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Abstract The rank of a graph G is defined to be the rank of its adjacency matrix A(G). In
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1. Introduction

Throughout this paper we consider simple graphs. The rank of a graph G = (V(G), E(G)),
denoted by r(G), is defined to be the rank of its adjacency matrix; and the nullity of G, denoted
by n(G), is defined to be the multiplicity of zero eigenvalues of its adjacency matrix. It is easy
to see that r(G) + n(G) = |V(G)|. The graph G is called singular or nonsingular if n(G) > 0 or
n(G) = 0.

In chemistry, a conjugated hydrocarbon molecule can be modeled by its molecular graph.
It was known in [1] or [2], if the molecule represented by a graph G is chemically stable, then
G is nonsingular. In 1957, Collatz and Sinogowitz [3] posed the problem of characterizing all
singular graphs. The problem has received a lot of attention, although it is very hard and only
some particular results are known [4-7].

We review some known results related to this topic. In [8] and [9] the smallest rank among
n-vertex trees in which no vertex has degree greater than a fixed value was determined, and the
corresponding trees were constructed. The singular line graphs of trees were described in [10]
and [11]. The rank set of bipartite graphs of fixed order and the bipartite graphs of rank 4 were
determined in [12]. It was shown in [13] that all connected graphs with rank 2 (respectively,
3) are complete bipartite graphs (respectively, complete tripartite graphs). In [14] and [15], the
authors proved that each connected graph with rank 4 (or 5) is obtained from one of the 8 (or
24) reduced graphs by multiplication of vertices.

Now a natural problem is left open: To characterize graphs with rank 6. Because a graph

of rank 6 can be obtained by multiplication of vertices from its reduced form, the problem
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is equivalent to characterize reduced graphs with rank 6. We also note that regular bipartite
graphs with rank 6 has been characterized in [12]. In the present paper, we focus our attention

on connected reduced triangle-free graphs with rank 6, and characterize all such graphs.

2. Preliminaries

We first introduce two graph operations: multiplication and reduction of vertices. Let G
be a graph on vertices v1,ve, ..., U, and let m = (mq,ma, ..., m,) be a list of positive integers.
Denote by G om the graph obtained from G by replacing each vertex v; of G with an independent
set of m; vertices v}, v7,..., 0" fori =1,2,...,n, and joining v with v} for i =1,2...,m; and

j =1,2,...,m; if and only if v; and v; are adjacent in G for 4,5 = 1,2,...,n. The resulting

graph G om is said to be obtained from G by multiplication of vertices [14,15].

Define a relation ~ in V(G) in the way that x ~ y if and only if Ng(x) = Ng(y), where
N¢(z) denotes the neighborhood of a vertex = in G. Obviously, the relation is an equivalence
one, and each equivalence class ¥ = {z : Ng(x) = Ng(v)} is an independent set. Now construct
a new graph R(G) obtained from G by taking each equivalence class ¥ as a vertex and joining
v with @ if and only if v, u are adjacent in G. The graph R(G) is called to be obtained from G
by reduction of vertices, and is a reduced form of G. One can see the above two operations are

inverse to each other, and preserve the rank of graphs [12].

A graph is called reduced if itself is a reduced form, i.e., the neighborhoods of distinct
vertices are distinct. Denote H C G if H is a subgraph of G, and H < G if H is an induced
subgraph of G. For H C G and v € V(G), denote by Ny (v) the neighborhood of v in H. If two
vertices u and v are adjacent in G, then we write u ~ v; otherwise write u ~ v. The distance of
two vertices u, v in G is denoted as distg(u,v). For w € V(G)\V(H) and H < G, the distance
between w and H is denoted and defined by distg(w, H) = min,cy (my{diste(w,v)}. For later

use we now introduce some basic results.

Lemma 2.1 ([1]) Let G be a tree. Then r(G) = 2u(G), where u(G) is the matching number of
G.

Lemma 2.2 ([1]) Let G be a graph containing a pendant vertex, and let H be the induced
subgraph of G by deleting the pendant vertex and the vertices adjacent to it. Then n(G) = n(H),
or equivalently, r(G) = r(H) + 2.

Lemma 2.3 ([12]) Let B be a bipartite graph of order n. Then n(B) = n — 2k for some
ke{0,1,2,...,[2]}.

