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Abstract In this paper, the authors study the strong law of large numbers for partial sums
of pairwise negatively quadrant dependent (NQD) random variables. The results obtained
improve the corresponding theorems of Hu et al. (2013), and Qiu and Yang (2006) under some
weaker conditions.
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1. Introduction

The following concept of negatively quadrant dependent (NQD) random variables was in-

troduced by Lehmann [1].

Definition 1.1 Two random variables X and Y are said to be NQD if
P(X <z, Y<y)<PX<z)P(Y <y) forallz andy € R.

A finite or infinite sequence of random variables is said to be pairwise NQD if every two
random variables in the sequence are NQD.

Sequences of pairwise NQD random variables are a family of very wide scope, which con-
tain sequences of negatively associated (NA, Joag and Proschan [2]) random variable, negatively
orthant dependent (NOD, Ebrahimi and Ghosh [3]) random variables and linearly negative quad-
rant dependent (LNQD, Newman [4]) random variables. As we know, pairwise independent class
is the most important and special case of pairwise NQD class, which has been investigated in
many literature and attracted extensive attentions. Therefore, it is very significant to study prob-
abilistic properties of this wider pairwise NQD class. Years after the appearance of Lehmann [1],

many literature of investigation concerning the convergence properties of pairwise NQD random

Received March 11, 2013; Accepted June 4, 2013

Supported by the Humanities and Social Sciences Foundation for the Youth Scholars of Ministry of Education of
China (Grant No.12YJCZH217), the Natural Science Foundation of Anhui Province (Grant No. 1308085MA03)
and College Excellent Young Talents Fund Project of the Anhui Province (Grant No.2011SQRL143).

* Corresponding author

E-mail address: wyfwyf@126.com (Yongfeng WU)



232 Yongfeng WU and Mingle GUO

variables has emerged. Matula [5], Wan [6] and Li and Yang [7] obtained some results on the Kol-
mogorov strong law of large numbers, Wu [8] investigated the Kolmogorov-Chung type strong law
of large numbers, Wu and Jiang [9] and Hu et al. [10] studied the Marcinkiewicz-Zygmund strong
law of large number, Gan and Chen [11] discussed the strong stability of Jamison’s weighted sums,
Wu and Guan [12] presented the weak laws of large numbers.

The purpose of this article is to investigate the strong law of large numbers for sequences

of pairwise NQD random variables.

Definition 1.2 A sequence of random variables {X,,n > 1} is said to be stochastically domi-
nated by a random variable X if there exists a constant C' > 0 such that
sup P(|X,,| > z) < CP(|X| > z) for allx > 0.
n>1
The above concept of stochastic domination is a generalization of the concept of identical
distributions. Stochastic dominance of {X,,,n > 1} by the random variable X implies F|X,,|? <
CE|X? if the p-moment of | X| exists, i.e., if F|X|P < oco.
Hu et al. [10] studied the strong law of large numbers for sequences of pairwise NQD random

variables and obtained the following theorem.

Theorem 1.1 ([10]) Let {X,, n > 1} be a pairwise NQD sequence with EX,, =0 for alln > 1.
Suppose that {X,,, n > 1} is stochastically dominated by a random variable X. If there exist
constants 1 < r < 2 and o > r + 1 such that

E(|X]"log™ | X|) < oo, (1.1)
then N
lim n~'/"Y "X, =0 as. (1.2)
k=1

Remark 1.1 It is well known that E|X|" < oo (1 < r < 2) and (1.2) are equivalent in i.i.d
case [13]. To some extent, Theorem 1.1 generalizes the sufficient parts of the Kolmogorov and
Marcinkiewicz-Zygmund SLLN for i.i.d case to pairwise NQD case. However, (1.1) is stronger
than the optimal condition.

Qiu and Yang [14] studied the strong law of large numbers for weighted sums of NA random

variables and obtained the following theorem.

