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1. Introduction

It is known that many important phenomena such as heat conduction, chemical engineering,
underground water flow and plasma physics can be represented by boundary value problems with
integral boundary conditions for ordinary differential equations. As a result, they have been
widely studied in the last few years [1-3,5-7,11,12]. In [2], by applying fixed point index theory
of strict contraction operators, Hao et al investigated the existence of multiple solutions for the

following nth-order nonlocal boundary value problem (BVP) in Banach spaces.

M () + f(t, 2(t),2'(t),..., "2 (t) =0, te(0,1),

@ (0) = 6, 0<i<n-3, (L1)
az(™=2)(0) — bz("=D(0) = [} ("2 (s)dA(s), '
a2 (1) 4+ dz=D(1) = [} ("2 (s)dB(s),

where f may be singular at ¢ = 0, ¢ = 1. In [5], Yang established the existence of nontrivial

solutions for the following Sturm-Liouville problem with integral boundary conditions.

—(auw')’ +bu = g(t)f(t,u), te(0,1),
(cos70)u(0) = (sinyo)u’(0) = fy (T)dOé(T), (1.2)
(cosy1)u(0) + (siny1)u'(0) = fo 7)dB(7)
where g may be singular at t = 0, ¢ = 1. By using topological degree arguments and cone theory,
Kang and Liu [8] established the theory that there exist at least two positive solutions for the
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following boundary value problem

{ W (t) + Ft,u®) + gt ult) =0, te(0,1),
(

u(0) =0, u(1) =0 (1:3)

where f,g € C((0,1) x (0,+00),[0, +00)) may be singular at t =0, t =1, u = 0.
Motivated by the above works, the purpose of this paper is to discuss the existence of

multiple solutions for the following BVP

(p(t)(U’(t)))’:* () (t,u(®)), t ( 1),

)
(0) = Bp(0 fo (s)u(s)d (1.4)
W(l)+5p(1 (1) = Jy 9(s)u(s)d

where p(t) € C1[0,1] and p(t) > 0, t € [0,1], a(t) € C([0,1],]0, +00)) does not vanish identically
on any subinterval of [0,1], f € C((0,1) x (0,400), [0,400)) may be singular at t = 0, t = 1,
u=0, h(s),g(s ) € L(0,1), are nonnegative, & > 0,8 > 0,7 > 0,6 > 0 and p = aye+ad+ 5y > 0
with e = fo 7(s7ds. Some ideas of this paper are from [4] and [8]. The main results of these
papers are based on the symmetry of Green function, but the associated Green function in our
paper does not have the property. By employing the Krein-Rutmann theorem, we overcome the
difficulty caused by the dissymmetric Green function. Moreover, by applying the fixed point
index in cone and the fixed point theorem of cone expansion and compression, we obtain the

existence of multiple positive solutions for BVP (1.4).

The paper is organized as follows. In Section 2, we introduce some notations, definitions,
and lemmas. In Section 3, we present and prove our main results about the existence of positive

solutions of BVP (1.4). In Section 4, we present two examples to illustrate the main results.

2. Some preliminaries and lemmas

In this section, we will give some preliminaries for obtaining the main results in the next

section. For the purpose of convenience, we set

o 1
w(t):a/o de—Fﬂ, ¢(t):7/ de—ké

1! 1
=t [Csmwar =1 [Coanni o=t

er=1 [Cotonar o= [vwoma =1

p 1-cs

and list two assumptions to be used throughout this paper.
(I) C1,C5 € [0, 1).
(II) C2C3C4Ce € [0, ].)

Definition 2.1 A function u(t) € C[0,1] N C*(0,1) with p(t)u(t) € C*(0,1) is said to be a
positive solution of the BVP (1.4), if it satisfies BVP (1.4) and u(t) > 0 for t € (0,1).
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To investigate BVP (1.4), we now consider the following linear BVP
(P(t)u/(t))/ =—y(t), te (07 1),
Ly
u(0) — Bp(0)u'(0) = fo s)u(s) (2.1)
yu(1) 4+ dp(1)u/ (1) = fo u(s

For BVP (2.1), we can have the following lemmas immediately.

