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Abstract In this paper, a generalization of the class of semicommutative rings is investigated.
A ring R is called left GWZI if for any a € R, l(a) is a GW-ideal of R. We prove that a ring
R is left GWZI if and only if S3(R) is left GWZI if and only if V,,(R) is left GWZI for any
n > 2.
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1. Introduction

All rings considered in this paper are associated with identity, and all modules are unital.
The symbols N(R), E(R) stand respectively for the set of all nilpotent elements, the set of all
idempotent elements of R. For any nonempty subset X of R, r(X) = rr(X) and I(X) = Ig(X)
denote the set of right annihilators of X and the set of left annihilators of X in R, respectively.
Especially, if X = a, we write r(X) = r(a) and [(X) = l(a).

According to Cohn [1], a ring R is called reversible if ab = 0 implies ba = 0 for a,b € R,
and R is said to be semicommutative [2] or ZI [3] if ab = 0 implies aRb = 0 for a,b € R. Note
that R is a semicommutative ring if and only if I(a) is an ideal of R for any a € R by [4, Lemma
1.2]. Following Zhou [5], a left ideal L of R is called a generalized weak ideal (simply, GW-ideal)
if for any a € L, there exists a positive integer n > 1 such that a®R C L. Clearly, ideals are
GW-ideals, but the converse is not true, in general, by Zhou [5, Example 1.2]. A ring R is
called reduced if it has no nonzero nilpotent elements. In this paper, we will define a left GWZI
ring which is a generalization of semicommutative rings. For several years, the applications of
semicommutative rings have been studied by many authors. In [6], Kim and Lee showed that if

R is a reduced ring, then

a b ¢
S3(R) = 0 a d || abec,deR
0 0 a
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is a semicommutative ring. But

a a2 a3 - QAln
0 a a23 ao2n

Sn(R) = 0 0 a Tt A3n a,0412,...,0p—-1n € R
0 0 0 -+ a

may not be semicommutative for n > 4. In [7], the authors introduced a class of generalized
semicommutative rings. A rings R is said to be weakly semicommutative ring, if for any a,b €
R, ab = 0 implies arb is a nilpotent element for any r € R. They show that R is weakly

semicommutative if and only if for any n, the n x n upper triangular matrix ring

a1 a2 a3 -+ Qip
0 a2 a3 -+ az

Tn(R) = 0 0 asz - a3n 11,012, @13y« - -, Gpn €ER
0 0 0 - apn

is a weakly semicommutative ring by [7, Example 2.1]. In this paper, we show that a ring R is
left GWZI if and only if S5(R) is left GWZI if and only if V,,(R) is left GWZI for any n > 2.

2. Main results

We denote Na(R) = {z € R|z? = 0}, and suppose that N(R) # 0 for a given ring R. Now,

we have the following characterization of weakly semicommutative rings.

Proposition 2.1 The following conditions are equivalent for a ring R:

(1) For any 0 # a € N(R), there exists a positive integer n such that a™ # 0 and a"R C
N(R);

(2) riary € N(R) for any 0 # a € No(R) and r1,79 € R;

(3) ar € N(R) for any 0 # a € N2(R) and r € R;

(4) R is weakly semicommutative.

Proof (1)=(2). Suppose a?> = 0 and a # 0. By the hypothesis, ar1rs € N(R) for any r1,rs € R.
Then there exists k > 2 such that (rear;)* = ro(arire)*tar, = 0, that is roar; € N(R).

(2)=(3). It is clear.

(3)=(1). For any 0 # a € N(R), there exists a positive integer n such that a™ # 0 and
a™ = 0. Clearly, a™ € N2(R) and a®R C N(R) by the hypothesis.

(3)=(4). Suppose that ab = 0 for any a,b € R. If ba = 0, then it is easy to get (arb)? = 0.
Now, let ba # 0. Then we have 0 # ba € Ny(R) and bar € N(R) for any r € R by the hypothesis.
That is, arb € N(R) for any r € R, which implies that R is weakly semicommutative.

