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Bilinear Fourier Multiplier Operator on Morrey Spaces
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Abstract In this paper, by establishing a result concerning the mapping properties for
bi(sub)linear operators on Morrey spaces, and the weighted estimates with general weights for
the bilinear Fourier multiplier, the author establishes some results concerning the behavior on
the product of Morrey spaces for bilinear Fourier multiplier operator with associated multiplier
o satisfying certain Sobolev regularity.
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1. Introduction

The study of mapping properties for bilinear Fourier multiplier operator was originated by
Coifman and Meyer in their cerebrated works [6,7]. Let o € L°°(R?"). Define the bilinear
Fourier multiplier operator T, by

T,(f )@ = [ ew(erin + @06 @FAE)Fhdade (L1
R n
for f1, fo € Z(R™), where and in the following, for f € #(R™), F f denotes the Fourier transform
of f. As it is well known, the study of bilinear Fourier multiplier operator was originated by
Coifman and Meyer, and then by many other authors. Coifman and Meyer [7] proved that if
o € C*(R*™\{0}) satisfies

108108201, &) < Cay, an (61| + [€2]) 7 Hlo2D) (1.2)

for all |a1| + |az| < s with s > 4n + 1, then T, is bounded from LP'(R™) x LP?(R") to LP(R™)
for all 1 < p1, pe, p < oo with 1/p = 1/p; + 1/pa. For the case of s > 2n + 1, Kenig-Stein
[14] and Grafakos-Torres [12] improved Coifman and Meyer’s multiplier theorem to the indices
1/2 < p <1 by the multilinear Calderén-Zygmund operator theory. Fairly recently, considerable
attention has been paid to the behavior on function spaces for T,, when the multiplier satisfies

certain Sobolev regularity condition. Let ® € .7 (R?") satisfy

supp ® C {(&1, §2) : 1/2 < [&1] + €] < 2}
S @277, 2756) =1 for all (&1, &) € RP™\{0}. (1.3)
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For k € Z, set
O—H(gla 52) = (I)(€17 52)0—(2H§17 2K£2)-

Tomita [22] proved that if
sug/ (14 €17 + |&2)° | For (&1, &)]2dE1dEs < 0o (1.4)
KEZL JR2™
for some s > n, then T, is bounded from LP*(R™) x LP2(R™) to LP(R™) provided that p1, p2, p €
(1, 00) and 1/p = 1/py + 1/ps. Grafakos and Si [11] considered the mapping properties from
LP1(R™) x LP2(R™) to LP(R™) for T, when o satisfies (1.4) and p < 1. Miyachi and Tomita [16]
considered the problem to find minimal smoothness condition for bilinear Fourier multiplier. Let
1/2
ol o any = ( /R (68 Fou(r, &) Pd6ds )
where (&) := (1 + |&]?)'/2. Miyachi and Tomita [16] proved that if
sup |lox || wer. o2 (r2n) < 00 (1.5)
KEZL
for some s1, s2 € (n/2, n|, then T, is bounded from LP* (R™) x LP2(R") to LP(R™) for any p1, p1 €
(1, 00) and p > 2/3 with 1/p = 1/p1 + 1/p2. Moreover, they also gave minimal smoothness
condition for which T}, is bounded from HP!(R™) x HP2(R") to LP?(R™). For other works about
the behavior of bilinear Fourier multiplier operators on various function spaces, we refer to the
papers [3,8,10] and the related references therein.
The purpose of this paper is to consider the behavior on the produce of Morrey spaces for

T, when o satisfies (1.5). To formulate our resuts, we first recall the definition of Morrey space.

Definition 1.1 Let p € (0, 00), A € (0, n). The Morrey space LP»*(R") is defined as

loc

LPARY) = {f € L0 (R") ¢ [|f]l o) < o0}

with )
1
[ fllr 2®ny = sup (7 | f (x)[Pdz) /p,
yer™, >0 T JB(y,r)

where and in the following, B(y, r) denotes the ball in R™ centered at y and having radius 7.

Definition 1.2 Let p € (0, c0), A € (0, n). The weak type Morrey space W LP>»(R") is defined

as
WLPAR™) = {f € L, (R") : [|fllwLe.r@n) < 00}
with )
1/
Iflweer@n = sup  (SHwe B, r): [f(x)] > t}]) "
yER" r>0,t>0 T

The Morry space was introduced by Morrey [17] in 1938. It is well-known that this space
is closely related to some problems in PED (see [19,20]), and has great interest in harmonic

analysis (see [1,2,5] and the references therein).

