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Abstract A new system of set-valued variational inclusions involving generalized H(-,-)-
accretive mapping in real g-uniformly smooth Banach spaces is introduced, and then based on
the generalized resolvent operator technique associated with H(:,-)-accretivity, the existence
and approximation solvability of solutions using an iterative algorithm is investigated.
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1. Introduction

In 1994, Hassouni and Moudafi [1] introduced and studied a class of variational inclusions
and developed a perturbed algorithm for finding approximate solutions of the variational inclu-
sion. Since then, Adly [2], Ding [3], Ding and Luo [4], Huang [5, 6], Huang et al. [7], Ahmad and
Ansari [8] have obtained some important extensions of the results in various different assump-
tions. For more details, we refer to [1-26] and the references therein.

In 2001, Huang and Fang [9] were the first to introduce the generalized m-accretive map-
ping and gave the definition of the resolvent operator for the generalized m-accretive mapping
in Banach spaces. Since then a number of researchers investigated several classes of generalized
m-accretive mappings such as H-accretive, (H,n)-accretive and (A, n)-accretive mappings, see
for example [4,10-22]. Recently, Zou and Huang [23, 24] and Kazmi et al. [20] introduced and s-
tudied a class of H(-, -)-accretive mappings in Banach spaces, a natural extension of M-monotone
mapping and studied variational inclusions involving these mappings. Luo and Huang [25] in-
troduced and studied a new class of B-monotone mappings in Banach spaces, an extension of

H-monotone mapping [13]. They showed some properties of the proximal-point mapping associ-
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ated with B-monotone mapping and obtained some applications for solving variational inclusions
in Banach spaces.

Recently, Kazmi et al. [26] introduced a class of accretive mappings called generalized H(-, -)-
accretive mappings, a natural generalizition of accretive (monotone) mapping studied in [13—
15,22, 23, 25] in Banach spaces. They proved that the proximal-point mapping of the generalized
H(-,-)-accretive mapping is single-valued and Lipschitz continuous and they also studied a system
of generalized variational inclusions involving generalized H(-,-)-accretive mappings in real g-
uniformly smooth Banach spaces.

Motivated and inspired by the research work going on in this field, we introduce and study
a new system of set-valued variational inclusions involving generalized H (-, -)-accretive mapping
in real g-uniformly smooth Banach spaces, which include many systems of variational inclusions
studied by others in recent years. By using the properties of the resolvent operator associated with
generalized H(-,-)-accretive mappings, we explore the approximation solvability of the above-
mentioned system of set-valued variational inclusions. The results presented in this paper extend

and improve the corresponding results in the literature.

2. Preliminaries

Let E be a real Banach space with its norm || - ||, E* the topological dual of E, and d the
metric induced by the norm || - ||. We denote by 2, (...} and CB(E) the family of all nonempty
subsets of E, the dual pair of F and E*, and the family of all nonempty closed bounded subsets
of E, respectively. Let D(:,-) be the Hausdorftf metric on CB(E) defined by

D(A, B) = max{sup d(z, B), sup d(4,y)},
TEA yeB

where d(z, B) = inf,ep d(z,y) and d(A,y) = infyec 4 d(z, y).
The following concepts and results are needed in the sequel.

Definition 2.1 ([27]) For ¢ > 1, a mapping J, : E — 2" is said to be generalized duality
mapping, if it is defined by

Jo(x) ={f € E": (z, f) = [|l=[| |l=[|""" = If|I}, Vz € E.
In particular, J5 is the usual normalized duality mapping on E. It is well known that [2]
Jo(@) = 2] "2 Ja(2), Va(#0) € E.
Note that if E = H, a real Hilbert space, then J> becomes the identity mapping on H.
Definition 2.2 ([27]) A Banach space E is called smooth if, for every x € E with ||z| = 1,

there exists a unique f € E* such that ||f| = f(x) = 1.
The modulus of smoothness of E is the function pg : [0,00) — [0, 00), defined by
+yll + [lz = yll
2
Definition 2.3 ([27]) The Banach space E is said to be

|z
pi(r) = sup{ liaye Bl =1y = 7).
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(i) Uniformly smooth if lim, o ”%m =0;
(ii) q-uniformly smooth, for ¢ > 1, if there exists a constant ¢ > 0 such that pg(7) <
er?, T € [0, 00).

It is well known that L, (or ;) is [22]
g-uniformly smooth, if 1 < g < 2,
2-uniformly smooth, if ¢ > 2.