Lemma 2.4 ([16]) Let H be an induced subgraph of a reduced graph G for which r(H) = r(G).
If u,v € V(G)\V(H) are not adjacent in G, then Ny (u) # Ny (v).

Lemma 2.5 ([16]) Let H be an induced subgraph of a reduced graph G for which r(H) = r(G),
and let v be a vertex not in H. Then Ny (v) # Ng(u) for any u € V(H).
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Lemma 2.6 ([16]) Let H be a proper induced subgraph of a connected graph G for which
r(H) > r(G) — 1. Then distg(v,H) =1 for each vertex v € V(G)\V(H).

Lemma 2.7 Let H be a nonsingular induced subgraph of a reduced graph G for which r(H) =
r(G). Assume G has exactly two distinct vertices u,v outside H. Let G be obtained from G by

adding a new edge uv if uv ¢ E(G) or deleting the edge uv otherwise. Then r(G) = r(G) + 2.

Proof The adjacency matrix of G and G can be written as:

0 0 a 0 1—6 o
AGY=] 6 0 B JAG) =] 1-6 0 B ,
o BT A(H) ol BT A(H)

where the first two rows of both matrices correspond to w,v, respectively, 6 equals 1 or 0 if
uv € E(G) or not, A(H) is the adjacency matrix of H. Let

1 0 0
Q= 0 1 0 ,
—AH) Yo —AH)BT I
where k is the order of H. Then
—aB 'a”  §—aB71pT 0
QTAG)Q=| ¢-pB~ " BT 0 |,

0 0 A(H)
and
—aB T 1—6—aB 15T 0
QTAG)Q=| 1-0-3Bta” —BB~18T 0
0 0 A(H)
Since 7(G) = r(H), the left-upper submatrix of order 2 of QT A(G)Q is zero. So
0 1 0
QTAGQ=[10 o |,
0 0 A(H)

whose rank is r(H) 4+ 2. O

Corollary 2.8 Let H be a nonsingular induced subgraph of a reduced graph G for which
r(H) = r(G). Let G be obtained from G by adding some edges uv within V(G)\V(H) if

wv ¢ E(G) or deleting some edges uv within V(G)\V(H). Then r(G) > r(G) + 2.

Proof Let u,v be two specified vertices in V(G)\V (H) such that uv € E(G) but uwv ¢ E(G)
or wv ¢ E(G) but wv € E(G). Taking the subgraph G’ of G and G’ of G both induced by
V(H)U{u,v}, we have 7(G') > r(G’) +2 by Lemma 2.7. The result follows as r(G) > r(G') and

r(G") =r(G). 0O

3. Characterizing reduced triangle-free graphs with rank 6
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In this section we first give a characterization of the nonsingular triangle-free graphs of order
6, i.e., Theorem 3.1'. To get the rank of the graphs listed in Figures 2-8, one can use Lemma
2.2 or MATHEMATICA if it is necessary. Let Pj denote the path of order k, and let Cj denote
the cycle of order & (to avoid the confusion of Cj used in Figure 5). The disjoint union of two
graphs G and H is written as G U H. Denote by kH the disjoint union of k£ copies of H.

Theorem 3.1 If G is a nonsingular triangle-free graph of order 6, then G is one graph in Figure

1.
A B C D E F P,UP, 3P,
Figure 1 Eight nonsingular graphs A, B,C, D, E, F,Py UPy4,3P>

Proof Denote by ¢(G) the girth of a graph G (i.e., the shortest length of cycles in G). Suppose
that G is a nonsingular triangle-free graph of order 6. Then either ¢(G) = 4,5,6, or G is a tree.
If g(G) = 6, clearly G = C.

Case 1 G is disconnected. Observe that each component of G is nonsingular and G must be
bipartite. By Lemma 2.3, the rank of each component of G must be 2 or 4. As the connected
nonsingular bipartite graphs of order 2 must be P, and connected nonsingular bipartite graphs
of order 4 must be P4 (see [4] or [14] for details), G is 3P5 or P4 U Ps.

Case 2 (@ is connected and g(G) = 5. Let v be the unique vertex of G outside Cs. If
|Ne, (v)| > 2, then g(G) < 4. Thus [Ng,(v)]=1and G =F.

