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Abstract The definition of AP-injectivity motivates us to generalize the injectivity to almost
whnil-injectivity and almost nil n-injectivity. The aim of this paper is to investigate character-
izations and properties of almost wnil-injective rings and almost nil n-injective rings. Various
results are developed, and many conclusions extend known results.
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1. Introduction

Throughout this paper, all rings are associative with identity and all modules are unitary.
Denote by Mp(rM) a right(left) R-module, and by R™*™ the set of all m x n matrices over R.
We write N < M when N is a submodule of M. For A € R™*" AT denotes the transpose of
A. We write R" = R"*" R, = R"*'. If X € R", Y € R,, C € R"*", define rg, (X) = {s €
R, : Xs =0}, lga(Y) ={s € R": Y =0}, Ipn(C) = {s € R” : sC = 0}. For singletons
{z} and {a}, we abbreviate to rr(x) and lg(a). As usual, J(R), N(R),Z(Rr),Soc(Rpr) denote
the Jacobson radical, the set of nilpotent elements, the right singular ideal, the right socle of R,
respectively. N|M denotes that N is a direct summand of M.

It is known to all that generalizations of injectivity have been discussed in many papers. R
is called a P-injective ring [1], if every right R-homomorphism from aR to R can be extended
to an endomorphism of R, where a € R. In [2], P-injective rings were extended to AP-injective
rings and AGP-injective rings. A ring R is called right AP-injective, if, for any a € R, there
exists a left ideal X, of R such that Ir(a) = Ra ® X,. A ring R is called right AG P-injective,
if, for any 0 # a € R, there exists a positive integer n = n(a) and a left ideal X, of R such
that a™ # 0 and Ir(a") = Ra"™ ® X,. Clearly, AP-injectivity and AG P-injectivity are the
generalizations of P-injectivity, and they have many meaningful properties [2]. In [3], a ring R
is called PS-injective, if every R-homomorphism f : I — R, for every principally small right
ideal I, can be extended to R. In [4], PS-injectivity was extended to APS-injectivity. A ring
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R is called right APS-injective if, for any a € J(R), there exists a left ideal X, of R such that
Ir(a) = Ra® X,. In [5], a ring R is called right nil-injective, if, for any a € N(R), lr(a) = Ra.
A ring R is called right wnil-injective, if for any a € N(R), there exists a positive integer n such
that a™ # 0 and Ir(a™) = Ra™. In [6], nil n-injectivity has been studied. A ring R is called
right nil n-injective, if for any o € R™ such that [gnrg, () = Ra, where every component of «
is nilpotent. So, in this paper, we study the almost wnil-injectivity and almost nil n-injectivity
which are the generalizations of nil-injectivity.

In the second section, we prove that: (1) Let R be a ring. For any 0 # a € N(R), there
exists a positive integer n and a left ideal X » of R such that a™ # 0 and Ir(a™) = Ra™ @ Xgn
& for any 0 # a € N(R),b € R, there exists a positive integer n such that (ab)™ # 0 and
L(bRN7((ab)"ta)) = (X(apyn : b)i + R(ab)" 'a with ab € N(R), and (X (qpy» : b); N R(ab)"'a C
I(b), where (X(pyn : b); = {2 € R : 2b € X(ap)»}; (2) If R is a commutative ring whose
every simple singular right R-module is almost wnil-injective, then J(R) N N(R) = 0; (3) If
aR,a € N(R) is a commutative right almost wnil-injective ring, then R is right noetherian < R
is right artinian.

In the third section, we prove that: (1) If M, (R) is right almost wnil-injective, and R has
no non-zero zero divisor except nilpotent elements, then R is right almost nil n-injective; (2) If

R o R is right almost wnil-injective, then R is right AP-injective.

2. Almost wnil-injective rings
We begin with the following definition.

Definition 2.1 A module My, is called right almost wnil-injective, if for any 0 # a € N(R), there
exists a positive integer n and an S-submodule X, such that a™ # 0 and ly;rr(a™) = Ma™"® Xgn.
If Rr is an almost wnil-injective module, then we call R a right almost wnil-injective ring.
Similarly, we can define a left almost wnil-injective ring.