Note that if E is uniformly smooth, .J; becomes single-valued. In the study of characteristic

inequalities in g-uniformly smooth Banach space, Xu [27] established the following lemma.

Lemma 2.4 Let ¢ > 1 be a real number and let E be a smooth Banach space. Then E is

g-uniformly smooth if and only if there exists a constant c, > 0 such that for every x,y € £/
[z +yll? < [lz]l* + gy, Jo(2)) + cqllyll?-

Definition 2.5 ([4]) Let E be a real uniformly smooth Banach space, A : E — CB(E). A
mapping N : Ex E — F is said to be a-strongly accretive with respect to A in the first argument

if there exists a constant o > 0 such that
<N(UJ1, ) - N(wQa ')7 Jq(u - U)> > a||u - U||q7 VU,’U € E7w1 € A(’U,), wa € A(U)
Similarly, we can define [5-strongly accretive with respect to A in the second argument.
Lemma 2.6 ([28]) Suppose that ¢ > 1. Then the following inequality holds
1 —1 a1
ab < —a? + quT
q q
for arbitrary positive real numbers a, b.

Definition 2.7 A set-valued mapping s : E — 2F is said to be £-D-Lipschitz continuous if there
exists £ > 0 such that
D(s(x),s(y)) < Elle —yll, Va,yeE.

Throughout the rest of the paper unless otherwise stated, we assume that E is g-uniformly

smooth Banach space.

Definition 2.8 A mapping A : E — FE is said to be

(i) Accretive if (Ax — Ay, Jy(x —y)) >0, Vz,y € E;

(ii) Strictly accretive if (Ax — Ay, Jo(x —y)) > 0, Vz,y € E and equality holds if and only
ifx =y;

(iii) d-strongly accretive if there exists a constant § > 0 such that (Azx — Ay, J,(x — y)) >
dllz — yl|?, Yo,y € E.

Definition 2.9 ([23]) Let A,B : E — E be single-valued mappings and H : E x E — E be
mapping.

(i) H(A,") is said to be a-strongly accretive with respect to A if there exists a constant
a > 0 such that (H(Az,u) — H(Ay,u), Jo(x —y)) > a|lz —y||9, Yo,y € E;
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(ii) H(-,B) is said to be (-relaxed accretive with respect to B if there exists a constant
B > 0 such that (H(u, Bx) — H(u, By), J,(z — y)) > —Bllx —y||?, Vz,y € E;

(iii) H(-,-) is said to be af-symmetric accretive with respect to A and B, if H(A,-) is
a-strongly accretive with respect to A and H (-, B) is S-relaxed accretive with respect to B with
a > B, and a = B if and only if v = y,Vx,y,u € F;

(iv) H(:,-) is said to &-Lipschitz continuous with respect to the first argument if there exists
a constant & > 0 such that ||H(z,u) — H(y,u)| < ¢|lz —yl|, Va,y,u € E;

(v) H(.,-) is said to n-Lipschitz continuous with respect to the second argument if there

exists a constant n > 0 such that ||H (u,z) — H(u,y)| < nllz —yl|, Vz,y,u € E.

Definition 2.10 ([25]) Let T : E — 2F. M : E x E — 2F be set-valued mappings, and
f,9: E — E be single-valued mappings.

(i) T is accretive if (u — v, Jy(x —y)) > 0, Vz,y € E, Yu € Tz,v € Ty;

(ii) T is strictly accretive if (u—v, Jy(x —y)) > 0, Va,y € E, Yu € Tx,v € Ty and equality
holds if and only if x = y;

(iii) T is r-strongly accretive if there exists a constant r > 0 such that (u — v, Jy(x —y)) >
rlle —y||?, Va,y € E, Yu € Tz,v € Ty;

(iv) T is s-relaxed accretive if there exists a constant s > 0 such that (u — v, Jy(x — y)) >
—sllz —y||9, Ve,y € E,Yu € Tx,v € Ty;

(v) M(f,-) is said to be a-strongly accretive with respect to f if there exists a constant
a > 0 such that (u — v, Jy(z —y)) > aflz — y[|?, Vo,y,w € E, Yu € M(f(z).w),v € M(f(y),w);

(vi) M(-,g) is said to be p-relaxed accretive with respect to g if there exists a constant
B > 0 such that (u—v, Jy(x —y)) > —Bllz —y[|?, Vz,y,w € E, Vu € M(w,g(z)),v € M(w,g(y));

(vii) M(-,-) is said to be af-symmetric accretive with respect to f and g, if M(f,-) is
a-strongly accretive with respect to f and M(-,g) is f-relaxed accretive with respect to g with
a > f,and o = if and only if x = y.