(4)=(3). Suppose that a®> = 0 and a # 0. Then a?r = 0 for any r € R, that is a(ar) = 0.
Therefore aR(ar) C N(R) by the hypothesis. Then (ar)? € N(R) and ar € N(R). O
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By Proposition 2.1, it is easy to get the following corollary.

Corollary 2.2 ([7, Claim 2.1]) R is a weakly semicommutative ring if and only if T,,(R) is a

weakly semicommutative ring.

Proof It is enough to show the sufficiency since the class of weakly semicommutative rings
is closed under the subrings. Assume that R is weakly semicommutative. For any 0 # A €
Ny(T,,(R)), we have a;; € No(R) for all 7. Since R is weakly semicommutative, a;;r € N(R) for
any r € R and all ¢ by Proposition 2.1. So, we have AB € N(T,,(R)) for any B € T,,(R), and so
T, (R) is weakly semicommutative by Proposition 2.1. O

Note that R is a ZI ring if and only if [(a) is an ideal of R for any a € R by [4, Lemma 1.2].

This will give a new class of generalized semicommutative rings using the GW-ideal.

Definition 2.3 A ring R is called a left GWZI ring if for any a € R, l(a) is a GW-ideal of R.

We do not know whether the property of GWZI is left-right symmetric. Obviously, semi-
commutative rings are left GWZI, but the converse is not true, in general.

a a1 ag ag
0 a a4 a
Set R = o | a,a1,a9,...,a6 € Zs p, where Z5 is the ring of integers
0 0 a ag
0 0 0 a

modulo 2. Then every non-unit of R is nilpotent and hence it follows that every left ideal of R

is a GW-ideal. But R is not semicommutative by [6].

Theorem 2.4 Let R be a left GWZI ring. Then ar € N(R) and ra € N(R) for any a € N(R)
and r € R.

Proof Let R be a left GWZI ring. For any 0 # a € N(R), there exists a positive integer n such
that " = 0, then raa”~! = 0 for any » € R. Since R is left GWZI, there exists a positive integer
m such that (ra)™Ra™~! = 0, especially, (ra)™*1a"~2 = 0, then there exists a positive integer
t such that (ra)(™*tV*Ra"=2 = 0, especially, (ra)™+1!*1g"=3 = 0. Using the induction, we can
attain (ra)* = 0 for some positive integer k, then ra € N(R). It is obvious that ar € N(R) if
and only if ra € N(R) for any r € R. O

As a corollary, we have the following result, combining Theorem 2.4 and Proposition 2.1.
Corollary 2.5 Left GWZI rings are weakly semicommutative.

Remark 2.6 By Corollary 2.2, when R is left GWZI, T,,(R) is weakly semicommutative.
However, in the following we will have T, (R) is not GWZI by Remark 2.19, in general. So the

converse of Corollary 2.5 is not true.

Motivated by these, in the following we will consider if R is a GWZI ring, whether the n x n
upper triangular matrix ring V,,(R) is also GWZI.
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For a ring R and n > 2, we denote

ay az as - Ap,
0 ay az - Ap—1

Vn(R): 0 0 a -+ apn-o a1,02,03,...,0, € R
o o0 o0 -- a1

Given a ring R and an (R, R)-bimodule M, the trivial extension of R by M is the ring
T(R,M) = R& M with the usual addition and the following multiplication:

(r1,m1)(re, mg) = (1172, r1me + m1rs).

m

This is isomorphic to the ring of all matrices ( " > , where r € R and m € M and the usual

r
matrix operations are used. Note that T'(R, R) = Va(R).

Lemma 2.7 If R is a left GWZI ring, then the trivial extension T'(R, R) is also left GWZI.

u v

Proof LetO#Az(
0 u

b
> € T(R,R) and 0 # B = ( g ) € lr(r.r)(A). Then
[¢

b
BA = < a(;; av -+ u):Oandsoauanndcw-i-bu:O-
au

Case 1 Set u=0. Then v # 0 and av = 0.
Ty

If a = 0, it is easy to get BCA = 0 for any C = <O
x

) € T(R,R). Thus we get

BT(R,R) Clpr r)(A).
If a # 0, then by the hypothesis there exists a positive integer n such that o™ Rv = 0 from
av =10. So

B"CA:(a b)(z y)(O v>:<a *)(O a:v):(() axv)zo
0 a 0 z 0 0 0 a" 0 0 0 0

Y
T

for any C = ( E > € T(R, R). That shows B"T(R, R) C lp(r,r)(4).