In [7], almost nil-injective rings are defined and studied. A ring R is called almost nil-
injective [7], if for any k € N(R), there exists an S-submodule X of M such that lyrr(k) =
Mk @ X}, as left S-modules. Obviously, almost nil-injective rings are almost wnil-injective. Of

course, AP-injective rings and AGP-injective rings are also almost wnil-injective.

Example 2.2 The three examples of [2, Example 1.5(1)] are almost nil-injective, but they are

not nil-injective (or wnil-injective).

Theorem 2.3 Let R be a commutative right almost wnil-injective ring. Then the following
statements hold.

(1) J(R)NN(R) C Z(Rr) N N(R).

(2) Soc(Rg) Cr(J).

Proof Leta € N(R)NJ(R). If a ¢ Z(Rpg), then r(a)NI = 0 for some 0 # I C Rp. Takean s € T
such that as # 0. Since R is commutative, as € N(R). Then there exists a positive integer n
and a left ideal X (,4)» of R such that (as)" # 0 and Ir((as)") = R(as)" © X(,sn. For any x € R,
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if (as)"x = 0, then s(as)" "'z € r(a) NI = 0, implying rr((as)") = rr(s(as)”~!). Note that
s(as)"~t € lr(s(as)" ') =ir((as)™) = R(as)"® X (qs)n. Write s(as)" ' = d(as)"+y,y € X(as)n,
then (1—da)s(as)"! =y, and so s(as)"~* = (1—da)"'y. Then (as)" = a(l—da) "'y € X4,
a contradiction. Hence J(R) N N(R) C Z(Rr) N J(R).

(2) Let tR C R be simple. Suppose jt # 0 for some j € N(R). Then r(jt) = r(t). Since R is
right almost wnil-injective and (jt)? = 0, there is a left ideal X;; such that Ir(jt) = R(jt) ® X
Note that ¢ € Ir(jt). Write t = rjt +z, where # € Xj;. Then (1 —rj)t =z,s0t = (1—rj) 'z €
Xj¢. This means that jt € X}, a contradiction. [J

Corollary 2.4 Let R be commutative semiperfect and right almost wnil-injective. Then J(R)N
N(R) = Z(Rgr) N N(R).

Proof Since R is semiperfect, Z(rR) + Z(Rr) C J(R) by [8, Lemma 2]. Then Z(gR) N
N(R) + Z(Rz) "\ N(R) C J(R) N N(R), so Z(Rz) " N(R) C J(R) N N(R). By Theorem 2.3(1),
J(R)N N(R) = Z(Rr) N N(R). O

Theorem 2.5 If R is right almost wnil-injective, so is eRe for all e> = e € R satisfying
ReR = R.

Proof Write S = eRe, and let kK € N(5), so k € N(R). By the assumption, there exists
a positive integer n and a left ideal Xi» of R such that k" # 0 and Ir(k") = Rk"™ @ Xgn.
It is easy to see that elr(k™) = lgrg(k™),eRk™ = eRek™ and eX is a left ideal of eRe, then
lsrs (k™) = (eRe)k™ @ eXyn, s0 eRe is right almost wnil-injective. O

Remark 2.6 The condition that ReR = R in Theorem 2.5 is needed. Let F' be a field,

o o o o M
o o g o o
o o o o

0
0
0
0
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o o g g o o

0 0 0 F

By [9, Example 9], R is a QF-ring, then R is right almost wnil-injective. Let e = e11 + ego +
e44 + €55 be a sum of canonical matrix units. Then e is an idempotent of R such that ReR # R

F F

and eRe =2 S = (
0

). Then S is not right almost wnil-injective. In fact, for any

0 0
ls’l‘s(d) =Sdo X.

d= <0 d) € N(S), by [4, Remark 2.17], there does not exist a left ideal X of S such that

Corollary 2.7 If the matrix ring M, (R) over a ring R is right almost wnil-injective (n > 1),
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then so is R.

Proof Suppose S = M, (R) is right almost wnil-injective. Since Se;1.S = S and R = e11Se1y,

R is right almost wnil-injective by Theorem 2.5, where e;; is the matrix unit. O

Theorem 2.8 The following conditions are equivalent for a ring R.

(1) For any 0 # a € N(R), there exists a positive integer n and a left ideal X,» of R such
that a™ # 0 and Ir(a™) = Ra™ @& Xgn.