Now, we define the following concept.

Definition 2.11 ([26]) Let A, B, f,9: E — E and H : E x E — E be single-valued mappings.
Let M : E x E — 2F be a set-valued mapping. The mapping M is said to be generalized o3-
H(-,-)-accretive with respect to A, B, f and g, if M(f,g) is af-symmetric accretive with respect
to f and g, and (H(A, B) + AM(f,g))(E) = E for every A > 0.

Lemma 2.12 ([26]) Let A,B, f,g: E — E; let H: E x E — E be o'f’'-symmetric accretive
mapping with respect to A and B and o/ > (', and let M : E x E — 2F be a generalized
aff—H (-, -)-accretive mapping with respect to mappings A, B, f and g. If the following inequality:
(u—wv, Jy(x—y)) > 0, holds for all (v,y) € Graph(M(f,g)), then (u,x) € Graph(M(f, g)), where
Graph(M(/,9)) = {(u,a) € E x B : (u,) € M(J(x),g(x))}.

Lemma 2.13 ([26]) Let A,B, f,g: E — E and let H : E x E — E be o/ f’'-symmetric accretive
mapping with respect to A and B. Let M : E x E — 2F be a generalized a3-H(-,-)-accretive
mapping with respect to mappings A, B, f and g. Then the mapping (H(A, B) + AM(f,g))~!



450 Dapeng GAO and Shigiang FENG
is single-valued for all A > 0.

Definition 2.14 ([26]) Let A, B, f,g : E — E be single-valued mappings and let H : EXE — E
be o 3'-symmetric accretive mapping with respect to A and B. Let M : E x E — 2F be
generalized af-H (-, -)-accretive mapping with respect to mappings A, B, f and g. The proximal-
point mapping Rf/f(('_’;_)% \ i B — E is defined by

REC) (@) = (H(A, B) + AM(f,9)) " (2), Vo € E.

Lemma 2.15 ([26]) Let A,B, f,g: E — E and let H : E x E — E be o/ §'-symmetric accretive
mapping with respect to A and B. Suppose that M : E x E — 2F is a generalized a3-H(-,)-
accretive mapping with respect to mappings A, B, f and g. Then the proximal-point mapping

Rﬁ((‘fi)) \ i B — E is Lipschitz continuous with constant L, that is,

H(,
| Ry

-,»)),,\(w*) _RH(-,*) (y*)H < L||3U* _y*”7 V$*7y* cE,

M)A

— 1
where L = 5ia—gy (o)

3. System of set-valued variational inclusions and convergence analysis

Throughout the rest of the paper unless otherwise stated, we assume that, for each i =
1,2, E;— is g;-uniformly smooth Banach space with norm || - ||;.

Let Ay, B, f1,91 : E1 — FE1,A2,Bs, fo,g0 : Es = Es,m : Es — Ei,n : By — FE3 be
nonlinear mappings, and G : By — 281, Q : By — 22 U : E; — 2P and V : By — 272 any four
set-valued mappings. Let Fy, Hy : F4 X Es — Fq, F5, Ho : 1 X E5 — Es be nonlinear mappings,
and let M, : By x By — 2F1 and M, : By x By — 2F2 be generalized a4 81 — Hy (-, -)-accretive and
generalized asf8y — Ha(+,-)-accretive mappings, respectively. We consider the following system
of set-valued variational inclusions (SSVI): find (x,y) € E1 x Es, (s,v) € G(z) x Q(y), (u,t) €
U(z) x V(y) such that

m(y) € Fi(s,v) + Mi(f1(z), g1(x))

n(z) € Fa(u,t) + Ma(f2(y), 92(y))

We remark that for suitable choices of the mappings m, n, G, U, V, Ay, As, B, Bo,
f1, fo, F1, Fs, g1, g2, Hi, Ho, My, M5 and the spaces E;, Fo reduce to various classes of
system of variational inclusions and system of variational inequalities, see for example [11, 13-
17,19,21,22,26] and the references therein.