Theorem 1.3 Let o be a multiplier satisfying (1.5) for some sy, so € (n/2, n] and T, be the
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operator defined by (1.1). For k =1, 2, set t; = n/sx. Then T, is bounded from LP1:*1(R™) x
Lr2:22(R™) to L»AR™) with 1/p = 1/p1 + 1/ps and X = M\ip/p1 + Aap/pa2, provided that
P1, P2, A1, Ao satisfy one of the following three conditions

(i) p1 € (t1, 00), p2 € (ta, 00), A1, A2 € (0, n);

(ii) p1 € (1, 00), pa € (ta, 00), A1 € (0, s1) and A2 € (0, n);

(iii) p1 € (1, t1], p2 € (1, to] such that 1/p < 1+ 1/t* with t* = min{ty, t2}, A1 € (0, s1)
and g € (0, s2).

Theorem 1.4 Let o be a multiplier satisfying (1.5) for some s1, so € (n/2, n] and T, be the
operator defined by (1.1). Then for py € (ta, 00), A1 € (0, s1) and Ay € (0, n), T, is bounded
from LA (R™) x LP2A2(R™) to WLPA(R™) with 1/p =1+ 1/ps and A = A\1p + Aap/pa.

Throughout the article, C' always denotes a positive constant that may vary from line to
line but remains independent of the main variables. We use the symbol A < B to denote that
there exists a positive constant C' such that A < CB. For any set £ C R", yg denotes its
characteristic function. We use B(x, R) to denote a ball centered at x with radius R. For a ball
B C R™ and A > 0, we use AB to denote the ball concentric with B whose radius is A times of
B’s. For a locally integrable function f, let M*f be the Fefferman-Stein sharp maximal function
of f. For r € (0, 00), let M# be the operator defined by

M f(z) = (M*(|f]")())

For r € [0, 00), a suitable function f and a cube Q, let

I flLgog 2y, @ = inf{A >0: ﬁ . @logr (1 + @)dx < 1}.

The maximal operator M (1og 1)~ is defined by

1/r

ML(logL)Tf('r) = (S;;P ”fHL(log L)y, Q-

It is obvious that if r = 0, then M o 1y is just the Hardy-Littlewood maximal operator M.

2. Proofs of Theorems
Let o0 € L= (R?") and ® € .7 (R?") satisfy (1.3). For x € Z, define

0x(&1, &2) = (2771, 277E)0 (&1, &2).

Then
51{(517 52) = O—H(27H£17 271%52)) ‘/—..7155(513 52) = 225”‘7:710—&(2K€13 2552)’

where 7! f denotes the inverse Fourier transform of f. For , y1, y2, ¥} € R™, let
Wi, k(g1 y2; 41) = F 0wl — gy —y2) = F 0wz — y) 2 — y2).

For k € Z, let T5, be the operator defined by

15, (f1, f2)(x) = / 0x(T —y1, T — y2) f1(y1) f2(y2)dy1dys,

R2n
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and set

To, N (f15 f2)( Z T5,.(f1, f2)(2).

|k|<N

For each fixed ball B with radius R, let

EES
e

de)’

Lemma 2.1 Let o be a multiplier satisfying (1.6) for some s1, so € (n/2, nl, and r1, ro € (1, 2],
B be a ball with radius R.
(i) If25R <1, then for y1, y; € 1B, jo € N and nonnegative integers js,

AP, (B y1, vh) / (/ IWl,n(:v,ybyz;yi)\”dya)
Sjo (B B(x, R))

R27m(51+527n/r1 —n/ro—1)
200 B[s1/n (202 R)s2

AP (Bsyi, h) S

(ii) For each k € Z, there exists a function HY, such that if supp f1 C B, y1, y] € %B, and
z € RM\4B,

2

L WG, i) T it
" =1

< / () EE 2, g1, o) dys M, ()
Rn

the function HY satisfies that

27/1(51771/7‘1)

/ 1/rk
|7 (2, yk, v} )|T’“dx> < —————— for integer jo > 3.
(/Sj() (B) 1 k (2]0R)81

This lemma is a combination of Lemmas 3.3 and 3.4 in [13].
For a q € (0, 00), let M, be the maximal operator defined by M, f(z) = (M(|f]9)(x))"/1.
The following weighted estimate for T, will be useful in the proof of Theorem 1.3, and is of

independent interest.