(2) For any 0 # a € N(R),b € R, there exists a positive integer n such that (ab)™ # 0 and
L(bRN7((ab)"ta)) = (X(apyn : b)i + R(ab)" 'a with ab € N(R), and (X (qapy» : b); N R(ab)" 'a C
l(b), where (X(ab)n : b)l = {117 €ER:xbe X(ab)n}

Proof (1)=(2). For any a € N(R),b € R with ab € N(R), by (1), there exists a positive integer
n and a left ideal X, of R such that Ir((ab)") = R(ab)" & X (qp)». Let 2 € (RN 7((ab)" 'a)).
Then r((ab)™) C r(xb) and so xb € Ir(xb) C Ir((ab)™) = R(ab)"™ ® X (qp)n. Write xb = t(ab)" +y,
where t € R,y € X(4p)». Then (z—t(ab)"ta)b =1y € X(4p). Hence r—t(ab)" ta € (X(apyn : )1
It follows that @ € (X(qp)n : b); + R(ab)" 'a. Obviously, R(ab)" 'a C I(bR N r((ab)" 'a)). If
y € (X(apy» : b)1, then yb € X (gpyn C Ir((ab)™). Let bs € bR N 7((ab)" 'a). Then (ab)™s = 0.
Hence ybs = 0 since yb € Ir((ab)™). This follows that y € [(bR N r((ab)" ta)). We have proved
that [(bR N r((ab)"ta)) = (X(apyn : b)i + R(ab)" ta. If s(ab)"'a € (X(p= : b)1 N R(ab)" 'a,
then s(ab)" € X(4p)» N R(ab)™, showing that s(ab)" = 0. Hence s(ab)" 'a € I(b).

(2)=(1). Let b= 1. O

In [10], a ring R is m-N-regular, if for any 0 # a € N(R), there exists a positive integer n
and b € R such that a™ # 0, and o™ = a"ba".

Theorem 2.9 Let R be a right nonsingular right almost wnil-injective ring, and (I N K) =
I(I)+ I(K), where I and K are any right ideals of R. Then R is w-N-regular.

Proof For any 0 # a € N(R), since R is right almost wnil-injective, there exists a positive
integer n and a left ideal of R such that a™ # 0, and lr(a™) = Ra™ @ X,». Because R is
right nonsingular, r(a™) is not essential in R. So there exists a nonzero right ideal L such
that r(a™) @ L is essential in R. By the assumption, I(r(a™)) + (L) = I(r(a™) N L) = R,
and Ir(a™) NI(L) C I(r(a™) + L). For any = € I(r(a™) + L), then z(r(a™) + L) = 0, ie,
r(@”) + L C r(z) C R, thus r(x) is essential in R, so x = 0 since R is right nonsingular.
Therefore Ir(a™) NI(L) C I(r(a™) + L) = 0, thus R = I(r(a™)) ® (L) = a"R @ X4n & (L),
so a"R is a direct summand of R. Let a"R = eR,e? = ¢ € R. Then e = a"r,r € R, and

n

a™ = ea™ = a"ra", so R is m-N-regular. [

Recall that R is a right quasi-duo ring [11], if every maximal right ideal of R is a two-sided

ideal.

Theorem 2.10 Let R be a ring such that every simple right R-module is almost wnil-injective.

If R is right quasi duo, then R is reduced.
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Proof Let a? = 0. Then a € N(R). Suppose a # 0. Then there exists a maximal right ideal M
of R containing r(a). Thus R/M is right almost wnil-injective, so l(g/ar)rr(a) = (R/M)a ® X.
Let f : aR — R/M be defined by f(ar) = r+ M. Note that f is a well-defined R-homomorphism.
Thus f(a) =ca+M+z,c€ R,z € X,and f(a) =14+ M,s0 (1—ca)+ M =z € (R/M)NX =0.
Since R is right quasi-duo, ca € M. Hence 1 € M, which is a contradiction. Therefore, a =0, R

is reduced. O

Theorem 2.11 Let R be a ring. If every simple right R-module is almost wnil-injective, then

R is semiprime.