2

Lemma 2.1 Assume that (I), (II) hold. Then for y € C[0,1] and y > 0, the BVP (2.1) has a
unique solution u(t) > 0 for t € [0, 1], such that

u(t) :/o H(t,s)y(s)ds

where H(t,s) is the associated Green’s function for (2.1), which can be expressed as

H(t,s) = G(t, ) + B(t) /0 G(r, s)h(r)dr + C(t) /0 Glr, 5)g(r)dr

with
G(t,s) _ 1 { ¢(t)w(3)a <s<t< 1,
P ols)(t), 0<t<s<1,
and
1
B = S Geperc) O ¥ Vlt)encacal,
o) = . [Y(t)ce + d(t)cacsce).

p(1 — cacseqcs)

Proof The proof is similar to that of Lemma 2.1 in [7], so we omit it. O

Lemma 2.2 The associated functions G(t, s), H(t,s) have the following properties.
(a) G(t,s), H(t,s) are continuous on [0,1] x [0,1] and G(t,s) > 0, H(t,s) > 0 for any
t,s € (0,1).
(b) Foranyt,s € [0,1], G(t,s) < G(s,s), G(t,s) > v(t)G(s, s), where v(t) = min{-21. 1)
(c) For anyt,s € [0,1], H(t,s) < NG(s,s), where
Ne14 c3(ye + 8) + ezcace(ae + B) /1 h(s)ds + ce(ae + B) + cacscg(ye +0) /1
p(1 — cacseqce) 0 p(1 — cacseqce) 0

(d) For any t,s € [0,1], H(t,s) > z(t)G(s, s), where

(1) = / s)ds + C(t) /01 (s)g(s)ds.
) >

(e) For any t,s,7 € [0,1], H(t,s
on [0,1] and k(t) > 0, t € (0,1).

Next we introduce a hypothesis:

(Ho) 0< fo Ya(s) frr(s)ds < +oo, for any 0 < r < R, where

frr(t) = max {f(t,u),u € [k(t)r,R]}, te€ (0,1).

k(t)H(T,s), where k(t) = %, and k(t) is continuous
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We suppose that (Hp) holds throughout the remainder of the paper. We will give examples
of functions satistying (Hp) in Section 4.
Let 2 = C[0,1]. Then E is a Banach space with a norm by max;c[o 1] [u(t)|, u € E. Define

P={uecE:u(t)>k()ul}.

Then P is a cone in F and fol H(t,s)ds € P. For u € P\ {0}, define an operator A by

1
(Au)(t):/o H(t,s)a(s)f(s,u(s))ds. (2.2)

Since u € P\ {6}, we have |ju| > 0, and k(t)|ul]| < u(t) < |jul|. From (Hp), we know A is
well-defined.

Lemma 2.3 Ifu € P\ {0}, then we have Au € P.

Proof For any u € P\ {#}, we have

(Au)(t) = /0 H(t,s)a(s)f(s,u(s))ds > k(t)/o H(r,s)a(s)f(s,u(s))ds = k(t)(Au) (7).

Then, we have Au € P. [
Obviously, that w is a positive solution of BVP (1.4) is equivalent to that Au = w in P\ {6}
has a fixed point.

Lemma 2.4 For any Rs > Ry > 0, A : Pg,\Pgr, — P is completely continuous, where
Pp={u€Plul| <r}, P ={u€ P |lu <r} (r>0).

