw11+(71)71$12,~~~7w(i—1)1+(*1)j"*1w(i—1)27$(i+1)1+(*1)ji+1év(i+1)27~~~>a:n1+(*1)j"00n2 (xil’mm)
1 . .
= Z(f(fll + (=) @12, . zo1y + (1) o),

Ti1 + Tiz, Tyt + (D7 T 412, -0 Tt + (—1) " @2) —

@+ (1) w12, . zgon1 + (1) 2oy,
Ti1 — Tiz, Tyt + (DT 2412, - T + (1) a02))
is additive in each variable and symmetric about z;; and x;5. Thus the function F : X?* — Y,

defined by

1 . o ,

— et i1 b n

F(x11,@12, ...y &Tn1, Tp2) = I E (—1)7 Jim14dit J
J1yeesdim1,Ji+1,Jn €{0,1}

Iw11+(=1)71 212,211+ (= 1712612, 264 1)1 H(= 1)1 214 12,000,201+ (= 1)In T (i1, i2),
is additive in each variable and symmetric about z;; and 2, i.e., F(211, Z12, -+, Ti1, Ti2y - - - s Tnl, Tn2)
= F(l‘ll,.’I}lg, ey L2, Ly - - - ,xnl,xng), for all i € {1, . ,’I’L}.
Since f is quadratic in each variable, we have f(z1,...,2z,) = 0 for any (z1,...,z,) € X"
with at least one component which is equal to zero, and f(2x1,...,2z,) = 4" f(x1,...,2n).
Choosing ;1 = ;2 for all i € {1,...,n} in Eq. (2.1), we get

1
F(zi1, 211, .., %n1,Tp1) = 47f(23311, ces2Tn1)+
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1 ; ; . .
= S {f@n+ (1) @,z + (1)) s G € {0,1,

1
—f(2z11,. .., 2201) = f(z11, ..., Tn1).

and at least one is 1} = Yo

3. Stability of Eq. (1.2): The direct method

From now on, let X and Y be vector space and Banach space, respectively.

Theorem 3.1 Let ¢ : X?" — [0,00) be a function such that

o0
~ 1
O(T11, 125+ Tp1, Tnz) = Z méb(?kldh 2"219, .., 2" w01, 2" 209) < 00 (3.1)
k=0
for all x11,%12,...,Tn1,Tn2 € X. Suppose that a function f : X™ — Y satisfies the inequality
|| Z f(l'll +(—1)i11'12,...,$n1 + (—1)7;"567&)—
1,009, €{0,1}
2” Z f($1j1,...,xnjn) | S ¢($11,$127...,1‘n1,.’1,‘n2) (32)
Jiyeedn€{1,2}
for all x11,212,...,%n1,ZTn2 € X and f(z1,...,2,) = 0 for any (x1,...,2,) € X™ with at least

one component which is equal to zero. Then there exists a unique multi-quadratic function
Q : X™ — Y such that

||f(£E1, s 79371:) - Q(:Ch cee 7IW)H < &(xhxh <. .,Z'n,‘Tn) (33)

for all x1,...,x, € X.
Proof Choosing x;; = x40 = z; for all i € {1,...,n} and dividing by 4™ in Eq. (3.2), we have
1 1
”Ef(th SERE) an) - f(l'h BRE) Sﬂn)” < 47¢)(£U1,£L'1, s 7xnaxn)

for all z1,...,z, € X, using the assumption f(z1,...,z,) = 0 for any (x1,...,2,) € X" with
at least one component which is equal to zero. Replacing z; by 2*x; for all i € {1,...,n},
respectively, and dividing by 4™* in the above inequality, we get

1 k

1 , 1 ,
Hmf(Qk-i-lxh ey 2k+1xn)_Wf(2 Ty, Qkxn)H S m¢(2kx1, 2]‘7$17 ey Qkxn, Qkxn)
for all x1,...,x, € X. Hence

1 1 )
||4’"477'1Jc<2Tn’.’I/'17 ey 2m$n> — Wf@kxl, ey 2k.'1,'n)H
m—1 1 ) )
< Z mqﬁ(z%l,ml,...,221;”,2%”) (3.4)
i=k
for all nonnegative integers k and m with £ < m and all x4, ...,2, € X. Therefore we conclude

from (3.1) and (3.4) that {1 f(2"z1,..., 2%z, )} is a Cauchy sequence in Y. Since Y is a Banach

space, this sequence is convergent. We define @) : X — Y by

. 1
Q(z1,...,2,) = lim Rf@k:vl,...ﬂkxn)

k—s00
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for all zy1,...,x, € X. It follows from (3.2) and (3.1) that

|| Z Q(l'll + (*1)i1112,...,117n1 +(*1)i"17n2) - 2" Z Q(Iljl,...,l’njn)H

i17---7i716{071} jla--<7jrze{172}
. 1 ) )
= o > f@F i+ (1) 2wy, 2y 4 (—1) 2 ) -

2" > f(@Ray,, . 2Ra,)

. 1
< khjloo W¢(2k$117 26315, 2501, 28 2,0) = 0
for all x11,Z12,...,Tn1,ZTn2 € X. Hence, by Lemma 2.1, @ is multi-quadratic.