Theorem 2.2 Let o be a bilinear multiplier satisfying (1.5) for some s1, s2 € (n/2, n|, tx, =
n/sg (k=1,2). Set ty, =n/sy for k =1, 2. For weight w, p1, p2 € (1, 00), p € (1/2, c0) with
1/p=1/p1 + 1/p2, the weighted estimate

2
175 (f1, f2)lle@n, w H [ fillLre ®n, a1y, w) (2.1)

holds provided that p1, p2, q1, g2 satisfy one of the following conditions:

(i) pr € (tg, c0) with k =1, 2, and q1, g2 € (1, 00);

(i) p1 € (1, 00), p2 € (t2, ), q1 € (t1, 00) and g2 € (1, 00);

(iii) p1, p2 € (1, oo] such that p € (ps, 00) with p; < 1+1/t*, g1 € (t1, 00) and g2 € (t2, 00).
Moreover, if pa € (t2, 00) and qi € (tg, 00) with k =1, 2, then

1T (f1s f)llwir@n,wy S N fillrn, s, wll f2ll Loz e, My, w)s (2.2)
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where and in the following, W LP(R™, w) denotes the weighted weak LP(R™) space with weight

w.
Proof Note that for f1, fo € S(R"™),
HT flaf2 D'N(f17f2 ||L°°(]R" NH Z 5K).E.E||L1(Rn)_>0

K |k|<N
as N — oco. By a density argument, it suffices to prove that when py1, ps, ¢1, g2 satisfy one of
the three conditions, the operator T, n satisfies (2.1) with norm independent of N.

As in the proof of Theorem 1.2 in [13], a standard argument shows that for v; > t1, y2 > to,

Mﬁ(Ta,N(fh fz))(l‘) S M’Ylfl(x)M"/z.fQ(x)'

If pi € (tx, o0) with k =1, 2, we can choose 7y € (t, pr), and then by the clever idea of Lerner
[15], we have that for any weight w,

/ Ty w1, fo2)(@)Po(e) da < / MY (T x(frs F2)IP) (2) Mu(z) da
R R

H (/ (x))pk Muw(zx) dac)p/plc

2
H |fk||m(1Rn ML 10g Lw)’

if p € (1/2, 1]. On the other hand, if p € (1, 00), again by the idea of Lerner [15], we know that
for each h € LP' (R, w' ") with ||hl|,, ®n,wi-v') S 1

‘/n T"’Nf<x)h(m)dx‘ N /Rn Mﬁ(Ta,N(fl»fz))(ﬂc)Mh(:E)da:

5 H ”ka fr HLPk R™, M [ (10g 1yp—14+5W) ”Mh”LP' (R",(ML(logL)p,pr(;w)l*l’/)

S H [ fkllLoe ®n, a1, o, 4 s w)s
where the last inequality follows from the fact that
M(ML(log L)P*H‘sw) (z) < ML(log L)PHW(CU),
see [4], and that for any weight u and p € (1, 00),
M fll Lo g, (ax

L(1ogL)p—1+5u)1 [N ||f||LIJ(Rn ul=r')>

see [21]. Therefore,

2
1T, 5 (f1, fo)llLen (n,wy S H [ fkllzex@n a1y 0,y psw):
k=1

Note that for any r € (1, 00),

Mp10g Lw () + Mg pyrrow(x) < Myw(z).
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The weighted estimate (2.1) follows when p; € (¢, 0o) with k=1, 2.
We turn our attention to the case p1 € [1, 0o0) and py € (t2, 00). We first claim that for
p1 € [1, 00), p2 € (t2, 00), 1 € (t1, 00) and g2 € (1, oo) the inequality

175, v (f1, f2)llwee@n,w) S H | fllLew e, My, w) (2.4)
k=1

holds. To do this, let fi, fo be functions such that
[ f1lles ®e, a1y, w) = [ f2lles e, a,,w) = 1-
Our aim is to prove that for any A > 0,
w({z € R™ ¢ |T,, n(f1, f2)(2)] > A}) S AP

Take 71, 72 € (1, 2] such that ro € (t2, p2), 11 > n/riy, n/r1 +n/ra +1 > s1 + so. We apply
the Calderén-Zygmund decomposition to |f1]|Pt at level AP, and then obtain sequence of non-

overlapping cubes {Q?};, such that

AP < [f1(y)[Prdy S A7,

|Ql| Qi
and
|fi(@)] < AP/PLoale.x € R\ U; QL.