Proof Assume that a € R such that aRa = 0. Then RaR C r(a). If a # 0, then there exists
a maximal right ideal M containing r(a). By hypothesis, R/M is almost wnil-injective. Hence
lr/mrr(a) = (R/M)a®X,. Define f: aR — R/M by f(ar) = r+M. Note that f is well-defined.
So there exists a ¢ € R such that 1 + M = f(a) = ca + M + z, where ¢ € R,z € X,. Hence
l—ca+M=2zx¢€ (R/M)N X, =0, which implies 1 —ca € M. Since ca € RaR C r(a) C M,
1 € M, which is a contradiction. So @ = 0 and then R is a semiprime ring. [J

In [5], a ring R is callled n-regular if a € aRa for all a € N(R).

Theorem 2.12 If R is right quasi duo, then the following statements are equivalent.
(1) Every right R-module is almost wnil-injective.
(2) Every cyclic right R-module is almost wnil-injective.
(3) Every simple right R-module is almost wnil-injective.
(4) Every nilpotent element of R is strongly regular.
(5) R is n-regular.

Proof Obviously, (1)=(2)=(3) and (4)=(5). (5)=(1) is easy by [5, Theorem 2.18]. Thus it
remains to prove that (3) implies (4). By Theorem 2.10, R is reduced. For any 0 # a € N(R),
we will show that aR + r(a) = R. Suppose not. Then there exists a maximal right ideal K of R
containing aR+r(a). Since R/K is right almost wnil-injective, I, x)rr(a) = (R/K)a® X,. Let
f :aR — R/K be defined by f(ar) = r + K. Note that f is a well-defined R-homomorphism.
Thus f(a) = ca+K+z,c € R,z € X,, and f(a) =1+ K,andso 1—ca+K =z € (R/K)NX, =0,
1 —ca € K. Since R is right quasi-duo, ca € K, thus 1 € K, which is a contradiction. Hence
aR+ r(a) = R. So R is strongly regular. O

Corollary 2.13 If R is right quasi-duo, then the following statements are equivalent.
(1) R is n-regular.
(2) Every right R-module is almost nil-injective.
(3) Every cyclic right R-module is almost nil-injective.
(4) Every simple right R-module is almost nil-injective.
(5) Every right R-module is almost wnil-injective.
(6) Every cyclic right R-module is almost wnil-injective.

(7) Every simple right R-module is almost wnil-injective.
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(8) Every right R-module is nil-injective.
(9) Every cyclic right R-module is nil-injective.

(10) Every simple right R-module is nil-injective.

Theorem 2.14 If R is a ring whose every simple singular right R-module is almost wnil-injective,

then J(R) N Z(Rg) contains no nonzero nilpotent elements.

Proof Take any b € J(R) N Z(Rg) with > = 0. If b # 0, then RbR + r(b) is an essential
right ideal of R. We will show that RbR + r(b) = R. If not, there exists a maximal right
ideal M of R containing RbR + r(b). By assumption, R/M is right almost wnil-injective, and
lranyrr(D) = (R/M)b @& Xy. Let f: bR — R/M be defined by f(br) =7+ M. Then 14+ M =
fO)=cb+M+z,1—cb+M=2x¢c(R/M)NXp=0,thus 1 —cbe M, sincecb e M, 1€ M,
which is a contradiction. Hence RbR+r(b) = R, and thus b = bd,d € RbR C J(R). This implies

b = 0, which is a required contradiction. [

Corollary 2.15 If R is a commutative ring whose every simple singular right R-module is
almost wnil-injective, then J(R) N N(R) = 0.

Proof By Theorem 2.3, J(R)YNN(R) C J(R)NZ(Rg), so J(R)NN(R) = J(R)NZ(Rr)NN(R).
By Theorem 2.14, J(R) N Z(Rr) N N(R) =0, hence J(R)NN(R) =0. O

Theorem 2.16 Let R be a commutative right almost wnil-injective ring. For any a € N(R),b €
R, aR C bR|R, then aR is a direct summand of R.