Case 3 G is connected and g(G) = 4. Note that r(Cy) = 2, r(G) = 6, and deleting a vertex
from G reduces r(G) at most 2. There exists a graph H <G such that |V(H)| =5 and r(H) = 4.
As shown in [14], H is obtained from C, by attaching a pendant vertex. For the reconstruction
of G, one needs to add a vertex together with some edges. It is easy to check that G is the graph
Bor C.

Case 4 G is a tree. By Lemma 2.1, 4(G) = 3. Thus G D 3P5. Since a tree of order 6 must
contain 5 edges, we have |E(G\3P2)| = 2. One can easily see that G is the graph D or E. O
Let G be a connected reduced triangle-free graph with rank 6. We know that G contains
a nonsingular induced subgraph of order 6, which is one listed in Figure 1 by Theorem 3.1. In
order to reconstruct G, we are left to consider how to add vertices to the graphs in Figure 1. The
main result of this paper is the following Theorem 3.2. It is easy to check each graph in Figure 2
has rank 6. So the sufficiency of Theorem 3.2 follows. For the necessity we first discuss the case

of G being bipartite in Section 3.1, and then the case of G being non-bipartite and triangle-free

The result can be verified using SAGE by the command:
GL=[G for G in list(graphs(6)) if G.is_triangle free() and det(G.am())=0], where GL is the list contain-
ing all nonsingular triangle-free graphs of order 6.
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in Section 3.2. The proof will be given at the end of this section before we show some lemmas.

Theorem 3.2 Let G be a connected reduced triangle-free graph. Then r(G) = 6 if and only if
there exist two graphs Hy and Hy such that Hy <\ G < Hy, where Hy is one graph in Figure 1
and H, is one graph in Figure 2.

i

4

Figure 2 Four reduced graphs with rank 6: G1,G2,G3, Ga

For H < G, Denote by H(k) the set of vertices v € V(G)\V(H) such that |Ng(v)| = k.
3.1. Reduced bipartite graphs of rank 6

Lemma 3.3 Let G be a connected reduced bipartite graph with rank 6.

(1) If G contains Hy € {A,D,E} as a subgraph, then |Ng,(v)] < 3 for each v €
V(G\V (Hy);

(2) If G contains Hy € {B,C} as a subgraph, then | Ny, (v)| < 2 for each v € V(G)\V (Hz).

Proof If G O Hi, suppose that v € V(G)\V(H;) and Ny, (v) = {v1,v9,...,05} # 0. Then
dist g, (v, v;) is even; otherwise G is not bipartite. Note that there exist at most three vertices
whose pairwise distance is even in H;, which implies that k& < 3.

If G D Ha, then |Np, (v)| < 3 follows from (1). If | Ng,(v)| = 3 for some v € V(G)\V (Hz),
then Ny, (v) = Ng,(u), where u is a the vertex with degree 3 in Hj, thus G is not reduced by
Lemma 2.5, implying that |Ng,(v)| < 2 for each v € V(G)\V(Hz). O

The rest of this section follows from a similar process, by which we obtain the connected
reduced bipartite graphs with rank 6 from a nonsingular graph, say H with rank 6, by adding
some new vertices, say vy, vy ..., v to it. By Lemmas 2.4-2.6, |Ngy(v;)| > 1; Ng(v;) # Ny (u)
for any u € V(H) and 1 <i < k; and Ny (v;) # Ny (v;) for 1 <i < j <k if v; % v,.

Lemma 3.4 Let G be a connected reduced bipartite graph with rank 6, which contains A (or
Cs) in Figure 1 as an induced subgraph. Then G is an induced subgraph of G in Figure 2.

Proof By Lemmas 2.6 and 3.3, 1 < [N4(v)| < 3 for v € V(G)\V(A). If A(2) # 0, let v € A(2)
and vy, ve be its two neighbors in A. If dist(v1,v2) is odd, then G contains an odd cycle. If
dist 4 (v1,v2) = 2, then G is not reduced by Lemma 2.5. So A(2) = ). We divide the remaining

proof into some cases:

Case 1 A(3) =0. If |[A(1)| = 1, then G <1 Gy of Figure 2 obviously. Now we assume |A(1)] > 2.

