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Abstract In this paper, we use the methods of differential subordination and the properties
of convolution to investigate the class Wy, (H (ai, b;); ¢) of multivalent analytic functions, which
is defined by the Dziok-Srivastava operator H(a1, ..., aq;b1,...,bs). Some inclusion properties
for this class are obtained.
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1. Introduction

Let A, denote the class of functions f of the form

o0
f(z) =Zp+2ak+pzk+p, peN={1,2,...}, (1.1)
k=1

which are analytic in the open unit disk U= {z: z € C and |z| < 1}. Also, let A; = A.
Let f,g € A, where f is given by (1.1) and g is defined by

92) = Y by,
k=1

Then the Hadmard product (or convolution) f x g of the functions f and g is defined by
(f*9)(2) = 2P + D arapbrip?™™P = (9% f)(2).
k=1
For two functions f and g, analytic in U, we say that the function f is subordinate to g in

U, if there exists a Schwarz function w, which is analytic in U with

w(0)=0and jw(z)| <1, z€T,
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such that
f(z) =g(w(z)), z€U.
We denote this subordination by f(z) < g(z). Furthermore, if the function ¢ is univalent in U,

then we have the following equivalence [3, 12, 19]:

f(2) < g(2) (z € U) < f(0) = g(0) and f(U) C g(U).
Let M be the class of functions ¢(z) which are analytic and univalent in U and for which
¢(U) is convex with ¢(0) =1 and Re[¢(z)] > 0 for z € U.
By making use of the principle of subordination between analytic functions, Ma and Minda
[11] introduced the subclasses S (¢) and IC,)(¢) of the class A, for p € N and ¢ € M, which are
defined by

2f'(2) :
S (p)={fe€A,: <¢(z) inU
and ) 7102)
zf"(z
K =feAd -+ < ¢(z) in U}.
In its special case when
1+ Az
= = —-1< <
p=1and ¢(z) T+ Bs 1<B<A<LI,
we obtain the classes
. eI+ Az Czf'(z) 1+ Az
S (A,B)781[1+Bz]7{fefl. ) <17 B (zeU)}
and 144 () 1+A4
z zf"(z z
IC(A,B)-ICl[H_BZ]— {feAd:1+ ) ~17Es (z€U)},
which were introduced by Janowski [10]. Further, for A = 1 and B = —1, the above classes

reduce to the well-known classes S* and K of starlike and convex functions in U, respectively.
For parameters a; € C (1 =1,2,...,¢) and b; € C\Z; (Z, =0,-1,-2,...; j=1,2,...,9),

the generalized hypergeometric function ¢Fg(as, ..., aq;b1,...,bs; 2) is defined by

o~ (an)k - (ag)r 2*
Fular, ... agibr,. .. by z) = S sk Gg)k 2
q (1 q) V1 ) ;(bl)k(bs)k) k!

g<s+1; ¢q,seNg=NU{0}; z €T,

where () denotes the Pochhammer symbol defined, in terms of Gamma function, by

PA+k)
o)

(Vi = 1, kE=0; A e C\{0},
AA+1D)---(A+k—-1), keN; AeC.
Dziok and Srivastava in [6] (see also [7,8]) considered a linear operator
H(ar,...,aq;b1,...,bs) : Ay — A,
defined by the Hadamard product

H(ar,...,aq;01,...,05)f(2) =[P - gFs(ar,...,aq;b1,...,bs;2)] % f(2)
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o~ (@) (ag)k Aktp gy
=2P 4+ 2P, 1.2
/;::1 (b1)k -+ (bs)k k! (1.2)
where f € A, is given by (1.1).
The Dziok-Srivastava operator H(a1,...,aq;b1,...,bs) includes various linear operators,

which were considered in earlier works, such as (for example) the linear operators introduced by
Hohlov [9], Carlson and Shaffer [2], Bernardi [1], Ruschewyh [13] and Srivastava and Owa [18].
For the sake of simplicity, we denote