Proof Let a € N(R) such that a € bR = eR, where e = €, and that ¢ : aR — bR is an
R-isomorphism. We want to show that aR is a direct summand of R. There exists ¢ € R such
that o(ac) = e and hence acR = aR. Since R is commutative, ac € N(R). Hence there exists a
positive integer n such that (ac)™ # 0 and Ir((ac)") = R(ac)" © X(qc)» for some left ideal X(4c)n
of R. We write (ac)? = e and we have o((ac)'™ R) = o(ac)(ac)'R = e(ac)'R = (ac)'R for i =
0,1,...,n — 1. This implies that (ac)'R|(ac)’ 'R & o((ac)™ R)|o((ac)'R) < (ac) T R|(ac)'R
for i = 1,2,...,n — 1. Therefore, we have acR|eR < (ac)?R|acR < - -+ < (ac)"R|(ac)" ' R. So,
to show (ac)R|R, it suffices to show that (ac)”R|R. We note that (ac)"R = (ac)" 'R = ... =
aR = eR, that is to say 0" : (ac)"R — eR is an isomorphism, and ¢™((ac)”) = e. Then we can
conclude that (ac)™R is a direct summand of R by [9, Theorem 2.8]. OJ

Recall that a ring R is right GC5 (see [12]), if every right ideal that is isomorphic to R is

itself a direct summand of R.

Corollary 2.17 If R =aR,a € N(R), and R is a commutative almost wnil-injective ring, then
J(R) = Z(RR).

Proof By Theorem 2.16, R is right GCs, so Z(Rgr) C J(R) by [12, Proposition 2.6]. By the
proof of Theorem 2.3, J(R) C Z(Rg). Hence J(R) = Z(Rg). O

Corollary 2.18 If R=aR,a € N(R), and R is a commutative almost wnil-injective ring:
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(1) If Rg has finite Goldie dimension, then R is semilocal;
(2) R is right noetherian if and only if R is right artinian.

Proof (1) By Theorem 2.16, Ry satisfies GC. Since Rp has finite Goldie dimension, it is
semilocal by [13, Lemma 1.1].

(2) Let R be right noetherian. Then R is semilocal by (1). Further, since R has ACC on
right annihilators, Z(Rpg) is nilpotent by [14, Lemma 3.29]. By Corollary 2.17, J(R) = Z(RRg).
Hence R is right noetherian and semiprimary, and therefore R is right artinian. The converse is

clear. OJ

Lemma 2.19 If R = aR,a € N(R), and R is a commutative almost wnil-injective ring. If
b ¢ J(R), then the inclusion r(b) C (b — bdb) is strict for some d € R.

Proof By Corollary 2.17, r(b) is not essential in Rp, and so there exists a nonzero right ideal
I of R such that r(b) @ I is essential in Rr. Take 0 # ¢ € I, then be # 0. It is easy to see
that bc € N(R), and there exists a positive integer n and a left ideal X(;.» of R such that
(be)™ # 0 and Ir((be)”) = R(be)™ & Xpeyn. We claim that 7((be)™) = r(c(be)"1). In fact,
if (bc)"z = 0, then c(bc)" 'z € r(b) NI = 0, so r((bc)") C r(c(be)”1). Thus, c(be)" ! €
Ir(c(be)™™t) = lr((be)™) = R(be)™ & X(peyn. Hence there exists d € R,y € X(p)n such that
c(be)™ ™t = d(be)™ +y, be(be)™t = bd(be)™ + by, (1 — bd)(be)™ = by € R(bc)™ N X (peyn = 0, then
c(be)"=t € r(b — bdb), and (bc)™ # 0, c¢(be)"~1 & r(b). So 7(b) C r(b — bdb) is strict. [J

Theorem 2.20 Let R = aR(a € N(R)) be a commutative almost wnil-injective ring. Then the
following statements are equivalent.

(1) R is right perfect;

(2) The ascending chain r(a1) C r(aza;) C r(agagay) C --- terminates for every sequence
{a1,a2,...} CR.

Proof By Lemma 2.19 and [15, Theorem 3.11], it is easy to be proved. O

3. Almost nil n-injective rings

In [6], a ring R is called right nil n-injective, if Ignrr, (@) = Ra for any o = (a1, aq, ..., ay,),
where ay,as,...,a, € N(R). Hence we give the following definition.
Definition 3.1 A ring R is called right almost nil n-injective, if for any o = (a1,as,...,a,),

Ipnrgr, (0) = Ra @ X, where a1, as,...,a, € N(R), X, is a left ideal of R.

Lemma 3.2 Let Mg be a module, S = Endg(R) and o € R and every component of o be
nilpotent.