Case 2 Set u # 0.

If a = 0, then B?°CA =0 for any C' € T(R, R). Hence B*T(R, R) C I (g r)(A).

If @ # 0, then by the hypothesis, there exists a positive integer m such that ™ Ru = 0 from
au = 0. Then

BHLOA — ( a™tt amb+a™ a4 - - + ba™ ) ( U 2V + yu )

amtl 0 TU

B ( 0 a™Mzv+a™ lbazu+ - - + aba™ lau )
=1 0 )
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0 (a™)%zv
0 0
0 and a™av = 0, and so a™t'v = 0. By the hypothesis, there exists a positive integer n
such that (a™*1)"Rv = 0. If 2m > mn + n, then B*"CA = 0. If 2m < mn + n, then
Bmnin=2mpmpmC A = (. Hence B™ T (R, R) C lp(r,r)(A).

This implies that T'(R, R) is left GWZIL. O

It follows that B™~1B™T1CA = . Since av + bu = 0, we have a™av + a"bu =

Corollary 2.8 If R is a left GWZI ring, then R[x]/(x?) is also a left GWZI ring.

a b ¢ d
0 a O .
Clearly, WTy(R) = 0 0 | a,b,c,de R ) 2T(T(R,R), T(R,R)) via
a

0 0 0 a
a b ¢ d a b c d
0 a 0 ¢ 0 a 0 c

—

0 0 a b 0 0 a b
0 0 0 a 0 0 0 a

Corollary 2.9 If R is a left GWZI ring, then WTy(R) is also a left GWZI ring.

A B
Lemma 2.10 Let R be a left GWZI ring andn > 2. If A = ( Lo ) and B = < 01 bﬁ )
aq 1

with AB = 0, then there exists a positive integer t such that A'yb, = 0, for any v € R" =
C1

C2
C1,C2,...,¢n € R and Ay, By € V,,_1(R).

Cn

Proof We will show by induction on n.
If n = 2, then the proof is trivial. Suppose that the result is also true for n = k — 1.

A B
Now let A = LY B= B o Vi(R) and AB = 0. Then A,B; = 0,

)

ay 0 b
A8+ aby = 0 and a1b; = 0. Since R is a left GWZI ring, there exists a positive integer mq
such that a7 Rb; = 0 from a;b; = 0. Since A1 B; = 0, there exists a positive integer mq such
that A]*> R¥~1b; = 0 by induction hypothesis. Write m = max{mi, ms}. Then af*Rb; = 0 and

a1
) C2
AT RF-1b) = 0. For any v = < . > € RF, where 6 = : € RF1, then A™Hlvb, =
Ck—1
< AL A A gy 4 aa]? ) ( 5by >: < AT Yaayegby + -+ aaferb ) i
0 a’f’“ by 0 .

is easy to know that A?™*1~b; =0, for any v € R*¥. O
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Theorem 2.11 R is a left GWZI ring if and only if V,,(R) is also a left GWZI ring for any
n > 2.

Proof Let R be a left GWZI ring. We will show by induction on n.
If n = 2, then V5(R) = T(R, R). Thus the proof is similar to Lemma 2.7.

Now suppose that 2 < n < k — 1 is such that V,,(R) is left GWZI. We will show that Vi (R)
is left GWZI.

a az az - ak by by by - b
0 a1 ay - ap—1 0 by by -+ br—
Let A=] 0 0 a -+ a2 [andB=]| 0 0 b -+ br—2 | besuch that
o 0 0 - a 0O 0 0 -+ b
AB =
ThenA(A1 0‘),3(31 B)withAlBlO,AlﬁJrablOandalblO,
0 ap 0 b
ay, b,
where a = and 8 = . By induction hypothesis, we have T} = V;_1(R) is
az ba

left GWZI, then there exists a positive integer m such that A7"T1B; = 0 and a"Rb; = 0. Set