Suppose v1,v2,...,v; € A(l) and v}, v),...,v) are their unique neighbors in A, respectively.
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Observing the graph A, Ao in Figure 3 both have rank 8, so dist (v}, ]) # 1 for ¢ # j, which

implies that dist4(v; ,v} ) = 2 and dista(v},,v},) = 3 cannot hold at the same time for some

Ui 55, U5, v IE dist 4 (v], v) = 2 for some i # j, then [A(1)[ < 3. Since Cg <t A3 <G, we have
r(As) = 6, where Az is listed in Figure 3. It follows that v; ~ v; in G; otherwise r(G) > 8 by
Lemma 2.7. Hence G < A3 < G1. If dist4(uj, v;) = 3, then obviously [A(1)] = 2. However, one

can check that r(A4) = r(As5) = 8.

Case 2 A(1) = (). Suppose u,v € A(3), Na(u) = {u1,usz,us} and Na(v) = {v1,v2,v3}. Then
dist 4 (u;, u;) and dist 4 (v;, v;) must be even; otherwise G is not bipartite. So, if Na(v)NN4(u) #
(0, then N4(u) = N4(v), which implies |A(3)| < 2. If |[A(3)] = 1, then G < Gy of Figure 2. If
|A(3)] = 2, let u,v € A(3). If Na(u) = N4(v), then u ~ v as G is reduced by Lemma 2.4; but in
this case G would have triangles. So N4(u) N N4(v) = (). However, r(4g) = r(47) = 8.

Case 3 A(1) # 0 and A(3) # (0. Assume u € A(3) and v € A(1). Noting that r(Ag) = r(4y) =
while r(G1) = 6, we have distg(u,v) = 2. Then G <1 Gy. O

R T

4,

e 1 ] 1

6 7 8 9

Figure 3 Illustration for Lemma 3.4, where r(A;) = 8 for ¢ € {1,2,4,5,6,7,8} and r(A3) =6

Lemma 3.5 Let G be a connected reduced bipartite graph of rank 6, which contains B of Figure
1 as an induced subgraph. Then G is an induced subgraph of G1, G5 or Gs.

Proof By Lemmas 2.6 and 3.3, 1 < |Ng(v)| <2 for v € V(G)\V(B).

Case 1 B(2) # (. Let v € B(2) and let v; and vy be two neighbors of v in B. As G
is bipartite, distg(v1,v2) should be even, which implies distg(vi,v2) = 2. As G is reduced,
INg(v1)| = |Np(v2)] =2 and A < G. By Lemma 3.4, G is an induced subgraph of G.

Case 2 B(2) = (. One can check that r(B;) = 8 for i = 1,2, 3,4, where B;’s are listed in Figure
4, which shows |B(1)| < 3. If |B(1)| = 1, the result holds obviously that G <1 G.

If |B(1)| = 2, let w,v € B(1) and let v/,v" be their unique neighbors in B, respectively. As
r(Bs) = r(B4) = 8, distg(v/,v") < 2. We have four subcases:

(a) distg(v',v") =1 and |[Ng(vw')| = |[Ng(@')| = 2. As r(G3) = 6, u » v by Lemma 2.7.
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Then G < Gjs.

(b) distp(u’,v") =1 and one of «/,v" has 3 neighbors in B. As r(B;) = r(Bz) = 8, exactly
one of v/, v’ has 3 neighbors in B. As r(G3) = 6, u ~ v by Lemma 2.7. Then G < Gjs.

(c) distp(u/,v") =2 and |[Ng(u')| = |Np(v')| = 2. Asr(Bs) =6, u » v. Then G<Bs <Gj.

(d) distg(v/,v) = 2 and exactly one of v/, v’ has 3 neighbors in B. As r(G3) = 6, u = v.
Then G < Gs.

If |B(1)| = 3, let u,v,w € B(1) and u/,v’,w" be their unique neighbors in B, respectively.
There are three possible subcases:

(a) v ~v and v/ ~w', |Ng(v')| =3 and |[Np(v')| = |[Np(w')| = 2. As r(G2) =6, G = G
by Corollary 2.8.

(b) v ~v" and v ~w', [Ng(v')| =3 and [Ng(v')| = |[Np(w')| = 2. Asr(G3) =6, G = G3
by Corollary 2.8.

(¢c) G=B;5. Asr(B5)=6,G<Gy. 0

1o e

Figure 4 Illustration for Lemma 3.5, where r(B;) = 8 for i € {1,2,3,4} and r(Bs) =6

Lemma 3.6 Let G be a connected reduced bipartite graph with rank 6, which contains C' of
Figure 1 as an induced subgraph. Then G is an induced subgraph of G1, G2 or G3.