Theorem 3.1 (z,y) € By X Ea,(s,v) € G(z) xQ(y), (u,t) € U(x) xV(y) are solutions of (SSVI)

if and only if (z,y,u, v, s,t) satisfies

T = RHl('a‘)

= Ry (00, [H1(A1, Br)(z) = M Fi(s,v) + Aim(y)]

(3.1)
y = Rf\i’fz((-.:..))’)\2 [Hy(Asz, Ba)(y) — Ao Fo(u,t) + Aen(ax)]

where A1, Ao > 0 are constants;

Rﬁll((.ﬂ'.)),xl(w) = (H1(A1, Br) + M Mi(f1,91)) " H@);
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Ry @) = (Ha(Ag, Bo) + Ao Ma(f2, 92)) " (), ¥ € By, y € Ea.

Proof This is an immediate consequence of the definitions of RJ\HA(()) A RAH;Q(()) ), and hence,
is omitted.

The relation (3.1) and Nadler [29] allow us to suggest the following iterative algorithm.

Algorithm 3.2 Let
2= Hi(Ay, By)(x) — M(Fi(s,v) = m(y))

and
= Hy(Ag, B2)(y) — Aa(Fa(u,t) —n(x))

for convenience.
For given (7o,y0) € E1 % Ea,(s0,v0) € G(x0) X Q(yo), (uo,t0) € U(wo) x V(yo), (20,29) €
F4 x E5, compute
2y = Hi(A1, B1)(w0) — M(Fi(s0,v0)) — m(yo)),

2 = Ha(Az, B2)(yo) — A2(F2(uo, to) — n(w0)).

For (z1,z]) € E1 x Es, we take (21,91) € E1 X E» such that z; = Rﬁll(( )/\1(2/) =

RH2('7') (1)
MQ("')7>\2 1 :
Then, by Nadler [29], there exist (s1,v1) € G(x1) X Q(y1), (u1,t1) € U(x1) x V(y1) such
that

lur —woll < (1+1)D(U(z1),U(zo)),
o1 = voll < (1+ 1)D(Q(y1), Qo))
[s1 = soll < (1 +1)D(G(z1), G(z0)),
[t1 = toll < (1 + 1)D(V(y1), V(y0)),

where D(-,-) is the Hausdorff metric on CB(E;) (for the sake of convenience we also denote by
D(-,) the Hausdorff metric on CB(FE3)).
Compute
2y = Hi(Ay, By)(21) — M (Fi(s1,v1)) — m(y),
2y = Hy(Az, Ba)(y1) — Ao (Fa(ua, tr) — n(x1)).
By introduction, we can obtain sequences (xy, yx) € E1X Ea, (sk,vr) € G(ak) X Q(yk), (ug, ti) €
U(zk) x V(yk), (21, 2) € E1 x E5 by the iterative scheme:
— RHI('v') — RHQ('v')

Tk = M1(~,~),A1(2;€)’ Yk = MQ(.,.),AQ(ZZ)-

ug € U(zg), [[upt1 —wrl| < (1+ )D(U (zg41), Ul(zk)),

k+1

vk € QYk)s lvr+1 — vkl < (1 + m)D(Q(yk+l)aQ(yk))7

1
sk € G(xk), [Isk+1 — skl < (1 + m)D(G(IkH),G(%)),



452 Dapeng GAO and Shigiang FENG
1
tk € V(yr) It — el < (14 m)D(V(yk+l)7V(yk))7
Zy1 = H1(A1, Br) (k) — A (Fi(sk, vk) — m(ye)),
21 = Ha(Az, Bo)(yr) — Na(Fa(ug, tr) — n(xy))

for k=0,1,2,.... We now study the convergence analysis of Algorithm 3.2.

Theorem 3.3 For each i = 1,2, let E; be ¢;-uniformly smooth Banach space; let A;, B;, fi, gi :
E; — E; be single-valued mappings. Let H; : E1 x Es — E; be («;,0;) mixed Lipschitz
continuous and o f}-symmetric accretive mappings with respect to A; and B;, which is &;,n;
Lipschitz continuous.

Let M, : By x E; — 251 be generalized o131 — H,(-,-)-accretive mappings with respect to
A1, By, f1 and g1, and My : Ey x Ey — 252 be generalized a3y — Ha(-,-)-accretive mappings
with respect to As, Bo, fo and go.