Proof For any u € Pg,\Pr,, then k(t)R; < u(t) < Rs. From Lemma 2.2(c), we have
1
| Aul| < N/ G(5,$)a(s) frs ma (5)ds 2 M.
0

Thus ||Aul| < M, which implies that A is bounded on Pg,\Pg, .
Next, we prove that {(Au)(t),u € V} is equicontinuous on [0,1], for all V' C Pg,\Pg,.
Notice that (Au)(t) can be expressed as (Au)(t) = (Aju)(t) + (Aau)(t), where (Aju)(t), (Agu)(t)

have the expressions
1
(Ar)(6) = [ G(t,5)a(s)f(s,u(s))ds,
0
and

(Asu)(t) =B(1) /O /O Glr, )h(F)a(s) f (s, u(s))drds+
C(t)/o /0 G(t,s)g(T)a(s)f(s,u(s))drds.

Then, to prove that {(Au)(t),u € V} is equicontinuous on [0,1], we only need to show that
{(A1u)(t),u € V} and {(A2u)(t),u € V} are equicontinuous on [0, 1].
First, we will show {(Aju)(t),u € V'} is equicontinuous. The proof can be divided into four

cases.
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Case 1 (30 # 0, then )

/0 a(s)fr,r,(s)ds < 0. (2.3)
For any t1,ts € [0,1], t1 < ta,

[(Aru)(t1) = (A1u)(t2)]

’/ G(t1,s) (s,u(s))ds — /01 G(ta,8)a(s)f(s,u(s))ds

/ |G tla tQ, )|a(5)f(5,U(s))ds
/ G(t1,5) = G(t2, s)|a(s) fr, r,(s)ds.

This, together with the uniform continuity of G(¢,s) on [0,1] x [0, 1] and (2.3), guarantees that
{(A41u)(t),u € V} is equicontinuous on [0, 1].

Case 2 =0, § #0, then
/ ¢ fR1R2 dS < +00. (24)

We first show that lim;_,q+ Aju = 0 uniformly with respect to u € V.
Notice that

(Ayu)(t / Glt, 5)a u(s))ds

1t
- ;/0 ¢(t)¢(8)a(8)f(s,u(s))ds+;/t d(s)(t)a(s) f(s,u(s))ds.

I 1/t
;/0 o) (s)a(s) f(s,u(s))ds < f/ d(s)Y(s)a(s) f(s,u(s))ds

Since

/ o(s (8)fRy Ry (8)ds,

and (2.4), we deduce that

lim * / (1) (s)als) f(s, u(s))ds = 0 (2.5)
0

t—0t p
uniformly with respect to u € V.
On the other hand, for any given € > 0, by (Hp) there exists £ > 0 such that

/¢ (5) frma(s)ds <2, 1€ (0,6). (2.6)

In view of

1 1
5[¢@wwmvmwm®

1 /¢ 1 /!
=1 | oeua) s ueNds 5 [ otawiena(s) o, u(s)ds
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/ ¢ fR1R2 s+ 77/ ¢ fR1R2( )d
(2.4), (2.6) and lim; ,g+ ¥(t) = 0, we have
Jim = [ 9(s)0)a(s) (s, u(s))ds = 0 (2.7

uniformly with respect to u € V.
From (2.5) and (2.7) it follows that lim; ,o+ Aju = 0 uniformly with respect to v € V.
Now we are in position to show that for any a € (0,1/2), {(41u)(t),u € V'} is equicontinuous
on [a,1— a].

In fact, for any t1,t3 € [a,1 — a],t1 < t2
|(A1u)(t1) — (Aru)(t2)|

= / G(t1,8) (s, u( ds—/ G(ta, 8)a(s )f(s,u(s))ds)
< / G(t1,s)a(s)f(s,u(s))ds — Gtg,sas 5,u(s))ds‘+
0
1—a l1—a
/ G(t1,s) (s,u(s ds—/ G(te,s)a(s)f(s u(s))ds‘—t—
|
G(t1,s) (s,u(s))ds — G (t2,8)a (s))ds)
1—a 1—
< |p(th) — o(te |/ P(s (s,u(s))ds+