Proof We have 1 < |N¢(v)| <2 for each v € V(G)\V(C).

Case 1 C(2) # 0. Let v € C(2), and let vy, vy be its two neighbors in C. As G is bipartite,
diste(v1, v2) should be even, and disto(vy,v2) = 2. As G is reduced, by Lemma 2.5 one of v,

and vy is a pendant vertex of C. Thus B <1 G and the result follows from Lemma 3.5.

Case 2 C(2) =0. If |C(1)| = 1, the result holds obviously. Now we suppose |C(1)| > 2. If there
exist u,v € C(1) such that u ~ v, letting v, v be their unique neighbors in C, respectively, then
diste (u',v") should be odd by the bipartiteness of G. Note that |[No(v')| # 3 and |[Ne(w')| # 3;
otherwise G is not reduced or G is By shown in Figure 4 and r(G) = 8. If dist¢ (v, v') = 1, then
B« G. If diste(v',v') = 3, noting that r(C1) = r(Cy) = 8, this case cannot occur, where C1, Cy
are listed in Figure 5.

Now assume vy, v, ...,v; € C(1) and v; » v; for all 1 <14 < j < k. Similarly, none of them
has a neighbor with degree 3 in C. Note that r(C3) = r(C4) = 8 and r(C5) = r(Cs) = 6. We
conclude that G <1C5 <Gz or G <1 Cg <1 G1. I
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_ c, G c,
Figure 5 Illustration for Lemma 3.6, where r(C;) = 8 for i € {1,2,3,4} and r(C;) = 6 for i € {5,6}

Lemma 3.7 Let G be a connected reduced bipartite graph with rank 6, which contains D of
Figure 1 as an induced subgraph. Then G is an induced subgraph of G1, G5 or Gs.

Proof We have 1 < |Np(v)| < 3 for each v € V(G)\V (D).

Case 1 D(2) # (. Let v € D(2), and let Np(v) = {v1,v2}. Then distp(v1,v2) should be even.
If dist p(v1,v2) = 2, then G is not reduced by Lemma 2.5. If dist p(v1,v2) = 4, then A <<G. The

result follows from Lemma 3.4.

Case 2 D(3) # 0. Let v € D(3), and let vy,vy and vz be its three neighbors in D. Since

dist p (v;,v;) must be even, we have B << G. The result follows from Lemma 3.5.

Case 3 D(2) = D(3) = 0. Let vy,vs,...,vp € D(1) and let v},v5...,v}, be their unique
neighbors in D, respectively. As G is reduced, v} cannot be the quasi-pendant vertex of D (i.e.,
the vertex adjacent to a pendant vertex). If k = 1, then G < G and the result follows.

If v; ~ v; for some 1 <4 < j <k, then distp(v],v}) should be odd. We have the following
subcases:

(a) If distp(vj,v;) = 1, then v; and v} must be the two vertices in the middle of the path
D. Thus C' <1 G and the result follows.

(b) If distp(vj,vj) = 3, then one of v{,v}; must be the pendant vertex of D. Thus A< G
and the result follows.

(c) If distp(v],v}) =5, then D1 < G. If G = Dy, then G < Go. If D <G, then r(G) > 8.
If D3 <1 G, then G is not reduced. If Dy <1 G, then A << G and the result follows.

If v; o v; for any 1 < i < j < k. Noting that r(Ds) = 6 and r(Dg) = r(D7) = r(Dg) = 8,
we have G <1 D5 < G1, where Dy, Dg, D7, Dg are listed in Figure 6. [

SRpSps e

D,

MI*HHJ“HWLI“::I

D D D, Dy
Figure 6 Illustration for Lemma 3.7, where r(D;) = 6 for ¢« € {1,5} and r(D;) = 8 for i € {2,6,7,8}
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Lemma 3.8 Let G be a connected reduced bipartite graph with rank 6, which contains E of
Figure 1 as an induced subgraph. Then G is an induced subgraph of Gy, G5 or Gs.

Proof We have 1 < |Ng(v)| < 3 for each v € V(G)\V(E).

Case 1 E(2) #0. Let v € E(2) and let v; and v2 be its two neighbors in E. The distg(v1, v2)
is even. If distg(vi,ve) = 4, then A < G. Suppose distg(v1,v2) = 2. Noting that G is reduced,
by Lemma 2.5, at least one of v; and vs has degree 2 in E, and hence C' <1 G. The result follows

from Lemmas 3.6.