F; : By x By — E; is Lipschitz continuous in both arguments with constants \r, and )\T:i,
respectively. G : By — CB(E),Q : B — CB(E,),U : Ey — CB(E,),V : Es — CB(E3) be
D— Lipschitz continuous mappings with constants Apag, Apq, Apu and Apy, respectively. Let
m: Fs — Ey1,n: E1 — Fy be Lipschitz continuous with constants \,, and \,, respectively. F}
is wy —strongly accretive with respect to G in the first argument and Fy is wo-strongly accretive
with respect to V' in the second argument. If there exist Ay > 0 and Ay > 0, such that

0<(s+0' + Vo +7'+ %L, < 1

(3.2)
0<(s"+0" + Wo' +7 + %7y < 1

where ' = (1 — qi(ay — B1) + ¢ (s + dim)®)o, 8" = (1 — ga(ay — B3) + cgp (262 +
1
< 1
52772)q2)q2 , Ly = [/\1(111—,31;4'(&'1—5{)]’ Ly = ha(az—PB2)F(ah—BL)]’ o' = Inax{l —Mqwi F Mg —
>\1)\m7 >\1)\m7 917 62}7 T/ = max{l*)\2QZW2+>\2>\n92*>\2>\m >\2>\n7 937 64}7 a,Hd 01 = 1%/ qu)\lAFH ADG;
0, = 4/Cq, (>\1XF1/\DQ —+ Al/\m), 03 = R/Cqs ()\2>\F2>\DU + >\n); 0y = q%/CqQAQXFQADV.
Then the problem (SSVI) admits a solution (z,y,u,v,s,t) and the iterative sequences

{zi}, {yr}, {ur}, {vr}, {sk} and {t;} generalized by Algorithm 3.2 converge to x,y,u,v,s and

t, respectively.
Proof From Algorithm 3.2 we have
[E—
= [|H1(A1, B1)(@k) — Ar(Fi(sk, vi)) — m(ye))—
[H1(A1, By)(2g—1) — M(Fi(sp—1,vk—1) — m(yr—1))]|l
< |Hi(Av, Br)(zk) — Hi(Ar, Bi)(g-1) — (2 — 2p-1) |+
lzh — xp—1 — M [Fi (s, vk) — m(ye) — (Fi(sk—1,v6—1) — m(yxe—1))]l- (3.3)
Since, for ¢ = 1,2, H; is o}B}-symmetric with respect to 4; and B;, and («;,d;) mixed
Lipschitz continuous, and A;, B; is &;,n; Lipschitz continuous, we have

| H1(A1, Br)(zk) — Hi(A1, Br)(zr-1) — (06 — 2p—1) |
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<ok = 2p—1 || — @1 (H1(Ax, Br)(wx) — Hi(A1, Br)(xr-1), Jg, (T — Tr—1))+
cq, [[H1 (A1, Br) () — Hi(A1, Br)(@p—1)[|”
< (1= aqi(e) = B1) + cqu (@r&n + dum) ™ )|Jxg, — w1 |7 (3.4)
Since Fj is Lipschitz continuous in both arguments, G, () are D-Lipschitz continuous, and
m is Lipschitz continuous, we have
1 F1 (sk, vk) — m(yr) — (F1(sk—1,vk—1) — m(yr—1))||
= [|F1(sk, vk) = Fi(sk—1,0%) + Fi(sk-1,0%) — Fi(sk-1,vk—-1) = (m(yx) — m(yx—1))|
< Fi(sksve) — Fr(se—1, ve) | + [[F1(Sk—1, %) — F1(sk—1,ve—1)[| + [lm(yx) — m(yx—1) |l
< Am sk = sk—1ll + Xr [lok — vk [l + Xnllyr — v

SAHO+%NXG@H(%M4»+Xmﬂ+%ﬂXQ@wCX%AD+Aka*%4H

<1+ k)AFl)\DGuxk — ||+ (1 + k))\Fl)\DQ”yk — Y-l + Amllye — yr—1l|
1 _
=1+ E)AFJ\DGHM — x|+ [+ E))\FJ\DQ + Amlllyr — yr—1ll- (3.5)

Again, since Fj is wj-strongly accretive with respect to G in the first argument, utilizing
(3.3) and Lemmas 2.4, 2.6, we have

m(yk) — (F1(sk—1,ve—1) — m(ye—1))][|"*
By (sk,vr) — m(yk) — (F1(sk—1,06-1) = m(yr-1)), Jou (T — Tp—1))+
g A 1P (sk, vk) — m(yw) — (Fi(sp—1,v5-1) — m(yr—1)) |
= |lzr — zp—1]|" — M@ (Fr(sk, ve) — Fi(sk—1,Vk-1), Jgu (Tk — T—1))+
Mg (m(yk) — m(yr—1), Jo, (Tk — Tp—1))+
g AT 1 F1(sk, vn) — m(yw) — (Fi(sk—1, vp—1) — m(yr—1)) "
<k — 2| = Mqrwr |ze — 21 [T + M lmye) — mye—1) | - [|ze — zp-1 "+
cq M I F1(sk, o) — m(yk) — (Fi(sk—1,vk-1) — m(yk—1))[|"
< (1= qw)llor = ze-1 | + Mg dnllye — yp—all - |oe — 21 [|T+