Ck

C
C= ( 01 7 ) € Vi(R) where C; € Ty and v = . Then
C1
C2
amep - [ AT A" la 4+ A" 200, + AT Badd 4 -+ aat ! C1B;  C18+ b
a71n 0 Clbl

B ( 0 ATCyB+ ATby + A;"_lozclbl + A;”_Zozalclbl + A’ln_?’oza%clbl + -+ aagn_lclbl )
~\o 0 '

Ay

By Lemma 2.10, we have A*yb; = 0. Then A™A™CB = < 0
ay

0 A2mCyp
0 0 )

Since A1 + aby = 0 and ATyb; = 0, we have AT (A8 + ab;) = 0 and A3 = 0.
Since
by b3 ... bi
aperl T = () (A7*1p) ) €Viaa(R)
. ' : b3
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and AT 3 =0, it follows that

by b3 ... by

aper | 0
s T b
0 - 0 by

By the hypothesis, there exists a positive integer ¢ such that

by b3 ... Dby
0 .o
s b
0 -+ 0 by

Hence AYC}8 = 0. It is easy to obtain that Vi (R) is left GWZI. Therefore, V,,(R) is a left GWZI
ring for n > 2.
Conversely, if V,,(R) is a left GWZI ring for n > 2, we clearly have R is a left GWZI ring. O

ap aip az -+ Q4p-1

0 ap a1 -+ ap-2
Since R[z]/(z") = V,,(R) via ag+a1T+as®>+- - +a, 17" L+ | 0 0 ap -+ an-3

0 0 O ao

n > 2. We have the following corollary.

Corollary 2.12 If R is a left GWZI ring, then R[z]/(a™) is also left GWZI.
Note that the homomorphic image of a GWZI ring need not be GWZI. Consider the following

example.

Example 2.13 Let Z; denote the field of integers modulo 2 and Z5(y) rational functions field
of polynomial ring Z3[y] and R = Z5(y)[z] the ring of polynomials in x over Z(y) subject to
the relation zy + yz = 1. By [8, Example 2.11], R is symmetric. Then R is also GWZI. Let
I = z9R. Then [ is a maximal ideal of R. Consider the ring S = R/I. We write z and g for
the images of x and y respectively under the natural epimorphism from R onto S. For Z,5 € S,
we have 22 = 0 and #j + jZ = 1. Then we have (y7)? = yz. If S is GWZI, then 25z = 0 and
yzyz = 0 by yzz = 0. This implies that 4z = 0 and Z§ = 1. Hence we get & = 0, leading to a

contradiction.

Proposition 2.14 Suppose that R/I is a left GWZI ring for some ideal I of a ring R. If I is
reduced as a ring without identity, then R is left GWZI.

Proof Let ab= 0 with a,b € R. Then we have @b = 01in R = R/I. Since R is left GWZI, hence
there exists a positive integer m such that @™Rb = 0 and so a™rb € I for any r € R. Since
(b(a™rb)a)? = b(a™rb)ab(a™rb)a = 0 and I is a reduced ideal of R, we get b(a™rb)a = 0. Since
(a™rb)3 = a™r(ba™rba)a™ trb = 0, it follows that a™rb = 0. Thus this implies that R is left
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GWZI. O
Set
0 c12 c3 Cln
0 0 3 Can
I= 0 0 0 - en || 0#c2,c13,-.5Cn_1m €R
0 O o - 0

and R is a left GWZI ring, then T,,(R) is a weakly semicommutative ring and I is an idea of
T, (R). It is easy to get T, (R)/I is left GWZI. But T),(R) is not left GWZI for I is not reduced.
So, this implies that the condition that I is reduced cannot be dropped in Proposition 2.14.

Proposition 2.15 The following conditions are equivalent for a ring R:
(1) R is Abelian.
(2) l(e) is a GW-ideal of R for every e € E(R).
(3) r(e) is a GW-ideal of R for every e € E(R).

Proof (1) = (2). It is clear.