/al aG (t1,5)a(s)f(s,u(s))ds — /al_a G(tg,s)a(s)f(s,u(s))ds‘—&—

1
¥ (t1) — ¢ (t2)] ¢(8)a(5)f(8 u(s))ds

< 16(t1) — B(t) |/ e ))ds+
l1—a l1—a
/ Gm@mwwwmmf/ Gt 5)a(s) f (s u(s))ds| +
9(12) - <Mm§;51¢mw>@vmmwm

< [o(t1) — d(t2 |/ ¥(s)a(s) fr,r,(s)ds+
/ a|G(t1 s) — G(ta, s)|a(s) f(s,u(s))ds+

o(t) — /¢ (5) s o (5)ds.

Let m = minygjq,1—q) k(t ) Then u(t) € [mRy, Ry], so there exists D > 0, such that
maxye[q,1—q |a(t) f(t,u(t))] < D, which implies

(Avu)(h) — (Ayu)(t2)] <|6(t2) — m\/w ) Freyea () +
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(1) - /<¢ (3) s (5)ds
l-a
D/ tl, tg, )\ds

By (2.4), it is easy to see that {(Aju)(t),u € V'} is equicontinuous on [a, 1 — a].
Finally, for any given € > 0, by (Hy), there exists b > 0, which satisfies

/'¢ (5)fr s (5)dls < e. (2.8)

Then, we will show that {(A4;u)(t),w € V} is equicontinuous on [b, 1].
In fact, for any t1,t5 € [b,1], 1 < to,

[(Aru)(t1) — (Aru)(ta)]

‘/ G(t1,8) (s,u(s ds—/O G(ta, s)a(s)f su(s))ds‘
—\./l¢m sous)as + 1 [ 60015 (65~

70 o(t2)0(s)als) 8_,/’¢ (5, u(s))ds|
g‘ / o(t1)v (s,u(s ds—f/ d(t2)(s)a(s) f(s,u(s))ds|+

; w>w Da(s) (s, uls d**t/¢ u(s))ds
< Jo(tn) - o(t) / e s + 222) / e u(s))ds+
% P(s)¥(t1)a(s)f(s,u(s))ds + % P(s)(tz)a(s)f(s, u(s))ds
< - |¢ t1) — ot I/ (s 9lta) / o(s u(s))ds+
% d(s)p(s)a(s)f(s,u(s))ds + % P(s)v(s)a(s)f(s,u(s))ds
< - |¢ t1) — o(t2 |/ Y(s)a(s) fr, R, (s 9(ta) / Y(s)a(s) fr,r,(s)ds+

/ P(s s)fR, R, (s)ds + — / B(s)¥(s)a(s) fryr,(s)ds.

This, together with (2.4), (2.8) and uniform continuity of ¢(¢) on [0, 1], guarantees that {(A;u)(t),u € V'}

is equicontinuous on [b, 1]. Therefore, {(Aju)(t),u € V'} is equicontinuous on [0, 1].

Case 3 8+#0,6=0, thenf0 a(s) fr,r,(s)ds < +o0.

The proof of Case 3 is blmllar to that in Case 2. We just list the main steps: Firstly,
we prove lim;_,;- Aju = 0 uniformly with respect to u € V. Secondly, for any a € (0,1/2),
{(A41u)(t),u € V} is equicontinuous on [a,1 — a]. Thirdly, there exists b > 0 small enough, such
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that {(Ayu)(t),u € V'} is equicontinuous on [0, b]. Therefore, {(Aju)(t),u € V'} is equicontinuous
on [0, 1].

Case 4 =0, =0, then fol d(8)Y(s)a(s) fryr,(s)ds < +oo.

The case can be proved by justifying lim;_,q+ Aju = 0 and lim;_,;- Ayu = 0 uniformly with
respect to u € V', which then implies that for any a € (0,1/2), {(A1u)(t),u € V'} is equicontinuous
on [a,1—a].