(1) Iflgnrg, (o) = Ra® X, for some X, C R" as left S-modules, then Homp(aR™, R) =
Hompg(R, R) @ T as left S-modules, where I' = {f € Hompg(aR,, R) : f(a) € X, }.

(2) If Homp(aR,, R) = Homp(R, R) @Y as left S-modules, then lgnrp, (o) = Ra® X as
left S-modules, where X = {f(a): f € Y}.
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(3) Ra is a direct summand of Ignrg, (o) as left S-modules if and only if Hompg(R, R) is a

direct summand of Hompg(aR,, R) as left S-modules.
Proof The proof is similar to that of [2, Lemma 1.2]. O

Theorem 3.3 If M, (R) is right almost wnil-injective, and R has no non-zero zero divisor except

nilpotent elements, then R is right almost nil n-injective.

a1 as Qp,
. 0 0 0

Proof Let I = a;R+ -+ + a,R, where a; € N(R), and write A =
0 0 --- 0

Then A is nilpotent. Since M, (R) is right almost wnil-injective, there is a positive integer m
such that A™ # 0, and lr(A™) = M, (R)A™ @& X gm. Let

a(ar) alan)
0 0
I'={a € Homg(I,R) : € Xam}.
0 0

It can be verified that I" is a left R-submodule of Hompg(I, R). We claim that Hompg(I,R) =

afar) - alan)
Hompg (R, R)®T. In fact, for any a € Homg(I, R), write B = 0 o 0 . Suppose
0 0
A"X =0, for X = (a;;) € M,(R). Since A" X =
al" Marwiy 4+ aomor + o+ aptn1) Al N a1T1n + a2Zon + 0+ AnTag)
0 0
0 0

a1211 +aoxo1 + -+ anxp1 = 0,...,a1T1, + a2T2, + - - - + @pTnn = 0. It follows that BX = 0.
Hence B € Z’I"(Am) = Mn(R)Am@XAm Write B = (C1J)Am+(d1]), where (Cij) € Mn(R), (dm)
Xam. Let 8 : R — R by B(r) = clla’f%lr and v : I — R by y(air1 + -+ + apry) =

m

dll e dln

di1m1 + -+ dpprn. Then 8 € Hompg(R, R) and o = 5+ 7. Note that 0 -0 =
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1 . 0
0 --- 0

(dij) € Xgm. So v € I'. thus Homg(I,R) = Homp(R,R) +I'. Suppose
0 --- 0

v € ' NHompg(R, R). Then there exists ¢; € R such that (y(a1),...,v(an)) = (¢1,0,...,0)A™.

v(a1) -+ y(an) a0 - 0
Therefore, 0 o 0 = 0 0 -0 A™ € M,(R)A™ N Xam = 0.
0 0 0o 0 --- 0

Therefore Hompg (I, R) = Homg(R, R) ®T. Then by Lemma 3.2, R is right almost nil n-injective.
O

In Theorem 3.3, let n = 1. We have the following corollary.

Corollary 3.4 Assume that R has no non-zero zero divisor except nilpotent elements, then R

is right almost wnil-injective if and only if R is right almost nil-injective.

Theorem 3.5 Let R be a commutative ring and n > 1. If M,,(R) is right almost nil-injective,
then for any right R-module I = a1 R+ as R+ - -+ + a, R, where a; € R™ and every component
of a; (i =1,2,...,n) is nilpotent, Homg(R", R) is a direct summand of Hompg (I, R).

Proof Let S = M,(R) and let I = ey R + -+ + a, R, where a; € R™ and every component
of a; (i = 1,2,...,n) is nilpotent. Write ((a1)7,...,(an)?) = A. Since R is commutative,
A € N(S). By hypothesis, we have lgrs(A) = SA @ X 4 for some left ideal X 4 of S. Let

I = {f € Homy(I,R) : € X4}

It is easy to verify that I' is a left R-submodule of Homp (7, R). We claim that Homp (I, R) =

glar) -+ glom)
Hompg(R", R)®T as left R-modules. In fact, for any g € Hompg (I, R), write B = 0 o 0
0 .- 0