H(ai,bj)f(z) =H(ar, ... a5, ..., aq;b1,...,b5,...,bs)f(2),
H(a;) f(z) = H(a;, b)) f(z) = H(ar,...,a;,...,ag;b1,...,bj,....bs)f(2), (1.3)
and
H(V)) f(2) = H(ai, b)) f(2) = H(ar, ..., i, ... ag5 b1, 05, bs) f(2). (1.4)

Definition 1.1 Let 2 € U, p € N and ¢ € M. We denote by W,(#H(a;,b;); ¢) the subclass of
functions f € A, of the form (1.1) which satisfy the following condition

Mo b))
(b)) O

In particular, when ¢(z) = 42 (-1 < B < A < 1), we write

1+Bz
1+ Az
Wp(H(ai,bj)§A,B) = WP(H(aivbj); m)
Remark 1.1 (i) For positive real numbers a1, ... g3 b1,...,bs and for 0 < B <1and —B <

A < B, the class Wj,(H(a;, b5); A, B) = V,(ai; A, B) was investigated by Sokol [16].

(ii) For complex numbers aq,...,aq4;b1,...,bs and for =1 < B <0 and |A] <1 (4 € C),
the class W,(H(a;,b;); A, B) = VI (H(ai); A, B) was studied by Sokol [17]. Further, for p = 1,
the class Vi}(H(a;); A, B) = V(ai; A, B) was considered by Dziok and Srivastava [4].

In this paper, we aim to investigate some inclusion properties of the class Wy (H(a;, b;); ¢).
Also, some results involving the special case Wy,(H(ai, b;); A, B) (=1 < B < A <1) of this class

are considered. The results obtained unify and extend some results of [5], [16] and [17].
2. Main results

The following lemmas will be required in our investigation.

Lemma 2.1 Let H(a})(2), H(a])(2), H(V;)(z) and H(b})(2) be defined by (1.2), (1.3) and (1.4).
Then, forp e N, 1 € {1,2,...,q} and j € {1,2,...,s}

H(a;)(2) = H(a])(2) * ¢p(ai, af)(2) (2.1)
and

H(b;)(2) = H(b7)(2) * ¢p(b],b)(2), (2.2)

where

_ > (@)k k+
op(a, B)(z) = ZP.
2. 5
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Proof From (1.2) and (1.3), we have

I o (al) (a;) ...(aq) Sk+p
H(a)(Z)—Z k(bl)k"'k(bs)k k .

i (@) (ai)k - (ag)r (ap)k
= () (b (@) K

H(a})(2) * ¢p(aj, ai) ()

and the assertion (2.1) holds. Similarly, we can prove (2.2) by using (1.2) and (1.4). O

k=0

Lemma 2.2 ([15]) Let f € K and g € 8*. Then, for every analytic function h in U,
(f * hg)(U)
(f *9)(U)
where ¢o[h(U)] denotes the closed convex hull of h(U).

C colh(U)],

Lemma 2.3 ([14]) If either 0 < o <  and f > 2 when «, are real, or Rela + ] > 3,
Re[a] < Re[f] and Im[a] = Im[f] when «, 8 are complex, then the function

_ - (@) k+1
¢1(a75)(’z)* z ) 2€U
2 B

belongs to the class I of convex functions.

We begin by proving our first inclusion relationship given by Theorem 2.1 below.

Theorem 2.1 Let p € N and ¢ € M with

Re[p(z)] > 1 — ]%7 zeU. (2.3)
If af, af satisfy either
a;, a; are real such that 0 < a; < a} and a > 2, (2.4)
or
a;, af are complex such that Re[a} + a;] > 3, Rela;] < Rela] and Im[a}] = Im[a}],  (2.5)
then

Wy (H(ai); 6) C Wy(H(ai); 6)-
Proof Let f € W,(H(al); #). Then, by the definition of the class W, (H(a); ¢), we have

AN _
TG = ), (26)

where ¢ is convex univalent with Re[¢(z)] > 0 and |w(z)| < 1 in U with w(0) =0 = ¢(0) — 1.