Choosing k& = 0 and letting m — oo in (3.4), we obtain

i+1) ¢(22x17 21‘%13 R 211,7“ 211’77.) = ¢(1'1a Tiy... 7xn>$n)

||Q(ZL’1, .. 'axn)ff(xla e 7xn)|| S Z 4n(
=0

for all x1,...,xz, € X.

It remains to show that () is unique. Suppose that there eixsts another multi-quadratic
function Q : X™ — Y which satisfies (3.3). Since Q(2*xy,...,2%x,) = 4"¢Q(zy,...,z,) and
Q(2kx1, oo 2kr) = 4"’“@(301, .oy xy) for all x1,..., 2, € X, we conclude that

1
1Q(z1,. .., xn) — Qz1,...,x,)| = W”Q@kml’ 2% — Q2R .., 28, ||

1 -
< W(“Q(zkxlv . ~a2kxn) - f(2k-r17 - ~72kxn)|| + ||f(2kxl7 . -72kxn) - Q(Qkxl’ e a2kmn)H)

2 .
< W(p(z%l, 2%y, 2%, 2%,

- 1 i i i i
< 22 m¢(2k+ xy, 2"y, 2 g, 2P )
i=0

oo

1 _ . . _
S 2 Z m¢(21x13 2Z1‘17 R le'fu 221‘”)
i=k
for every nonnegative integer k and all z1,...,z, € X. Letting & — oo in this inequality, we
have Q(z1,...,2,) = Q(z1,...,x,) for all zy,...,2, € X, which gives the conclusion.

Similarly, one can prove the following theorem.

Theorem 3.2 Let ¢ : X?" — [0,00) be a function such that

o0
k T11 T12 Tni Tn2
A(T11, 12, - -+ Ty Tnz) = E 4" ¢(2k+17 Qk+17"""7 9k+1” 2k+1) <0
k=0

for all x11,%12,-..,Tn1,Tn2 € X. Suppose that a function f : X™ — Y satisfies the inequality
I > flan+ (D) @, @+ (=) " 2n2)—
i1,eenin€{0,1}

2" Z f@1gy, @y, ) || < d(@11, 212, T, Tn2)

jl,.--,an{l,Q}
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for all x11,212,...,%n1,ZTn2 € X and f(z1,...,2,) = 0 for any (x1,...,2,) € X™ with at least
one component which is equal to zero. Then there exists a unique multi-quadratic function
Q: X™ — Y such that

||f(.’£1,.. .,l’n) - Q(xhvxn)H S gg(xhxl,"'axnaxn)

for all z1,...,x, € X.

4. Stability of Eq.(1.2): The fixed point method

Apart from the direct method applied by Hyers, the fixed point method introduced by
Radu [16] is effective in the investigations of the stability of functional equations. Some further
applications of fixed point theorems to the Hyers-Ulam stability of functional equations can be

found in [17]. Applying Radu’s method, one can prove the following two results.
Theorem 4.1 Let ¢ : X?>* — [0,00) be a function such that

é(2w11,2%12, . . ., 2Tn1, 22n2) < 4" Lo(x11, 212, .-+, Tpt, Tn2) (4.1)
for an L € (0,1) and all z11,212,-..,Zn1,Tn2 € X. Suppose that a function f : X" — Y
satisfies the inequality

H Z Sy + (—1)i1$12,~~,$n1 + (—1)i"L$n2)—

01,00 €{0,1}

2m Z f(xlju"'vxnjn)u

J1sin€{1,2}
< d(x11,T125 -+ Tty Tn2) (4.2)

for all x11,212,...,Zn1,Zn2 € X and f(xy1,...,2,) = 0 for any (z1,...,2,) € X™ with at least
one component which is equal to zero. Then there exists a unique multi-quadratic function
Q@ : X™ — Y such that

||f($1a"'axn)7Q(‘rla"'7xn)” < 4n ! ¢(I1,$1,...,$n,l’n) (43)

-1
for all z1,...,2, € X.

Theorem 4.2 Let ¢ : X?® — [0,00) be a function such that

L
A(r11, 212, -+ Tn1, Tnz) < 47¢(2$11, 2219, . .., 2%n1,2T02)

for an L € (0,1) and all z11,212,...,Zn1,Zn2 € X. Suppose that a function f : X" — Y

satisfies the inequality
H Z flz11 +(*1)i1$12,---,$n1 +(*1)i"In2)*
i1,000,0n €{0,1}

on Z f($1j1a-..,$njn)|| §¢($11,$12,...’xn1,xn2)
Ji,--dn€4{1,2}

for all x11,212,-..,Tn1,Tn2 € X and f(x1,...,2,) = 0 for any (x1,...,x,) € X" with at least
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one component which is equal to zero. Then there exists a a unique multi-quadratic function
Q: X" — Y such that

@1 v2) = Qaree )| € s bl 0)

for all x1,...,x, € X.
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