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Unique Weighted Representation Basis of Integers

Ran XIONG
School of Mathematics and Computer Science, Anhui Normal University, Anhui 241003, P. R. China

Abstract Let ki, k2 be nonzero integers with (ki,k2) = 1 and k1k2 # —1. In this paper, we
prove that there is a set A C Z such that every integer can be represented uniquely in the
form n = kia1 + kzasz, a,az € A.
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1. Introduction

For sets A and B of integers and integers k1, ks, let
k1A+ koB = {kia+keb:a € A,b € B}.
Let
Thiko (A,n) = card{(a1,a2) : n = kra1 + kaaz,a1,a2 € A}.
The counting function for the set A is
A(y,z) =card{a € A:y <a < z}.

We call A a weighted representation basis if rg, 1, (A,n) > 1 for all n € Z. In 2003,
Nathanson [3] constructed a family of arbitrarily sparse bases A C Z satistying 71 1(n) = 1 for
all n € Z. In 2011, Tang et al. [5] proved that there exists a family of bases of A C Z satisfying
r1,—1(n) = 1 for all n # 0. For related problems, see [1, 2,4, 6].

In this paper, we obtain the following result.

Theorem 1.1 Let f(z) be a function such that lim,_,. f(x) = 400 and ki, ks be nonzero
integers with (k1,ke) = 1, k1ka # —1. Then there exists a set A of integers such that

Thyke(A,n) =1 forall n€Z,

and A(—xz,z) < f(x) for all sufficiently large x.

2. Proof of Theorem 1.1
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By the result of Nathanson [3], we may assume that |k1| > |k2| > 1. We shall construct an
ascending sequence of finite sets A; C Ay C -+ such that

(i) card(A;) =2l foralll > 1,

(il) 7k, ko (A;,n) <1 for all n € Z,

(iii) If 1 is even, then ry, g, (A;,n) = 1for —L +1 <n < L. Iflis odd, then ry, 4, (A;,n) =1
for [n| < 52

We shall show that the infinite set
A=]J4A
=1
is a unique (k1, k2)-weighted basis of Z.
We construct A; by induction. Let A; = {0,%k;}. Assume that for some [, we have con-

structed
Al C A C---CA

satisfying (i), (ii), (iii). Now we construct A;41.
We define the integer
d; = max{|a| : a € A;}.

Then
Ay C [—dy, di]
and
k1A + ko Ay C [ (k1| + |Ka|)di, (|k1| + [k2|)di].

Define

by =min{b>0:b¢ k1A, + ko A;}
and

by =max{b<0:b¢ k1A + ko A}
Then

-1
5 < by, —by < (Jka| + |k2|)d; + 1.

To construct the set A;,1, we choose an integer ¢; such that ¢; > 3k?d;.

Case 1 [is odd. Since (k1,k2) = 1, we know that there exist two different integers z, y satisfying
klx + k‘gy = bl With kgx Z |]€2|Cl, ‘y| Z Cr. Put Ti4+1 =X, Yi+1 =Y, Al+1 = Al U {$z+1,yz+1}- We

have .
k1A + ke Ay = S,
=1
where
S =A{bi, (k1 + k2)xiy1, (ky + k2)yier, kiyier + kamiga },
Sy =k1A; + k2 Ay,

Sz = kixi11 + koA, Sa = kg1 + k2 Ay,
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Sy = k1A + kaxip1, Se = k1A + kayiq.

We shall show that k1 A; 11 + ko A;41 is the disjoint union of the above six sets.
(i) S1N Sy =g. In fact, by the definition of b;, we know that b; ¢ Sy. Moreover,

|(F1 4 k2)zial, [(kr+ k2)yira| > e > ([ka] + |k2|)di,

[Ba(br = Fazog) + K3z | o (R — KS)|za| [kl

ko - |2 |2
_ 30— KK ||
- k2| |Ka|

|E1yis1 + koxia| = bi

(1] + [k2|)d; + 1)
6k?
> —Ld; > (Jk| + |ke|)d;.
oo
(ii) Sy N S3 = &. Firstly, we have by, (k1 + k2)z;41 ¢ S3. Secondly, we can show that