(2) = (1). Let e € E(R) and « € R. Since 1 — e € I(e) and [(e) is a GW-ideal, there exists
a positive integer n such that (1 — e)"x € I(e) which implies that xe = exe. Similarly, we have
ex = ere. This implies that R is Abelian.

(3) = (1). It is similar to (2) = (1). O

Corollary 2.16 A left GWZI ring is Abelian.

Theorem 2.17 A ring R is a left GWZI ring if and only if

S3(R) =

S O e

b ¢
a d || abecdeR
0 a

is a left GWZI ring.

Proof If a ring R is left GWZI, let

as by o ar b a
0+#B= 0 ay dy | €S3(R)and 0#£ A= 0 a1 di | €lsyr)(B).
0 0 as 0 0 a

aias aibs +bias aice + bids + cras

Then AB = 0 a1a2 a1d2 + d1a2 =0.
0 0 a1a9
0 b1 C1
Casel Seta; =0. Then A=| 0 0 d; | € N(S3(R)), and there exists a positive integer

0 0
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3 such that A3S3(R)B = 0.

aq 0 0
Case 2 Set a; # 0 and by = ¢; = d; = 0. Then A = 0 a O and AB =
0 0 al

araz aiby aicy
0 a1am a1d2 =0.

0 0 a1a9
That iS, ai1as =0--- (1), a1b2 =0--- (2), (056 =0--- (3), a1d2 =0--- (4)

By the hypothesis and (1)—(4), there exists a positive integer N such that

a¥ Ray =0, a¥Rby =0, a Rey =0, alY Rdy = 0.

a b ¢
ForanyC=| 0 a d | € S3(R), then
0 0 a

a{v 0 0 aas abs +bas acy + bdy + cas
ANeB=| 0 ¥ o0 0 aay ads + das
0 0 a{v 0 0 aas
aNaay alNabs + al¥bay adacy + aNbdy + al¥ cas
= 0 aYaasy aYady + al day =0.
0 0 aYaasy

There exists a positive integer N such that AN S3(R)B = 0.

Case 3 Set a; #0,c; =0, by #0 and dy # 0. Then we have

ap by O a% arby + braq bidy
A= 0 a dy |, A%’= 0 a? ard; +diay |,
0 ar 0 0 a?
a? a%bl +aibial + bla% airbid; + braid; + bidiag
A=1 0 a} aldy + aydia; + dia? e,
0 0 a3

ES

ay a?_lbl + a?‘leal 4 bla’f_l
1 —2 -1
al” " dy +al " dvar + - + dia? ;

A" = 0 ay
0 0 a
where * = a;“?bldl + a?73b1a1d1 + a?73b1d1a1 + -t bldla?ﬁ.
ajas  aibs +bras  ajcs + bids
By AB = 0 aias ards + dyas
0 0 a0
biag = 0--- (6), ajca + byde = 0--- (7), ardy + dyag = 0--- (8).

= 0, we have ajas = 0--- (5), a1bs +

By the hypothesis and (5),
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there exists a positive integer ny such that a'Ras = 0--- (9). By (6) and (9), it is easy to
get a’flﬂbg + ai*bias = 0 and a{““bg = 0, then there exists a positive integer ns such that
ai?Rby = 0. By (8) and (9), then there exists a positive integer ns such that a{*Rds = 0---
(10). By (7) and (10), then there exists a positive integer ny4 such that ay*Rcy = 0. Write
N = max{ny,ns,n3,n4}. So al Ray =0, aly Rby = 0, alY Rey = 0, al¥ Rdy = 0.

Let n =3N. It is easy to get
(a? by 4+ at " %bray + -+ 4 bra} aay = 0,
(arf_lbl + a’ll_gblal + -4 bla;’_l)(adg + dag) =0,
(a?’_ldl + a?’_Q‘dlal + -+ dla’f'_l)aag =0,
(a?72b1d1 + a?73b1a1d1 + a?*3b1d1a1 R bldla?ﬁ)aag =0.
Hence we obtain A™"S3(R)B = 0. There exists a positive integer n such that A™S3(R)B = 0.
Case 4 Set a; #0, ¢y =0, by =0 and dy # 0. It is similar to Case 3.