Case 2 E(3) # 0. Let v € E(3) and let vy, v2 and vs be the neighbors of v in E. The distg(v;, v;)
is even for 1 < ¢ < j < 3. By Lemma 2.5, two of vy, vs,v3 are pendant in E and the other one
has degree 3 in £. Thus B < G and the result follows.

Case 3 E(2) = E(3) = 0. For each v € E(1), it must be adjacent to a pendant vertex of £
by Lemma 2.5, which implies |E(1)| < 3 by Lemma 2.4. Let v € E(1), and let v’ be its unique
neighbor in F (i.e. a pendant vertex of E). If |E(1)] = 1, then G < G; and the result follows. If
|E(1)| > 2, noting that r(E;) = r(F3) = 8 and r(E3) = 6, we have G < E3 9Gy, where Ey, Fs, E3
are listed in Figure 7. O

eolel  eeelees

E, E, E;

Figure 7 Illustration for Lemma 3.8, where r(E1) = r(E2) = 8 and r(E3) = 6

Lemma 3.9 Let G be a connected reduced bipartite graph with rank 6, which contains P, UP4
of Figure 1 as an induced subgraph. Then G is an induced subgraph of G1,G or Gs.

Proof Note that G is connected and bipartite, and distg(v, P4 U Py) = 1 for each vertex
v € V(G)\V(P4UP;y). We have two cases:

Case 1 There exists a vertex v € V(G)\V (P4 UP32) such that distg(v, P4) = distg(v, P2) = 1.
Then |Np,(v)| =1 and |Np, (v)| < 2. If |[Np,(v)| =1, then D < G; if |Np, (v)| = 2, then C < G.
The result follows by Lemmas 3.6 and 3.7.

Case 2 There exist two vertices u, v € V(G)\V (P4UP3) such that distg(u, P4) = distg (v, P2) =
1 and w ~v. Then D < G and the result also follows. [J

Lemma 3.10 Let G be a connected reduced bipartite graph with rank 6, which contains 3P5
of Figure 1 as an induced subgraph. Then G is an induced subgraph of G1,G or Gjs.

Proof We denote the three disjoint paths as P}, P3, P3, respectively. Then we have two cases:

Case 1 There exist two vertices u,v € V(G)\V (3P3) such that diste(u, P}) = distg(v, P3) =1
and u ~v. Then D < G and the result follows by Lemma 3.7.
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Case 2 There exists a vertex v € V(G)\V (3P3) such that distg(v,P3) = distg(v,P3) = 1. If
distg(v, P3) = 1, then E < G; if distg(v, P3) > 2, then (P4 UP3) < G. The result follows by
Lemmas 3.8 and 3.9. O

3.2. Reduced triangle-free and non-bipartite graphs with rank 6

Observe that if a graph G contains an induced odd cycle Cagy1, then r(G) > r(Cogt1) =
2k + 1. So, if G is triangle-free and non-bipartite, and G has rank 6, then G contains an induced
Cs.

Lemma 3.11 Let G be a triangle-free and non-bipartite graph with rank 6. Then F < G of
Figure 1.

Proof As discussed above, G contains an induced cycle C5. Let v be an arbitrary vertex not
in Cs. Note that r(Cs) = 5, thus [Ng, (v)] > 1 by Lemma 2.6. If [N, (v)| = 1, then F <G and
we are done. If [Ng, (v)| > 3, then G contains triangles; a contradiction.

Now suppose |Ng, (v)| = 2 for each v ¢ V(Cs), and the distance between two neighbors of
vin Cs is 2. Let V(G)\V(Cs) = {v1,v2,...,vx}. If vy, ~ vj, for some iy, jo, then N, (vs,) N
Ng¢, (vj,) = 0; otherwise G contains triangles. If v;, % vj;, for some ig, jo, then Ng,(v;,) N
Ng, (vj,) # 0; otherwise #(G) > 7. Thus for any i # j, v; ~ v; if and only if N¢, (v;) "N, (v;) =
(). We will prove by induction on k that G is obtained from Cj by several steps of multiplication
of vertices and r(G) = r(Cs) = 5, which leads to an contradiction.