Through above discussions, we know that {(A4;u)(t),u € V'} is equicontinuous on [0, 1]. The
equicontinuity of {(Au)(t),u € V'} on [0, 1] can be proved easily. Therefore, {(Au)(t),u € V'} is
equicontinuous on [0, 1].

In addition, according to the Lebesgue dominated convergence theorem and
1
/ G(s,8)a(s)fr, r,(s)ds < 400,
0

we can easily get the continuity of A. Thus A : Pg,\Pr, — P is completely continuous. The
proof is completed. [J

Lemma 2.5 (Krein-Rutmann [9]) Let E be a real Banach space, E* the dual space, P a total
cone in F and P* the dual cone of P. Let L : E — E be a positive, completely continuous,
linear operator, r(L) the spectral radius of L and L* the dual operator of L. If there exist
1 € E\(—P) and a positive constant ¢ such that cL(1) > 1), then the spectral radius r(L) # 0
and there are p € P\ {0} and w € P*\ {0} such that Lp = r(L)p and L*w = r(L)w.

Define K = {u € FE,u(t) > 0,t € [0,1]}, then K is a cone in E. Let the dual space of E and
the dual cone of K be denoted by E* and K*, respectively. They are represented by

E*={v: v is right continuous on [0,1) and is of bounded variation on [0, 1] with v(0) = 0}

K* = {u € E*, v is nondecreasing on [0, 1]}.

Moreover, the bounded linear functional on E can be represented in the Riemann-Stieltjes integral
1
(v,u) = / u(t)dv(t), ue E, ve E".
0

Define )
(Lu)(t) = / H(t, s)a(s)u(s)ds, u € E.
0

It is easy to see that L : E — E is a completely continuous, linear operator, satisfying L(K) C

K. That is, L is a positive, completely continuous, linear operator. It is easy to know that
s 1
(L*)(s) = / / H(t, T)a(r)dv(t)dr, ve B,
0o Jo
where L* : K* — K™ is the dual operator of L.

Lemma 2.6 The spectral radius of L is positive and there exists ¢ € K \ {0} such that
r(L)q(s) = fol H(t,s)a(s)q(t)dt and fol q(t)dt = 1. Furthermore there exists w > 0, such that
[ u(t)q(t)dt > wlul], for u € P.

Proof From Lemma 2.2(a) we know that there exists [t1, 2] C (0,1) such that H(¢,s) > 0, for
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t,s € [t1,ta]. Take u(t) € E, such that u(t) > 0, for ¢t € [0,1], and u(t3) > 0, and u(t) = 0 for
t ¢ [t1,t2]. Then for t € [t1, 2], we have

/ H(t,s)a(s)u(s)ds = : H(t,s)a(s)u(s)ds > 0.

ty
So there exists a constant ¢ > 0 such that c¢(Lu)(t) > w(t) for all ¢ € [0,1]. From Lemma
2.5, we know that the spectral radius r(L) # 0 and there are p € K \ {0} and w € K*\ {0}
such that Lp = r(L)p, L*w = r(L)w with w(l) = 1. Let ¢(¢t) = w'(t). Then ¢ € K \ {6},

fo )q(t)dt and fo t)dt = 1.
Notlce that for u € P, we have u(t) > k(t)||ul, so fo t)dt > fo q(t)dt||lul|. Let
w= fo t)dt. We have w > 0 and fo Yq(t)dt > wl|ull. D

Lemma 2.7 ([10]) Suppose that E is a real Banach space and P C E is a cone. Let A :
Pg,\Pr, — P be a completely continuous operator with Ry < Ry < R3. Suppose the following
three conditions hold

(i) I1Az]l > all, Vo € OPg,;

(ii) || Az| < ||z||, V& € OPr,;

(iii) ||Az|| > ||z||, Yz € OPg,,
where P, = {u € P, ||u|| = r}. Then A has at least two fixed points in Pr,\Pgr, U Pr,\Pg,-

Lemma 2.8 ([10]) Let E be a real Banach space, and P C E be a cone. Suppose that
A: P, — P is a completely continuous operator. If Ap # pp, Vo € OP,, 1 > 1, then the fixed
point index i(A, P, P) = 1.