(kl + kg)yl+1, kiyiy1 + kaxipq ¢ Ss. In fact, if (kl + k2)yl+1 or k1y;+1 + kexyp1 € Ss, then there
exists a € A; such that

(ky + k2)yi11 = kizig + koa 1)
or
k1yip1 + ka1 = bz + kea. (2)
That is,
(k1 + 2k2)y141 = by + kaa (3)
or
(k2 — k2 — iko)zii1 = K2a — kaby. (4)
It follows from (4) that
WS o € g Ry < WS
a contradiction. If k; 4+ 2k = 0, by (3), we have by = —ksa = k1a + kaa € k1A + ko Ay, a
contradiction. If k1 4+ 2ky # 0, then
v <yl < 28 P < a2l 4 Bl < e

|k1 + 2ko|  |k1 + 2ko| —
a contradiction. Hence, S; N S3 = &.

Similarly, we can show S; NS; = @ for 4 < i < 6.

(i) S;NS; =@,2 < i< j<6. We can assume that k12,41 > 0 (The condition kix;41 <0

is similar). For uy = k1y1+1 + koag € S4, ug = k1ag + kayi+1 € Se, we have

Ug = k1a6 + bl - klirlJrl § —3‘k1|3dl + (2‘k1| + ‘k2|)dl + 1< —(‘k1| + ‘k2|)dl,

and
ki1(b; — k
Uy = bt k;zmﬂ) + koay
k2 k —3k% + 3k
< g+ by + |k|d, < —SL Mg,
ko ko | k2|
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< —(3|k‘1|3 + |k1‘)dl < —k1$l+1 + b — |k‘1|dl

< Ug .

For us = k}la?l+1 + koag € S3, us = kias + k2x1+1 € S5,
us = kias + ko1 > 3k |ka|dy — |ka|dp > (k1| + |k2|)d;,
ug = k141 + koag > kizpr — |ke|d > koxppr + |ke|dp > us.

These inequalities imply that the sets S2, 53,54, S5, 56 are pairwise disjoint, hence S; N S; = @
for 1 <4 < j <6. It follows that rg, k,(Ai+1,n) <1 for all n.

By the above discussion, we know that A;;; satisfies (i) and (ii). By the hypothesis and the
definition of b;, we know 7y, 1, (A;,n) =1 for all |n| < I_Tl and HTl € k1 A1 + kaApyq. It follows
that

—-1+1 I+1

<n<——.

Thy ko (A141,m) =1 for 5 5

Hence, A;y; satisfies (iii).

Case 2 [is even. We can find integers z,y such that ki + koy = b) with keox > |ka|er, [y| > ¢.
Put 141 =z, Y141 =y, A1 = Ay U {x141, Y141} Similarly, we can show that A;;; satisfies (i),
(ii) and (iii).

Let A=(J;2, A;. If | is odd, then

-1 -1
{—T"'—Lo,l"'T}gk1A1+1+k2Al+1.

If [ is even, then

l l
{*§+1~"*1,071"'§} C k1A + koA,

So A is a (k1, ko)-weighted basis. If 1y, k,(A,n) > 2 for some n, then there exists a set A; such
that 7, g, (A7, n) > 2, which is impossible. Therefore, A is a unique (k1, k2)-weighted basis for
the integers.

Given a function f(z) that tends to infinity, we use induction to construct a sequence {¢;}7°,
such that A(—z,z) < f(x) for all x > ¢;. We observe that

A(—z,z) = Aipa(—z,2) <2(1+1) for d <z <dpy.
We begin by choosing an integer ¢; > 3k?d; such that
f(x) >4 forall x> c¢.

Then
A(—z,2) <4 < f(x) for ¢ < <ds.

Let [ > 2, and suppose we have selected an integer ¢;_1 > 3k?d;_; such that
f(z)>2l for x>¢—

and
A(—z,x) < f(z) for ¢ <z <d.
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There exists an integer ¢; > 3k?d; such that

f(z)=20+2 for >¢.

Then
A(—z,z) =20 < f(x) for d) <z <g¢
and
A(—z,x) <204+ 2 < f(z) for ¢ <z <dp,
hence

A(—z,z) < f(z) for g <z <dpy1.

It follows that
A(—z,z) < f(x) for all = > ¢.

This completes the proof of Theorem 1.1. [J
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