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Abstract In this paper, new unique common fixed point theorems for four mappings satisfy-
ing Lipzchitz type conditions in the term of c-distance on normal cone metric spaces were given.
The obtained results generalize and improve many known common fixed point theorems.
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1. Introduction and preliminaries

Huang and Zhang [1] recently have introduced the concept of cone metric spaces, where the
set of real number is replaced by an ordered Banach space, and they have established some fixed
point theorems for a contractive type mapping in a normal cone metric space. Subsequently,
some other authors [2-13] have generalized the results of Huang and Zhang [1] and have studied
the existence of fixed point or common fixed points of mappings satisfying a contractive type
condition in the framework of normal or non-normal cone metric spaces.

Fixed point results in metric spaces with the so called w-distance were obtained for the first
by Kada et al. in [14] where non-convex minimization problems were treated. Further results
were given in [15-17]. The cone metric version of this notion (usually called a c-distance) was
used in [18,19].

The author in [20] obtained a fixed point theorem for a mapping in normal cone metric
space under some contractive condition expressed in the terms of c-distance, and the author
in [21] also obtained fixed point and common fixed point results for mappings in TVS-valued
non-normal cone metric spaces under contractive condition expressed in the terms of c-distance.
Those results generalize many known ones.

Recently, Wang and Guo [20] obtained a common fixed point theorem for a pare of non-
continuous mappings under contractive conditions in the term of c¢-distance on a normal cone
metric space, but they did not discuss the uniqueness of common fixed points of the given
mappings.

Here, we will discuss the same problems as that in [20] for four mappings under weaker

Lipschitz type conditions and further give the uniqueness of common fixed points.
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Let E be always a real Banach space and P, a subset of E. Then P, is called a cone
whenever

(i) Py is closed, nonempty, and Py # {0};

(ii) ax 4+ by € Py for all z,y € Py and nonnegative real numbers a, b;

(il) Pon(—F) = {0}.

In this paper, we shall always assume that the cone Py has a nonempty interior, i.e., int Py #
() (such cones are called solid).

For a given cone Py C E, we define a partial ordering < with respect to Py by « < y if and
only ify—x € Py. « < y will stand for < y and = # y, while z < y will stand for y —z € int P.

A cone Py is called normal if there exists a real number K > 0 such that for all z,y € E,
0<z<y—=lz| < K|yl

The least positive number K satisfying the above condition is called the normal constant of F.

It is known that a metric space is a normal cone metric space with normal constant K = 1.

Definition 1.1 Let X be a nonempty set and E a real Banach space. Suppose that the mapping
d: X x X — FE satisfies

(d1) 0 <d(z,y) for all z,y € X and d(x,y) =0 if and only if x = y;

(d2) d(z,y) =d(y,z) for all z,y € X;

(d3) d(z,y) <d(z,z) +d(z,y) for all x,z,y € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Remark 1.2 If F is replaced by a topological vector space which is larger than a Banach
space, then Definition 1.1 becomes the concept of a TVS-valued cone metric space [21]. So the
cone metric space is a particular form of a TVS-valued cone metric space. Hence the conclusions

holding in TVS-valued cone metric space also hold in a cone metric space.

Definition 1.3 Let (X, d) be a cone metric space, x € X and {x, }nen a sequence in X. Then

(i) {zn} is a Cauchy sequence whenever for every ¢ € E with 0 < ¢ there exists N € N
such that d(xy,, z,) < ¢ for all n,m > N.

(ii) {x,} converges to x whenever for every ¢ € E with 0 < ¢, there exists N € N such that
d(x,,r) < ¢ for all n > N. We denote this by x,, — x or lim,, . T, = T.

(iii) (X, d) is called complete if every Cauchy sequence in X is convergent.

We shall make use of the following properties:

p1) fuv,we E, u<wvand v <w, then u < w;

(p2) fue F and 8 < u < ¢ for each ¢ € int Py, then u = 0;

(p3) If up,vn,u,v € E, 0 <u, <wv, for each n € N, and u,, = u, v, = v, then 6 < u < v;
(pe) fzp,2€ X, u, €E,dx,,z) <u, and u, — 0, then z,, — x;

(p5) If u < Au, where u € Py and 0 < A < 1, then u = 6;

ps) U0 <« cand u, € E, u, — 60, then there exists ny € N such that u,, < ¢ for all

n > ng.
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Definition 1.4 Let (X,d) be a cone metric space. A function ¢ : X x X — E is called a
c-distance in X if:

(q1) 0 <qlz,y) for all z,y € X;

(12) q(z,2) < q(z,y) +q(y, 2) for all z,y, 2 € X;

(q3) If a sequence {y,} in X converges to a point y € X, and for some x € X and
u=1u; € Py, q(x,y,) < u holds for each n € N, then q(z,y) < u;

(qs) For each ¢ € E with 6 < ¢, there exists e € E with < e, such that q(z,z) < e and
q(z,y) < e implies d(z,y) < c.