Case 5 Set a; #0, ¢c; =0, d; =0 and by # 0. It is similar to Case 3.

Case 6 Set a; #0,c¢; #0,d; =0 and by = 0. Then

ai 0 ¢ a% 0 aicy +crar
A= 0 a O s A? = 0 a% 0 cee
0 0 0 0 a?
ap 0 atlep+al%eiag -+ cpal Tt
A" = 0 a? 0
0 0 ay
ayas a1b2 a1C2 + C1a2
Since AB = 0 a1as aids , that is, ajas = 0, a1bs = 0, aico + cias = 0,
0 0 a1a9

a1de = 0. It is similar to Case 3, there exists a positive integer N such that a{VRag = 0,
aVYRby = 0, aRey = 0, aYRdy = 0. There exists a positive integer n = 3N such that
A"S5(R)B = 0.

Case 7 Seta; #0,¢1 #0,d; #0 and b; #0. By AB =0,

aijas aibs +bias ajcs + bids + cras
0 a1as ards + dyas =0.
0 0 a1a2
Similarly to Case 3, there exists a positive integer N such that al¥ Rag = 0, al¥ Rby = 0, al¥ Rcy =
0, al¥ Rdy = 0.
al a4 at brag 4 -+ bt *
A" = 0 ay a?rdy +a 2diay + -+ dyat |
0 0 a?
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where x = (a} " ?bidy + al biaydy + a} Pbidiar + -+ bidial ") + (af e +a Peran + -+

cray™1). Similarly to Case 3, there exists a positive integer n such that A”S3(R)B = 0.

Case 8 Set a; #0, ¢; #0, dy # 0 and by = 0. It is similar to Case 7.

Case 9 Set a; #0, c; #0, dy =0 and by # 0. It is similar to Case 7.

Hence we obtain S5(R) is left GWZL.

Conversely, if S3(R) is left GWZI, set b = ¢ =d = 0. Tt is clear that R is left GWZI. O

Remark 2.18 We do not know whether S, (R) is still a GWZI ring when R is left GWZI. But

we have the following remark.

Remark 2.19 If R is a left GWZI ring, then T,,(R) is not a left GWZI ring.

0

Set A =

o O o o

get AB =0, A2 =

A%CB =

o O o o o

# 0, for any C' =

0

o O O = =

0
0
0
0

o O o o o

o o o o O
o O O o O

o O O = o=

1

S O = O
o O o o o

o O O o O

C23

C23

SO O O o O

o o o o o

0

o O O O

0
0
0
and B=| 0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
Cin
Can
Cn | € T,(R).
Cnn

£0,AmCB = A2CB =

This implies that T;,(R) is not left GWZI.

o O o o o

0

o O o o

1

0
1
0
0

and A3 = A2, But

0

o o o O

o O O o o

o O o o o

o O o o o

o O O o O

. It is easy to

C23

C23

o O ©O o o

o O O o O
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Next example will show that R is left GWZI, but R[] is not left GWZL

Remark 2.20 ([9]) Let k = Fx{ag, a1, a2, as, by, b1) be the free associative algebra (with 1) over

F5 generated by six indeterminates. Let I be the ideal generated by the following relations:
(agbo, agby + arbg, aiby + agby, a2by + asbg, asby,
apa; (0 <35 <3), aza; (0<j<3), ara; +aza; (0<j<3),
bib; (0<4i,7<1), bia; (0<i<1,0<j<3)).

We let R = k/I . Think of {ag,a1,az2,a3,bp,b1} as elements (sometimes called letters) of R
satisfying the relations in I , suppressing the bar notation.

Put F(z) = ag + a12 + azx? + azz® and G(z) = by + byz. The first row of relations in I
guarantees that F(z)G(xz) =0 in R[z].

By computing, we have F(z)"” = (a1 + agz)"z™ and F(x)"H(x)G(x) = 2™ [aTcobo + (¥)x +
(xx)a? + -+ -] # 0 whenever H(x) = co + c1.

This shows that R[z] is not left GWZI. But it was proved in [9, Claim 6] that R is semi-
commutative, then R is also left GWZI.
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