Theorem 1.2 ([14]) Suppose 1/r = 1/a +1/8 for 1 < «,8 < o0 and 1 < r < 2. Let
{X,X,,n > 1} be a sequence of NA random variables with indentical distributions, and let
{ani,1 <i<n,n>1} be an array of constants satisfying
Ao = lim sup Ay pn <00, Ay, = Z |ani|*/n. (1.3)
i=1
If B|X|? < 0o and EX =0, then

n=lr Zam-Xi — 0 a.s. (1.4)

i=1
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In this work, we obtain some results on the strong law of large numbers for sequences of
pairwise NQD random variables, which improve and extend Theorems 1.1 and 1.2 under some
weaker conditions. We point out that the method used in this article differs from that in Hu et
al. [10] or Qiu and Yang [14].

Throughout this paper, the symbol C' is used to represent positive constants whose values

may change from one place to another.
2. Preliminaries and main results

To prove our main results, we need some technical lemmas.

Lemma 2.1 ([1]) Let {X,,n > 1} be a sequence of pairwise NQD random variables. Let
{fn,n > 1} be a sequence of increasing functions. Then {f,(X,),n > 1} is a sequence of

pairwise NQD random variables.

Lemma 2.2 ([8]) Let {X,,,n > 1} be a sequence of pairwise NQD random variables with mean
zero and EX?2 < oo, n > 1, and let Tj(k) = ZZH“ X;,7>0,k>1. Then

=j+1
j+n
(k))? < 2 2 on>1.
Elrgnlgécn(Tj(k)) < Clog"n -Z;rl EX;7, n>1
i=j

Lemma 2.3 ([15]) Let {X,,, n > 1} be a sequence of random variables which is stochastically
dominated by a random variable X. Then there exists a constant C such that, for all ¢ > 0 and
z > 0,

(i) E(IX'I(|Xg| < 7)) < C{E(IX]I(|X] < 2)) + 2P (|X| > )},

(ii) E(|Xg|UI(|Xk| > 2)) < CE(IX|I(|X]| > z)).

Now we state our main results and the proofs will be presented in next section.

Theorem 2.1 Let {X,, n > 1} be a sequence of pairwise NQD random variables with EX,, = 0
and be stochastically dominated by a random variable X . If there exist constants 1 < r < 2 such
that

E(|X|"log? | X|) < oo, (2.1)
then for all € > 0,
00 J
—1 1/r
g_ln P( max. | ,;,1 Xk‘ >n 6) < 00. (2.2)

Corollary 2.1 Under the conditions of Theorem 2.1, (1.2) holds.

Remark 2.1 Since (2.1) is weaker than (1.1) and since (2.2) implies (1.2) as will be shown in
the proof of Corollary 2.1, Theorem 2.1 and Corollary 2.1 improve Theorem 1.1. Though (2.1)
is weaker than (1.1), it is not desirable compared with the moment condition E|X|" < oo (1 <
r < 2) for i.i.d case. It is still unknown whether Theorem 2.1 or Corollary 2.1 remains true by

replacing (2.1) with E|X|" < co. Despite our efforts to solve this problem, it is still an open
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problem.

Theorem 2.2 Suppose 1/r =1/a+1/f forl < a,f < oo and1l <r < 2. Let {X,,,n > 1} bea
sequence of pairwise NQD random variables with EX,, = 0 and be stochastically dominated by
a random variable X, and let {a,;,1 <1i < n,n > 1} be an array of constants satistying (1.3). If
E|X|? < oo, then for all € > 0,

00 J
Zn_lP( max ’ZamXi| > nl/rs) < 0. (2.3)
n=1 i=1

1<j<n
Corollary 2.2 Under the conditions of Theorem 2.2, (1.4) holds.

Remark 2.2 Since NA implies pairwise NQD and since (2.3) implies (1.4) as will be shown
in the proof of Corollary 2.2, Theorem 2.2 and Corollary 2.2 improve Theorem 1.2. The proof
of Corollary 2.2 is similar to that of Corollary 2.1, and we will omit the details. In addition, it
should be noted that the moment condition in Theorems 1.2 and 2.2 is not so good as that of
results by Chow and Lai [16].

3. The proofs of main results

In this section, we state the proofs of our main results.
Proof of Theorem 2.1 For fixed n > 1, let

Vo == n'/"I(Xy, < =n/7) + XpI(|X5| < 0'/7) 4+ 071Xy > 0T,
Zge =(Xi M )I(Xy < =07 4 (X =0t/ > n/7).