Lemma 2.9 ([10]) Let E be a real Banach space, P C E be a cone. Suppose that A : P, — P
is a completely continuous operator. If there exists o € P\{6} such that ¢ — Ap # o,
Yo € OP,, u > 0, then the fixed point index i(A, P, P) = 0.

3. The main results

In this section, we shall discuss that BVP (1.4) has at last two positive solutions under some
conditions. For convenience, we list the following conditions

(Hy) There exist b(t) € C([0,1], [0, 4+00)), which does not vanish identically on any subin-
terval of [0,1], and g > 0, such that f(t,u) > (A1 +eo)u —b(t), for ¢t € (0,1), where \yr(L) = 1.

(Hy) There exist r; > 0 and &1 > 0, such that f(¢,u) > (A +&1)u, for 0 <u <7y, t € (0,1).

(H3) There exists Ry > 0, such that fo (s,8)a(s) fror, (s)ds < Ro/N.

(Hy) There exist [c,d] C [0,1] and I > 0, such that f(¢t,u) > nu, for t € [¢,d], u € [, +00),
1
fcd’ H(%,s)a(s)k(s)ds’
(Hs) There exist ro > 0 and ¢(t) € L(0,1) such that f(¢,u) > ¢(t) for t € (0,1),u € (0,73],
and fol G(s,s)a(s)p(s)ds > 0.

In terms of these conditions, we can show the main result about BVP (1.4) in the next

where n =

theorem.
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Theorem 3.1 If (I), (II) (Hy)—(Hs) are satisfied, then BVP (1.4) has at least two positive

solutions.

Proof Let f =r(L fo t)dt, R > max{—-—+
have o — Ap # upg, where py = fo (t,s)ds. Otherw1se, there exist g € dPg, and pg > 0, such

Ro} Then, for ¢ € OPg and pu > 0, we

E0 UJT
that ¢g — Apy = popo, thus, by Hi, we have
1
o = Apo + propo > Apo = / H(t,s)a(s)f(s,po(s))ds
0

> (M + o) /0 H(t, s)a(s)eo(s)ds — /O H{(t, 5)a(s)b(s)ds,

which implies

/01 q(t)po(t)dt > (A1 + &0) /1 q(t) /1 H(t,s)a(s)po(s)dsdt —/ / H(t, s)a(s)b(s)dsdt.
:(A1+50/0¢0 /Hts )dtds—/ /Hts o(t)dtds.

= (M +0)r <L>/ po(s)a(s)ds — B.

0
1
=(1+ 50r(L))/O wo(s)q(s)ds — 8.

So, 5 > eor(L)) fol vo(s)g(s)ds > eor(L))w|woll = eor(L))wR, which is a contradiction with the
assumption of R. Then we have i(A, Pg, P) = 0.

Let r < min{Rp,r1}. Then for ¢ € OP,, and 7 > 0, we have ¢ — Ay # 7pg. Otherwise,
there exist g € JP,, and 79 > 0, such that ¢y — Apy = Tpo, thus, by (Hs), we have

1
wo =Apg + Topo > Apo = / H(t,s)a(s)f(s,o(s))ds
0

> +e) [ HE ()

/O d(O)po(t)dt > ( + 1) / a(t) / H(t, s)a(s)po(s)dsdt,

= ()\1 +81)7”(L)/ (,0()(?5)6](t)dt7

0

which implies

1 1
- / oo (gl 4 e1r(L) / co(Da(t)dt.
0 0

So, 0 > fo o (t)q(t)dt > 0, which is a contradiction. Then we have i(A, P, P) = 0.
For uw € OPg,, we have Au # pu, pp > 1. Otherwise, there exist uy € 0Pg,, and po > 1,
such that Aug = poug. By (Hs), we have

potg = Aug = /0 H(t,s)a(s)f(s,uo(s))ds
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1
< N/ G(s,8)a(s) fror,(s)ds < Ry.
0

Thus poRy < Ry, which is a contradiction, so we have (A4, Pg,, P) = 1.