The information of examples and notations of c-distance can be found in [20,21].

The following facts can be found in [21].

For c-distance ¢,

1) q(z,y) = q(y, z) does not necessarily hold for all z,y € X;

2) q(x,y) = 0 is not necessarily equivalent to = = y.

Definition 1.5 A sequence {u,} in Py is said to be a c-sequence if for each ¢ > 0 there exists
ng € N such that u,, < ¢ for all n > ng.

It is easy to show that if {u,} and {v, } are c-sequences in E and «, 5 > 0, then {au, + v, }
is a c-sequence.

The following conclusion is a cone metric version of Lemma 1 in [21].

Lemma 1.6 Let (X,d) be a cone metric space and q a c-distance on X. Let {z,,} and {y,} be
sequences in X and x,y,z € X. Suppose that {u,} and {v,} are c-sequences in Py. Then the
following hold

(1) If g(xzp, y) < uy, and q(x,, 2) < v, for alln € N, then y = z. In particular, if g(z,y) =0
and q(z,z) =0, then y = 2.

(2) If ¢(xn, yn) < uy and q(zn,2) < v, for alln € N, then {y,} converges to z.

(3) If g(xp, ) < uy for all m > n > ng, then {x,} is a Cauchy sequence in X.

(4) If q(y, xy,) < uy, for all n € N, then {x,} is a Cauchy sequence in X.

2. Common fixed points under c-distance
The following is the main result in this paper.

Theorem 2.1 Let (X,d) be a cone metric space and Py a normal cone with normal constant
K. Let a;,a; € [0,+00),i = 1,2,3,4, be real numbers satisfying az + aq < 1, a5 + a} < 1 and
ataztas 41949 9 Guppose that four mappings S, T, 1,J : X — X satisfy that S(X) c I(X)

! ’
l—az—a4 l—az—a)

and T(X) C J(X) and for each xz,y € X,

q(Sz,Ty) < arq(Jx, Iy) + azq(Jx, Sx) + asq(Iy, Ty) + asq(Jz, Ty), (2.1)
q(Tx,Sy) < ayq(Iz, Jy) + apq(Iz, Tx) + a3q(Jy, Sy) + ayq(Iz, Sy). (2.2)

If any one of S(X), T(X), I(X) and J(X) is complete, and for any v € {y € X : IF €
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{S8,T,1,J}, Fy # y}, one of the following conditions holds:

inf{[lq(Sz, )| + llg(Jz, u)|| + [lq(Jz, Sz)|| : 2 € X} > 0;

inf{|lg(Tz, w)ll + llg(Lz, )| + lg(Iz, T)|| : 2 € X} > 0.
Then S,T,I,J have a unique common fixed point v € X and q(u,u) = 0.

Proof Let x9 € X be arbitrary. Since S(X) C I(X), there exists 1 € X such that Sz = Izq;
by T(X) C J(X), there exists x5 € X such that Txz; = Jx2. By induction, two sequences {z,}
and {y,} can be chosen such that

Yon = STon = ITont1, Yong1 = TTont1 = JTong2, n=0,1,....
For any n € N, by (2.1) and (g2),

q(Y2n, Y2n+1) = ¢(ST2n, TT2041)
< a1q(Jw2n, [v2041) + a2q(J 220, STon) + a3q(IT2n41, To2n41) + aaq(J 220, TT2011)
= a1q(Y2n—1, Y2n) + a2q(Y2n—1, Y2n) + a3¢(Y2n, Yant+1) + a4q(Y2n—1, Y2n+1)
< a1q(Y2n—1,Y2n) + a2q(Y2n—1, Y2n) + a3q(Y2n, Y2n+1) + aalq(y2n—1, Y2n) + q(Y2n, Y2n+1)]-
Hence

q(Y2n, Yon+1) < L1 q(Y2n—1, Y2n), (2.3)

where [; = %122+t Gimilarly, by (2.2) and (qs),

fr——
q(Y2nt1,Y2n+2) = ¢(Tr2n 41, STant2)
< avq(Izan g1, Jxony2) + asq(Izan i1, Trant1) + a3q(Jx2n42, STany2) + a4q(Ixan i1, STani2)
= a1q(Y2ns Y2nt1) + a5q(Y2ns Y2nt1) + a5q(Y2n+1, Yont2) + a4q(Yon, Yont2))
a1 q(Y2n, Yant1) + a50(Y2n, Yon+1) + a3q(Y2nt1; Yant2) + a4lq(Yan, Yont1) + Q(Y2nt1, Yont2)]-

Hence

q(Y2n+1,Y2n+2) < L2 q(Yon, Y2n+1), (2.4)

’ ’ ’

ajtastay
’ 1.