Then B € lsrs(A), and hence B = (c¢;j)A + (dij), where (¢;;) € S and (d;;) € Xa. Let
h : R" — R,> .  er; = > ci;r;, where e; is the standard basis of R™ over R, and let
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dll e dln
kI — R, o+~ >, ;dyr;.. Then g = h + k. Note that =
0 0
1 0
0 0
(dij) € Xa. So k € I'. Therefore, we have Homg (I, R) = Homg(R",R) +T.
0 --- 0

Suppose | € Hompg(R™, R)NI'. Then there exists (c1,...,¢,) € R™ such that (I(a1),...,l(ay)) =

lag) - o) c1 -+ Cp
(¢1,...,cn)A. Thus, o -0 = O - 0 e g4nX, = 0. There
0 0 0 --- 0

fore, Homp (I, R) = Homg(R",R) & T. O
Let R be a ring and M a bimodule over R. The trivial extension of R and M is R
M = {(a,z) : a € R,z € M} with addition defined componentwise and multiplication defined

by (a,z)(b,y) = (ab,ay + xb). In fact, R o« M is isomorphism to the subring { (g x) ta €
a

R,z € M} of the formal 2 x 2 upper triangular matrix ring (? Z) .

Theorem 3.6 Let R be a ring. If R « R is right almost wnil-injective, then R is right AP-

injective.

Proof Let S =R «x R. Forany 0 # a € R, (0,a)(0,a) = (0,0), so (0,a) € N(S). Since S is right
almost wnil-injective, there exists a left ideal X ,) of S such that lsrs(0,a) = S(0,a) © X(,q)-
For any (b,¢) € lgrg(0,a),r5(0,a) C rg(b,c). Since (0,1) € rg(0,a),0 = (b,¢)(0,1) = (0,b),
showing b = 0. If (m,n) € S(0,a), then m = 0 by [4, Corollary 3.3]. So X(g4) = 0 o< X,, where
X, is a left ideal of R. By [4, Proposition 3.1], Igrr(a) = Ra & X,, proving that R is right
AP-injective. [

Corollary 3.7 Let R be a ring. If R « R is right almost nil-injective, then R is right AP-

injective.

References

[1] W. K. NICHOLSON, M. F. YOUSIF. Principally injective rings, J. Algebra, 1995, 174(1): 77-93.
[2] S.S.PAGE, Yigiang ZHOU. Generalizations of principally injective rings. J. Algebra, 1998, 206(2): 706-721.



288

(3]
(4]
[5]
[6]
7]
(8]
(9]
(10]
(11]
(12]
(13]
(14]

(15]

Yu-e ZHAO and Xianneng DU

Yueming XIANG. Principally small injective rings. Kyungpook Math. J., 2011, 51(2): 177-185.

Yueming XIANG. Almost principally small injective rings. J. Korean Math. Soc., 2011, 48(6): 1189-1201.
Junchao WEI, Jianhua CHEN. Nil-injective rings. Int. Electron. J. Algebra, 2007, 2: 1-21.

Yu-e ZHAO, Xianneng DU. On nil n-injective rings. International Journal of Algebra and Computation,
2011, 21(4): 521-529.

Yu-e ZHAO, Xianneng DU. On almost nil-injective rings. Int. Electron. J. Algebra, 2011, 9: 103—113.

M. F. YOUSIF. On semiperfect FPF-rings. Canad. Math. Bull., 1994, 37: 287-288.

K. KOIKE. Dual rings and cogenerator rings. Math. J. Okayama Univ., 1995, 37: 99-103.

Yu-e ZHAO, Xianneng DU. On GNPP rings. J. Anhui Normal Univ. (Natur. Sci.), 2009, 32(3): 224-229.
(in Chinese)

S. H. BROWN. Rings over which every simple module is rationally complete. Canad. J. Math., 1973, 25:
693-701.

M. F. YOUSIF, Yigiang ZHOU. Rings for which certain elements have the principal extension property.
Algebra Collog., 2003, 10(4): 501-512.

Yigiang ZHOU. Rings in which certain right ideals are direct summands of annihilators, J. Aust. Math.
Soc., 2002, 73(3): 335-346.

W. K. NICHOLSON, M. F. YOUSIF. Quasi-Frobenius Rings. Cambridge University Press, Cambridge,
2003.

Zhanmin ZHU. MP-injective rings and MGP-injective rings. Indian J. Pure Appl. Math., 2010, 41(5):
627-645.