So, i(A, Pr,\P,, P) = 1 and i(A, Pr\Pg,, P) = —1. Therefore, BVP (1.4) has at least two
positive solutions. [

It is interesting that, from different conditions, we can show the same result as in Theorem

3.1, which is summarized in the following theorem.

Theorem 3.2 If (I), (II), (Hy), (Hs)—(Hs) are satisfied, then BVP (1.4) has at least two positive

solutions.

Proof Let ko = mins¢p. g k(t). Then u(t) > ko|u||. Suppose ||u|| = R; large enough, such that
u(t) > kollul| = koR1 > 1, so, by (Ha), we have

1
Al > Au(1/2) = [ (/2 5)0(6) (s, u(s))ds
d d
2/ H(1/2,s)a(s)f(s,u(s))dsZn/ H(1/2,s)a(s)u(s)ds

d
>n / H(1/2, 8)a(s)k(s)ds]ull = ]l

Let |lu|| = r small enough such that r < min{fo1 H(1/2,s)a(s)¢(s)ds,re, Rg}. Then by
(H5)7

| Aul > Au(1/2) = / H(1/2, s)a(s) (s, u(s))ds

1
> / H(1/2, s)a(s)p(s)ds > [Jull.

For u € OPg,, by (Hs), we have

1
[[Aull < N/ G(s,s)a(s) frory (s)ds < Ro = [Jul|.
0
To sum up, by Lemma 2.7, our conclusion follows.

Corollary 3.1 If (I), (II), (Hy), (H1), (H3), (Hs) are satisfied, then BVP (1.4) has at least two

positive solutions.

Corollary 3.2 If (I), (II), (Hy), (H2), (Hs), (Hy) are satisfied, then BVP(1.4) has at least two

positive solutions.

Remark Under the assumptions of (I), (II), if (Hp), (Hi), (Hs) or (Ho), (Hz), (Hs) or (Hop),
(Hs), (Hy) or (Hp), (H3), (Hs) are satisfied, then BVP (1.4) has at least one positive solution.
Two examples are presented in Section 4 to illustrate how our main results can be used in

practice.

4. Examples



348 Yongpeng CHEN and Baoxia JIN

Example 4.1 Consider the singular integral boundary value problem

u”(t):w;ft( + (u(t))?),
u(0) = [, Su(s)ds ) Jo Suls)ds.

Then BVP (4.1) has at least two positive solutions.

€ (0,1),

(4.1)

Proof BVP(4.1) can be regarded as a BVP of the form (1.4), where p(t) = a(t) =1, f(t,u) =
1 (L 2 — -1 - — 5 = — — —
9\/7m(\/a—|—u ), h(s) =g(s) =3, a=y=1,=0=0ande=1, p=1. Let Ry = 1. We

can easily find that the conditions of Theorem (3.1) are satisfied, so it has at least two positive

solutions. OJ

Example 4.2 Consider the singular integral boundary value problem

u’/(f) = ﬁ( + u(t )1) € (0,1), (4.2)
fo % , u(l) = % (s)ds.

Then BVP (4.2) has at least two positive solutions.

Proof BVP(4.2) can be regarded as a BVP of the form (1.4), where p(t) = a(t) = 1, f(t,u) =
1 1 _ _ 1 5 - _
ﬁ(5+u)7h(s)—g(s)—2,04—7—1,5—6—0ande—1 p =1 Let Ry = 3,
2)

_ 1 . o . .
o(t) = et We can easily find that the conditions of Theorem (3.2) are satisfied, so it has

at least two positive solutions. (]
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