ca AMIFL (5K vk) — m(yr) — (Fi(sk—1,vk—1) — m(yx—1))[|"
q1 —

lzke — xx—1 — M [Fi(sk, v) —
(

<lzg — zp—1 || = M

1 1
< (1= Mgw)llze — zp—1||" + AlqlAm(;||yk —yp—1||? + lzp — zp—1]| ")+
1

e M+ ) + 26 Ao + Al — w1}
=1 - quwr + )\1)\ (@1 — D)llze — zp—a " + A m||yk — ye—1 [T+

{ /(1 + )>\F1/\DG||17k — -1l + W/l A1+ )/\FIADQ + Amlllye — yp—1 1}
<[(o+ q\‘ﬁ)ka — @1 + (0 + Vo) lye — yr-1[]"

which implies that

Ar Apg ek — o1 + [(1

|2k — 21 — M [F1(sk, ve) — m(yx) — (Fi(sk-1,vk—1) — m(yr—-1))]|l
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< (0 + Vo)lzk — xp-all + (0 + Vo) lyr — yr—1ll, (3.6)
where

1
o =max{l — Aqiw1 + A\ Amqr — M Am, M, 9/ (1 + E))\Fl)\DGa

1 —
Y, ch)‘l[(l + %))\Fﬁ)‘DQ + )\m]}

Note that limy_, o q{/qu)\l(l"F%))\Fl)\DG’ =04, limy_, ‘ZQ/qu)\l[(l—l-%)XFl )\DQ“")\m} =0,
where 0; = /¢, AR, Apc and 0y = W(x\lxpl)\[)@ + A Anm). Utilizing (3.4) and (3.6), we
deduce from (3.3) that

1241 — 26l < (5" + 0+ Vo)llzk — 2kl + (0 + Vo)llyr — ye-1ll, (3.7)

where s' = (1= qi(a = A1) + cq, (@1€1 + um) ) 7.
On the other hand, again from Algorithm 3.2, we have
12641 — 2kl

= [|H2(As2, B2)(yr) — Aa(Fo(uk, t)) — n(zr))—
[Ha (A2, B2)(yk—1) — Ao (Fa(uk—1,tk—1) — n(zx-1))l|

< |[Ha(Az, B2)(yr) — H2(Az2, B2)(yk-1) — (yr — ye—1) [+
Yk — yu—1 — Ao [Fa(un, tr) — n(rr) — (Fo(up—1,th—1) — n(@r—1))]]- (3.8)

Utilizing the same arguments as those for (3.5), we have

| H2(Az2, B2)(yx) — H2(Az2, B2)(yx—1) — (Y& — yr—1) |
<lyk — yp—1l1" — @2(H2(A2, B2)(yx) — H2(A2, B2)(Yk—1), Joo (Y — yk—1))+
Cqs[[H2(Az2, B2)(yk) — Ha(Az, B2) (y—1)|%
< (1= oy — B3) + cg, (a2a + 0212) ™) lyr — yr—1 %2 (3.9)
Since Fy is Lipschitz continuous in both arguments, U,V are D-Lipschitz continuous, and
n is Lipschitz continuous, we have
1F2 (uk, i) — nlaw) = (F2(uk—1,tki—1) — nf@e-1))||
= || Fa(uk, tx) — Fa(ug—1,tx) + Fo(ur—1,tx) — Fa(up—1,tk—1) — (n(xx) — n(xr—1))|
< 1 Fo(uk, ti) = Fa(up—1, te)l| + [1F2(ue—1, tr) — Fa(up—1, te—1)|| + [[n(zx) — n(@e—1)||
< Apllug — g ||+ Apy Itk — tra || + Anllar — zpa |

<Ap(L+ %)D(U(ﬂ?k)’ U(zp-1)) + Ap, (1 + %)D(V(yk% V(yk=1)) + Anllzk — zp—1|

1 1 —
<(1+ %))\FMDUH% —zpal + (1 + E)/\FQADVHyk = Y1l + Anllvr — zp-1 |

1 1 —
=[(1+ %)AFQADU + Anlllzr — zp—all + (1 + %))\Fz/\DV”yk — Yr—1]|- (3.10)