Then Yy, + Znr = Xk, and it follows by Lemma 2.1 that {Y,x, k > 1} is a sequence of pairwise
NQD random variables. Then

0 J
-1 1/r
3ot P( s | 3 %0] > )
0 J

%) J
Zn*lp( max |3 (Y - EYo)| > nl/’”e/Q)
n=1 k=1

1<j<n

=: Il%—]é.

To prove (2.2), it only needs to be shown that I; < oo and Iz < oo. Note that |Z,;| <
| X% |I(|Xx| > n'/"). By the Markov inequality, Lemma 2.3, and (2.1), we have

L<CY 0 TN B Zuk — EZy]
k=1

n

n=1
<C> TN B(IXGI(|Xk| > nt/T)
n=1 k=1
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<CY Y CB(X|I(s < |X|T < s+ 1))

n=1 s=n

=CY E(IX|I(s <|X]"<s+1))> n /7
s=1 n=1

[e.e]
C logsE(IX|I(s <|X|<s+1))  for r=1
s=1
CY s"TVTB(IX|I(s < |X|" < s+1)) for 1<r<2

s=1

IN

< CE|X|log|X| < oo for r=1
| CEIXI" < for 1<r<2.

Next we prove Iy < co. By the Markov inequality, Lemmas 2.2, and 2.3, we have
o0 n

I, <C Z n~1=2/"log?n Z EY?,
n=1 k=1

oo n (o) n
<C Z n~172/m 1og? nz EX?I(| Xy <n'/")+C Z n~ ! log? nZP(|Xk| > nt/m)
n=1 k=1 n=1 k=1

SCZn_Q/T log?n EX2I(|X| < n'/") + CZlogznPﬂX\ > nt/")

n=1 n=1

::I3 + I4.

Since the function log? x is slowly varying at co, by applying Lemma 2.4(ii) of Zhou [17], we have

I3 :C’Zn*Q/rlogznZEXQI(s—l < |X|"<s)

n=1 s=1
:C’ZEXzf(sf 1<|X" < S)anz/rloan
s=1 n=s

SCZsl_Q/TlogQSEXQI(S— 1<|X]" < s)
s=1
<CE(|X|"log? | X|)< .

Finally we prove Iy < co. For 1 < r < 2, we have

I, <CY Y log? n E|X|I(|X| > n'/")

n=1
:CZn_l/TloanZE\XH(s <|X|"<s+1)
n=1 s=n
=C> EIX[I(s<|X|"<s+1)> n "log’n
s=1 n=1

oo S
<CY EIX|I(s <|X|" < s+1)(log®s) Y n~'/"

s=1 n=1
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<CY sV log? sE|X|[I(s < |X[" < s+1)
s=1

<CE(|X|"log” |X|)< cc.

For r =1, we have

I :CZIngn Z Pim < |X][<m+1)
n=1 m=n

=C Z Pim < |X| < m+1)Zlog2n
m=1 n=1

<C Z mlog?m P(m < |X| <m+1)
m=1
<CE(|X|log® | X|)< oo.
The proof is completed. [

Proof of Corollary 2.1 Let S; = Zi;:l Xk, j > 1. From (2.2), we have for arbitrary € > 0,

oo
00 >;nlp<1glja<xn|sj| > n%)

oo 2011
_ 1
=> Y =n 1P< max |S;| > nre)
‘ ) 1<j<n
i=0 n=27

1 > i+1
232 P ol >27e)

Then by the Borel-Cantelli Lemma and the arbitrariness of € > 0,

. _it1
lim 27+ max
i—00 1<5<28

Sj| =0 a.s.

For all positive integers n, there exists a positive integer ig such that 20=! < n < 2%. Then

ig — 00 as n — 0o and

_1 1
nor Sn’ < max j*
2i0=1<j<2%

ig+1
<2%9=%

S

max Sj’ — 0 a.s. as n — oo.