Set
91(y) = HW)xen0i () + Z mai (f)xo ),

bi(y) = fily Zb’ ) with b (y) = (f1(y) — mqi (f1)x0: ()

with mg: (f1) the mean value of fi on Q!. For each fixed 4, let i and ¢(Q%) be the center and
the side length of Q%, and B! be the ball which is centered at yi and has radius 8/nf(Q?}). Set
Q = U;4B:. Tt is obvious that

%) < 3ol <“’Z/ AP ds inf M) £ 27 (25)
By (2.3) and a standard argument, it is easy to verify that when r € (3, 00),

T (h1, ho)llLr®e, Myywy S 101l Loe ) l[h2l e e, Mgy w)-
This via the fact that ||g1 || pe®n) S AP/P1, implies that

w({z €R": [T(gr, f)(@)] > M2} S AP0l oy | 2B g,y SATP- (26)
For each fixed Bi, x € R"\Q, k € Z, let R} be the radius of Bi and

oo

Il,n,B;‘(CE, Y1, yll) = Z(szRi)% (/

/ /75
W k(s s 2 9] dy2) .
= Sy (Bla, BY))

A straightforward computation involving the Holder inequality leads to that for z € R™\(Q,

5 Wi, k(@ y1, y2: ¥ 105 ()13 (y2) [ dyr dys
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S [ Ty oo g )i M fao)
1
which in turn implies that for x € R™\Q,
T, n (b1, f2)(2)] S Gi(2) My, f2(2)
with

W= 3 /ﬁmﬂWMWMmeﬁ
wez: 2= Ri<1” Q1

Z ) Hl,n;B}‘(iv; Y1, yi)|bl1(y1)‘dy1
rkez:25Ri>1" Qi

By the weighted estimate of the Hardy-Littlewood maximal operator, we know that when py > to,

w({l’ cR": Merg(iL') > )\P/PQ}) < )\7P|‘f2| };‘iz(Rme)'
On the other hand, by (i) of Lemma 2.1, for each fixed jo > 3, y1 € Bi
= R§2_“(51+82—n/r1—n/r2_1)

I . TId 1/7} <
i YS! : . A '
(/Sjousw (o wnwr) TS ,Zo (200 Ry)™ (202 Ry )/

J2=
Rzi27n(sl+527n/r17n/r271)

S @R )
For each fixed 14, it follows from (ii) of Lemma 2.1 that

/ G (2)w()dz < //' Iy e i (@ 91, ()b (o) [dn +
R™\Q i JRM\4Bi

KEZL: 2"~R7 <1

/ / Hy . s (55 91, wh)w(e)dalbd (y1)] dys
7 77,\4B?

KEZL: QNR’ >1

Ly 1/7]
N Z Z/ / &) ‘Il,n,B;‘(ﬂ% yl,yiwldx) X

KEZ: 25 RE <1 jo=3
167 (y1)[dys mfi My, w(z)(2°R))" ™ +

Z Z / / ‘Hl r, Bi (@, y1, Z/1)|T1dx>1/r1 X

KEZL: 2"R’>1 Jjo=3
b1 (y1)|dy: lean. an(Z)(Qj"Ri)”/”
Z€Q]

s/wmmmmﬂMww
i 2€Q}

Q1
SVPQL] inf My w(z).
z€Q]
Therefore,

w({z € RM\Q: [T, n(b1, fo)(x)] > A/2})
Sw{z € R™: My, folx) > NP/P1/4}) + w({z € R : Z Gi(z) > \P/P2 /4})
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AP pArm Y / G (2)w(z)dz < AP, (2.7)
i YRMQ
Combining the estimates (2.5)—(2.7) yields (2.4).
Now let p1 € (1, 00), p2 € (t2, ), q1 € (t1, ) and ¢z € (1, 00). We can choose

P11, P12, P13 € (1, 00); pa1, D22, Pas € (ta2, 00), such that (1/py1,1/pa, 1/p) is in the open con-
vex hull of the points