Tt follows that Fy is wo-strongly accretive with respect to the first argument. Utilizing (3.10)

and Lemmas 2.4, 2.6 gives

lyx — yb—1 = Aa[Fa(up, tr) — n(xy) = (Fa(up—1, te—1) — n(zr—1))][|*
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< lyk = yr—1l1” — Aaga(Fo(uk, t) — n(xr) — (Fo(up—1,tk—1) — n(xk-1))s o, (Y — Yu—1))+
Ca A3 1 Fa (s ti) = () = (Fa(up—1, te-1) — n(ze-1)) ™
< lyk — ye—1]|"* — Xoqa (Fa(up, t) — Fo(up—1,th—1)s Jgo (Yk — Yh—1))+
Aaga(n(zk) — n(@k-1), Joo (Yr — yr—1))+
Ca A3 | Fa (s ti) = () — (Fa(up—1, te-1) — nze-1))|*
< lyk = k[l = Aagawallyn — yr—1l|® + Aegaln(xr) — n(ze—1)ll - lux — e[|+
Cq A3 |1 Fa(ups tr) = (@) — (Fa(up—1, te—1) — n(@e—1)) "

1 g — 1
< (1= A2gowa)|lyr — ye—1l|” + AQQQAn<;||$k — o1 ||” + 72(] lyr — yu—1|%)+
2 2

1 1 —
g A (1 + AU + Anlller = -l + (L4 DA Aby vk — yr-1[l}*
= (I = Xoqowa + Ao (g2 — 1)) |lye — y—1[|® + XoAp ||zp — zp—1 ||+
1 1 —
{ %/Cena](1+ %))\FQADU + Aalllze — zp—1ll + /A2 (1 + ) AR Apvlye — yr—1 I}

k
<[(7+ ®/T)lon — 2e-1ll + (7 + %) vk — yre—1[]%
which implies that
e — yr—1 — Ae[Fa(ug, tx) — nlzk) — (Fo(uk—1,tk—1) — n(zr-1))]ll
< (r+ ¥D)llek — 2e—1ll + (7 + %)k — ye—1ll, (3.11)
where

1
T = max{l — Aoqaws + AaAnqa — Aoy, Ao\, q%/CqQ)\Q[(l + E))\FQ/\DU + /\n],

1 _
q%/c(p)\g(]. + E))\FQAD\/'}.

Note that limg 00 %/Cq, )\2[(1+%))\F2)\DU+)\71] = 03, limg 00 %/Cg A2 (1+ %)XFZADV =04,
where 63 = qg/cqz)\g()\pz)\DU + \,) and 64 = ‘Ze/cqz)\QXFz)\DV. Utilizing (3.9) and (3.11), we
deduce from (3.8) that

1251 — 2l < (8" + 74+ ¥/7T)lye — ye—a1ll + (7 + ¥/T)|2r — 21|, (3.12)
where s” = (1 — ga(oy — 35) + cg, (262 + 52772)q2)£~

Adding (3.7) and (3.12), we have

12ks1 — 2l + l2xga — 22
< ('t o+ Yook — zp-al + (0 + Vo)llyr — yr-1ll+
(8" + 74+ ®¥/T)lye — ye-1ll + (7 + ¥/7) |2k — 23|
< (s +o+ Vo+1+ 7|k — zp_1|+
(8" +7+ %7 +0+ Vo)l — yr—ll. (3.13)

Also from the iterative scheme, we have

Hy(-,- Ho(-,
ok — x|l = RIS (1) = REEC) L o)l < Ll — 2| (3.14)
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_ 1
where L1 = =g rar—ap) and
H Ho (-,
Iy = g1 | = 1RG5, ) = R 3 GEo DN < Lall2fl — 24| (3.15)
where Ly =

[/\2(012*/32)+(a/2*5é)] ’
Utilizing (3.14) and (3.15), we conclude from (3.13) that

Hzl/cﬂ - Z;cH + ||Z;c/+1 - ZIZH

<" +o+ Yo+74+ R/7)Li]|z, — 21|+

[(s" + 74+ %/T+0+ Yo)La]llz — 24| (3.16)

Observe that
kli}rf)loa =o' = max{l — Miq1w1 + MAmq1 — M Ay M Am, 01,602}, (3.17)
leH;oT =7 = max{l — Aaqawz + A2 Anq2 — AaAn, AaAn, 03,04} (3.18)

By (3.2), we know that 0 < s < 1, where
s=max{(s' + o' + Vo' +7 + %L1, (s" + o' + Vo' +7 + %/7)Ls}.