Therefore, .
e MO — pjputen - 1 +1< 122 2.1

Applying (1.2), (2.1) and the properties of convolution, we obtain

H(ap) f(2)]" _ 2[(H(a) * £)(2)]" _ z[(H(a) * dp(as, af) * £)(2))
pH

gl

(@)f(z)  p(H(ay) « )(z)  p(H(a}) * dplai, af) x f)(2)
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_ Oplaj, af)(2) * 2[(H(ai) * [)(2)]" _ éplaj, ai)(2) * z[H(a}) f(2)]

— poplalal)(2) « (Haf) « [)(z) — poy(aj,af)(z) « H(a))f(2) -
It follows from (2.3) and (2.7) that z!"PH(a})f(z) € S*. Also, by Lemma 2.3, we see that
217Pg,(al, al)(z) € K. Thus, in view of (2.8) and Lemma 2.2, we have
{[' "oy (ai, af)] = ¢(w)2'PH(a) £} (U)
{[z"Pop(aj, ai)] + 21 =PH(af) £} (U)
because ¢ is convex univalent function. By the definition of subordination, we know that (2.8)
is subordinate to ¢ in U, and so f € W,(H(a}); ¢). O

(2.8)

ccoglw(U)] C ¢(U)

Theorem 2.2 Let p € N and ¢ € M with (2.3) holding. If b;, b/ satisfy either
b}, b are real such that 0 < b7 < b, and b} > 2, (2.9)
or
b}, b are complex such that Re[b; 4 7] > 3, Re[b]] < Re[b}] and Im[b;] = Im[b}],  (2.10)
then
Wy (H(b]): ¢) € Wy(H(b)): ¢).
Proof Applying the same techniques as in the proof of Theorem 2.1, and using (1.2) and (2.2),

we obtain the result asserted by Theorem 2.2. O

Taking

1+ Az
Y=gy
in Theorems 2.1 and 2.2, respectively, we have the following results.

—-1<B<A<1, z€eU

Corollary 2.1 Letpe N, i€ {1,2,...,q} and

14+ Az
1+ Bz

If o, and o satisfy either (2.4) or (2.5), then

1
Re( )>1-—=, -1<B<A<1; z€l. (2.11)
p

WP(H(G’;,); Av B) C W;D(’H(ag)v Av B)

Corollary 2.2 Let p € N, j € {1,2,...,s} and (2.11) hold. If b and b} satisfy either (2.9) or
(2.10), then
Wp(’}-[(b;-');AB) C W,,(’H(b;-);A,B).

Remark 2.1 We note that, in [4,17] there are no results concerning inclusion relationships
between the function classes with respect to the parameters b; € C\Zy (Z, =0,—1,-2,...; j =
1,2,...,s). However, in this paper, we obtain some inclusion relationships with respect to the
parameters bj, see, for details, the above Theorem 2.2 and Corollary 2.2.

Next, we will show that the class W, (H(ai, b;); ¢) is preserved under convolution with convex

functions.
Theorem 2.3 Let p e N, g € K and ¢ € M with (2.3) holding. Then

f e Wy(H(ai,bs); ¢) = (2P g) « f € Wy(H(ai, b)); d).
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Proof Let f € W,(H(ai,b;); ) and g € K. Based on the same concept as the proof of Theorem

2.1, we have

2[H(ai,by) (277 g) + ) (2)] (2P1g(2)) * 2
p[H(ai, bj) ((zP~1g) = ) (2)]  p(zP~1g(z)) H(au ) (2)
* p(w)H(ai, b;) f(2)

9(2)) * H(ai, b;) f(2)

z) * ¢(w)zP " H(as, bj) f(2)
9(2) * 2P~ H(as, b;) f(2)

< ¢(z), z€T,

_g(

and so that (2P71g) * f € W,(H(a;, bj); ¢). O

Corollary 2.3 Let p € N and ¢ € M with (2.3) holding. Suppose also that

P k:Jrf
h2(z):1i51 [11 ], logl=0; [e] <1 (e#1); 2€U
and -
ha(s) = 2 = —log(1 - 2)

Then, for p =1,2,3, we have
[ e Wy(H(ai, bj); ¢) = (Zpilhp) * f € Wp(H(ai,bj); 8).

Proof The function h; was shown to be convex by Ruschewyh [13], while he and h3 are well

known to be convex in U. Thus, the assertion follows from Theorem 2.3. [
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