If k = 1, the results follow easily since Ng(v1) = Ng(u) for some u € V(Cs). Assume that
the result holds for £ < 1 (I > 1). Now consider the case of k = [ + 1. Let V(G)\V(Cs) =
{v1,v2,...,v41}. Let H = G — v;41, the graph obtained from G by deleting the vertex v;i4
together with the edges incident to it. By the assumption, H is not reduced, say Ng(v;) =
Ny (uz), where ug € Cs and Ne, (u2) = {u1, us}.

If N, (vi41) N Neg(vr) # 0, then vy # ug and vy # v;. Thus Ng(v)) = Ng(ue) and G
is obtained from G — v; by multiplication of us and addition of v;. Note that G — v; is obtained
from Cjy by several steps of multiplication of vertices by the induction, so is G.

If N, (vir1) N Ne,(v) = 0, then vj4q ~ vy and vi41 ~ ug, thus Ng(v;) = Ng(uz2) and the

result follows again by a similar discussion as the above. [
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Figure 8 Illustration for Lemma 3.11, where r(F;) > 7 for i € {1,2,...,8}

Lemma 3.12 Let G be a connected reduced triangle-free graph with rank 6, which contains F

of Figure 1 as an induced subgraph. Then G is an induced subgraph of G4 of Figure 2.



The triangle-free graphs with rank 6 527

Proof If |Np(v)| > 4 for some v € V(G)\V(F), then C5 < G. If |[Np(v)] = 3 for some
v e V(G)\V(F), say Np(v) = {v1,v2,v3}, then distp(v;,v;) > 2 for 1 <i < j < 3. Thus one of
v1, Vg, 3 is a pendant vertex in F'. So, F1 <1 G or G is obtained from F' by multiplication of the
vertex with degree 3, where F is listed in Figure 8. However, r(Fy) = 7. So we conclude that
1 < |Np(v)| <2 for v e V(G)\V(F).

Case 1 F(2) = 0. Let F(1) = {v1,v2,...,v;}, and Np(v;) = {u;} for i = 1,2,..., k. Then
u; cannot be adjacent to the pendant or the quasi-pendant vertex of F'; otherwise r(G) > 7 by
Lemma 2.2 or G is not reduced by Lemma 2.5. Note that r(Fy) = r(F3) = 8, then |F(1)| < 3.
Since r(G4) = 6, by Corollary 2.5 we have G < Gy4.

Case 2 F(2) # 0. Let wy be the vertex with maximum degree in F, and Np(w;) = {ws, w3, w4},
where wy is a pendant vertex of F. Let F(2) = {v1,va,...,v5} and Np(v;) = {ul,u?} for
i=1,2,..., k. Since G is triangle-free, we have 2 < distz(u},u?) < 3. If u} = w3 and u? = w, for
some i, then r(G) > r(Fy) = 7, where F} is listed in Figure 8. As G is a reduced graph with rank
6, one of u},u? must be we. Set F(2) = F(2); U F(2)2, where F(2); = {v; | distp(u},u?) = 2}
and F(2)y = {v; | distp(u},u?) = 3}. As r(F5) = 7, F(2)2 = 0, where F5 is listed in Figure
8. Note that |F(2)1] < 2. Suppose that F(2); = {vi,v2}. We have Np(v1) = {we,ws} and
Np(ve) = {wo,wy}. If v1 ~ w9, C3 < G; otherwise C7 <1 G, which implies (G) > 7. Thus
|F(2)1] <1. If F(1) =0, then G <1 Gy. If F(1) # 0, noting that r(F;) = 8 for i = 6, 7,8, we have
G <1 G4 again. O

With the above lemmas in hands, we are now able to give a complete proof for Theorem
3.2.

Proof for Theorem 3.2 Note that each graph in Figures 1 and 2 has rank 6 and is triangle-
free. So if Hy <« G <t Hy, where H; comes from Figure 1 and Hs comes from Figure 2, we have
r(G) = 6. Thus the sufficiency follows.

For the necessity, we know if r(G) = 6, then G contains a nonsingular graph of order 6
shown in Figure 1. By Lemmas 3.4-3.10, we conclude that if G is a bipartite reduced graph with
rank 6, then G is an induced subgraph of G, G2 or G3. By Lemma 3.12, if G is a non-bipartite
reduced graph with rank 6, then G is an induced subgraph of G4. O
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