Now we take a fixed s € (0, 1) arbitrarily. Then from (3.17) and (3.18) it follows that there
exists an integer k > 1 such that for all k > k,

(s +o+ Vo+71+ %1)L1 <so, (8"+0+ Vo+7+ %/7)La < 50, (3.19)
so, we obtain from (3.16) that

I2k11 = 26l + l2ha — 251 < solllzk — 25l + 12 — 24 l)), VE >k, (3.20)
which implies that {7} and {z} are both Cauchy sequences. Thus, there exist 2/ € E; and
2" € Ey such that z;, — 2’ and z}] — 2" as k — oc.

From (3.14) and (3.15) it follows that {xx} and {yx} are also Cauchy sequences in F; and

Es, respectively, that is, there exist x € E1,y € Es, such that xy — x and yx — y as k — oo.
Also from the iterative scheme, we have

1 1
l[urgr — uel < (14 m)D(U(fﬂkH)a Ulze)) < (14 m)ADUHwkH — @k,

1 1
lvk+1 — okl < (1+ m)D(Q(ka)v Qyx)) < (1+ m)/\DQHka — Ykl

1 1
k41— skl < (1 + m)D(G(Ik+1)a G(zr) < (1+ m)ADGkaH — x|

1 1
— <(l14+-——)D 1
lte1 —tell < (1+ p 1) (V(yrks1), Vi(we)) < (1+ Pl

and hence {uy}, {vi}, {sk} and {t} are also Cauchy sequences. Accordingly, there exist u,s € F4

— ) Apv Ykt — vkll,

and v,t € Es, such that uy — u, vy — v, s — s and t, — t, respectively.
Now, we will show that u € U(x),v € Q(y), s € G(z) and t € V(y). Indeed, since uy, € U(xy)
and

d(ug,U(z)) < max{d(ug,U(x)), seubp( )d(U(ack),wl)}
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<max{ sup d(w2,U(z)), sup d(U(xg),w1)}
wa €U (z1) w1€U(z)
= D(U(x),Ul(x)),

we have

d(u, U(x)) < flu—ugl| + d(ux, U(2)) < [lu = ul| + DU (zx), U(x))

< |l —ugl + Apv|lzr — z|| = 0, as k — oo,

which implies that d(u,U(x)) = 0.

Taking into account that U(z) € CB(E}), we deduce that v € U(x). Similarly, we can show
that v € Q(y),s € G(x) and t € V(y).

By the continuity of Hy, Ha, A1, Ao, B1, Bo, m,n, Rﬁll(()))\l , RJ}\Z(())AQ ,G,Q,U,V, Fy, F, and
Algorithm 3.2, we know that z,y,u, v, s,t satisfy the following relation:

T = 1%]\1’1’411(())Al [H1(A1, B1)(z) — M Fi(s,v) + Aim(y))]

y= R0 | Ha(As, Bo)(y) — MaFa(u,t) + Aan ()]

By Theorem 3.1, (x,y,u, v, s,t) is a solution of problem (SSVI). This completes the proof.
O

4. An application

Condition (3.2) in Theorem 3.3 holds for some suitable value of constants, for example, we
now apply the results of Theorem 3.3 to LP spaces. Assume p = 3 and ¢, is the unique solution
of the equation (p — 2)tP~' + (p — 1)tP"2 =1 = 0,0 < t < 1, then Cp = (1 + 57 1)(1 4 t,)' 2.
Let ¢t = g2 =3,Cpy =Cpy =2 V2,01 =aa = a} =ah =04, = 2= =y =0.1,
& =01 =m =01, =3 =12 =01, A\ = A = 10,w; = wy = 0.03, A, = A, = 0.01,
AR, = Apg = Xpl = Apg = 0.01,A\p, = Apy = XFQ = Apy = 0.01. Thus, if all the conditions
for Theorem 3.3 are satisfied, one can apply Theorem 3.3 to the approximation-solvability of the
following system of set-valued variational inclusion problem:

find (z,y) € L? x L?,(s,v) € G(x) x Q(y), (u,t) € U(z) x V(y) such that

m(y) € Fi(s,v) + Mi(f1(x), g1(z))
n(z) € Fa(u,t) + Ma(f2(y), 92(y))
where corresponding mappings are above mentioned.
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