(1/p11, 1/pa1, 1/pY); (1/p12, 1/p2o, 1/9%); (1/p1s, 1/pas, 1/p°)

where 1/p? = Zi:l 1/px;j. We know from (2.4) that for each j =1, 2, 3,

1o, N (f1s f)lwrrs e wy S I fillrs @e, gy, w)ll foll Lr2s g ay, w)-

This, via the multilinear Marcinkiewicz interpolation [9, p.72], shows that for p; € (1, 00),

p2 € (tQa OO), 1 € (t17 OO) and q2 € (17 00)7

175, N (f1, f)llee@®e,wy S I1fillzes @n, az,, wyll foll Loz e, Mg, w)-

Note that (2.4) also implies the inequality (2.2). It remains to consider the case of p € (1, tx]
and g € (tg, 0o) with k = 1, 2. For each fixed py € (1, t1], p2 € (1, to] with 1/p=1/p1+1/p2 <
1+ 1/t*, we can choose 6 € (0, 1) such that 1/p < 1+ 60/t; + (1 — 0)/t2 — € for some € > 0,
p11 > 1, p12 > tq, po1 > t2 and pas > 1 such that

A Sl S S A L
P11 P21 12 2 p2 p2 ot 2
Let uq, us € (1, 00) such that

1 1 1 1 1 1

wy pn o pi2’ u2  par Paz
By the inequalities

2
176, 5 (f1, f2)llLur@r,w) S H I fllLpae (e, My, w)
k=1

and

2
1o, w (frs f2)ll oz wy S TT IS0l Lok e, gy, w0
k=1
an application of the bilinear Riesz-Thorin interpolation leads to that

2
1To, N (f1, f)llLr@r,w) S H ka”LPk(R",quw)-
k=1

This completes the proof of Theorem 2.2. [J
By Theorem 2.2, it is easy to see that Theorem 1.3 can be deduced from the following

conclusion, which has independent interest.

Theorem 2.3 Let p1, ps € [1, o0), p € [1/2, 00) such that 1/p = 1/p1 + 1/pa, 11, 72 € (1, 00).
Let T be a bi(sub)linear operator which satisfies that for any weight w,

2
IT(fr F)llLe@n,w) S T I Fellzoe @e, a,, w)-
k=1
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Then for any A\, € (0, n/ry) withk =1, 2, A = A\1p/p1+Xap/p2, T is bounded from LP1:*1(R™) x
LP222(R™) to LP A (R™).

Proof We will employ some ideas from [5]. Let B = B(xg, R) be a ball in R™. For each fixed
f1, fo with fi, € LPx: 2 (R") for k = 1, 2, decompose f, as

£@) = fuw)xas®) + > ixonpos) = £ + Y 1)
j=1 j=1
The fact that T is bounded from LP*(R"™, M, w) x LP2(R™, M,,w) to LP(R™, w), tells us that

([t pepas)” =( [ 176, @ )

2
S T 1Aellzon @n, vty x, -
k=1
Note that My ,(x) <1 for any « € R™. Thus,

0 :
157 Lo @ ) S B2l o ne -
On the other hand, a straightforward computation leads to that for j € N|

2 (/T =Xk QAP | £l Ly

15 e o, ) S -

since My, (z) ~ 279" for x € 291 B\27 B, see [18] for details. Therefore,

o0
il o n, gy ) < D ME e aty, vy S BN E N pone v - (2.8)
j=0

Our desired conclusion then follows immediately. [

Theorem 1.4 follows from Theorem 2.1 and

Theorem 2.4 Let p1, p2 € [1, ), p € [1/2, 00) such that 1/p = 1/p1 + 1/p2, r1, 12 € (1, 00).
Let T be a bi(sub)linear operator which satisfies that for any weight w,

2

IT(f1, f)llw e, w) S T I Felle e, a1, 0 (2.9)
k=1

Then for any A\ € (0, n/ry) withk = 1, 2, A = \;p/p1+ap/p2, T is bounded from LP+ 1 (R™) x
LP2:%2(R™) to WLPA(R™).

Proof Let f, € LP»*(R") with k = 1, 2 and B be a ball with radius R. Set w(z) = x, ().
Note that

o € B: [T(fi, f)(@)| > B} =w{z € R" : [T(f1, f2)(@)] > 1}).

We can obtain from the estimate (2.8) and (2.9) that

2
[{z € B [T(f1, fo)(@)] >t} S RN/ 2222 T full o e o)
k=1

which leads to our desired result and then completes the proof of Theorem 2.4. [
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