1<j5<2%
The proof is completed. O]

Proof of Theorem 2.2 Since a,; = a,}; — a,,, without loss of generality, we may assume that

ni’
ani > 0. From (1.3), we may assume that >_» ; |an;|* < n. Then by the Holder inequality, for
V1<~vy<a,

n n

D laual” < (D lausl %) " (

i=1 i=1 i

QR

1) T <n (3.1)

n a—y

1
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For Vv > «,

n n y—a

3wl = Z|am\ Janil "~ G<Z|am| (D Janil™) © <nd. (3.2)

i=1 i=1 =1

We let
Vi = = 0" 1H(ani Xi < —n'") 4 00 Xi I (0] Xi| < 07+ 071 (a0: X5 > n'/7),
D :(amXi + nl/r)l(aniXi < —nl/r) + (am'Xi — nl/r)I(am»Xi > nl/r).

Then it follows by Lemma 2.1 that {Y,;,¢ > 1,n > 1} and {Z,;,i > 1,n > 1} are both pairwise
NQD. Hence we have

oo
5 p g | >0
n

= j
< D Y Pl X )+ P [ 3 )

I -I-I@

By Definition 1.2, >°% | |an;|* <n and 1/r = 1/a+ 1/, we have

oo

I5§Z 71213 |X|a>na/r 704)
n i=1

<X *IZP(\XI“M“/’”(ZI%\) )

n~1 ZP(le > nl/r—l/a)

i=1

8

&8 I

3
Il
—

Mg

P(|X|>n'?) < E|X|? < 0.

Il
—

Then we prove Ig < oo. From (3.1) and (3.2), we get 327", a”, < n™@{1,#/2} Noting that
| Zpni|l < @il Xi|I(ani| X;| > n'/7). Then by EX; = 0, Lemma 2.3, 3 > r and —3/r + 3/a = —1,
we get

/™ max |ZEYM‘ =nY" max ’iEan|
i—1

1<j<n 1<j<n
i
<n —1/r Z CLT”,E|XZ|I(G7”|X1| > nl/r)
i=1

<Cn P> " a) BIXPT(an|X| > n'/7)
=1
< OpA/rmad{LB/et g x|1P 0 as n— . (3.3)

From (3.3), we know that while n is sufficiently large, HlaXlgjgn|Zg:1 EY,;| < n'/7e/2. Then
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by the Markov inequality, Lemmas 2.2 and 2.3, we have

Ig < n 1P| max
6= Z 1<j<n|4

Z(Ym- — EY,)| > nl/r5/2>
=1

<C Z n~1"Y"E max i(Ym — EY,)

1<j<n
WS i—1

<C’Z:n_1 2/m og? nZE|Ym|2

=1

2

=C Z n~172/"log?n Z a2, B| X2 (ani| Xi] < n'/")+

n=1 i=1

C Z n~!log? nz P(ani| Xi| > nt/")

n=1 =1

<CY 7 Mog?n > al,BIX [P (an] X| < n'/7)+

n=1 i=1

C Z n~!log? nz P(an| X| > n'/")
n=1 i=1
2117 + Ig.

By >, Zz < pmaxtlLB/at 3 > and —B/r + 3/a = —1, we have

Ig §CZ n~17A/" 1og? nZagiE|X\ﬁI(am|X\ > nt/")

n=1 i=1
<C Z p LA/ rmax{l, /) 1602 p BIX|P < oo,
n=1
Finally we prove Iy < oco. From 1/r =1/a+1/8 and 1 < r < 2, we know that o <2 and 8 < 2
will not hold simultaneously. Hence we need only to consider the following three cases.

Case 1 a<2<f. By (3.2)and 1/r =1/a+1/3, we have

I; < CZnilfz/rﬁ/a log?n B|X|* = CZTFI*Q/’B log? n B|X|* < co.

n=1 n=1

Case 2 <2< a. By (3.1) and 8 > r, we have

I SCZ n~ 1A/ 1og? nZagiE|X\ﬁI(am|X\ < nt/m)
n=1 i=1
§C2n_5/r log?n B|X|? < oo.
n=1

Case 3 >2, a>2and af #4. By (3.1) and r < 2, we have

o0
I; < CZn_Q/T log?n E|X|? < oo.
n=1

The proof is completed. [
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