l—af—ay

Now, using (2.3) and (2.4), we obtain

where Ly =

q(Yon+1, Y2n+2) < Laq(Yon, Yont1) < L1Laq(yan—1,Y2n) < -+
< (L1L2)"q(y1,y2) < L™ Laq(yo, y1),

where L = L1Ly < 1, and
q(Y2n, Y2n+1) < L1q(Y2n—1,y20) < L1L" " Log(yo, y1) < L"q(yo, y1)-
Hence for n,m € N with m > n,

q(W2n+1, Y2m+1) <qWon+1, Yont2) + Q(Wont2: Yont3) + - + Q(W2m—1,Y2m) + ¢(Y2m, Y2m+1)
<LoL™q(yo,y1) + L™ q(yo, y1) + -+ + Lo L™ Yq(yo, y1) + L™ a(yo, 1)
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L2Ln Ln+1 n
< <
*(I—L + 1_L>Q(y07y1) S127

SMan(yOa y1)7

(L2 + 1)q(yo,y1)

where M = %L max{1, Lo}. Similarly,

1
L"  L"L,
<
Q(y2nay2m+1) >~ (1 _ I + 1- L

Ln LI,

-7 1= L)Q(?mel) < a(yo. y1);
LoL™ Lp+1)
1-L ' 1-1

Ya(yo. y1) < ML"q(yo, y1);

q(ana y2m) S (

Q(92n+1,92m) S ( Q(y()ayl) S Man(y07yl)

So for any m > n > 0, there exists c¢(n) € N such that 251 < ¢(n) < 2 and
4(Yns ym) < ML g(yo, y1).
Let ¢, = ML q(yo,y1). Then
q(Yn,Ym) < €, Ym,n e N;m > n. (2.5)

Since L < 1, ¢, is a c-sequence and ||¢,,|| — 0 as n — +o0o. Hence {y,} is a Cauchy sequence
by Lemma 1.6(3).

Suppose that I(X) is complete. Then since {ya2,} is also Cauchy sequence and ya, € I(X),
there exists u € I(X) such that yo, = Sxa, = Iron+1 — u. (If S(X) is complete, then there
exists u € S(X) C I(X) such that ya, = Sz, = I22,41 — u, so the conclusion remains the
same.)

By (2.5), ¢(y2n, Y2m) < can,Vm > n > 0. Fix n and let m — oo, then by (q3),

q(y2n,u) < capn, Y0 > 0. (2.6)
By (q2), (2.5) and (2.6),
q(Y2n+1,%) < q(Y2n+1, Y2nt2) + 4(Y2n+2,u) < C2ptr + C2ng2, V0> 0. (2.7)
Since Py is a normal cone with normal constant K, by (2.5), (2.6) and (2.7), for m > n > 0,
g, ym) || < Kllenll; llg(yzn, Wl < Kllcanll; llg(y2n+1, )l < Klllcanall + lleans2]l]-
If w is not a common fixed point of S, T',I and J, then

0 <inf{llg(Sz, w)|| + [la(Jz,w)| + [l¢(Jz, Sz)|| : « € X}
<inf{|lg(Szant2, v + la(Jz2nt2, u) || + lg(Jz2n+2, ST2nt2)| : n € N}
=inf{{lg(y2n+2, W)l + lg(Y2n+1, W) + [[¢(y2n+1, y2nt2)ll : n € N}
<inf{2K[[[cznt1 | + [[cznt2[] : n €N} =0

or

0 <inf{|lg(Tz,u)|| + [[¢(Iz,u)|| + |¢(Iz, Tz)|| : * € X}
<inf{{lg(Tzany1,w)|| + [lg(Iz2n 11, w)|| + [[¢(IT2041, TZ2n41)]| : 0 € N}
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=inf{[lg(yzn+1, )l + lla(y2n, w)|l + lla(y2n, y2n+1)| : n € N}
<inf{K[2[lcon|| + llczntall + llezns2ll : » € N} = 0.
These are all contradiction, hence u is a common fixed point of S, T, I and J.

Suppose that J(X) is complete. Then since {y2,+1} is also Cauchy sequence and yo,41 €
J(X), there exists u € J(X) such that yo,+1 = Txont1 = Jropte — u. (If T(X) is complete,
then there exists u € T(X) C J(X) such that yo,+1 = TZan+1 = JTant2 — u, so the conclusion
remains the same.)

From (2.5), we have that q(y2n+1,Y2m+1) < Cont1,Vm > n > 0. Fix n and let m — oo,
then by (qs),

q(Yon+t1,u) < cony1, Vn > 0. (2.8)

By (q2), (2.5) and (2.8),
q(Yon+2, 1) < q(Yan+t2, Yont3) + @(Yont3, u) < Canyo + Cangs, Vn > 0. (2.9)

Since Py is a normal cone with normal constant K, by (2.5), (2.8) and (2.9), for m > n > 0,

1a(yn, ym) | < Kllenll; [la(y2nt1, )|l < Klleantall, [la(yant2, W)l < Klllcantall + lezns]l]-
If w is not a common fixed point of S, T, I and J, then
0 < inf{[lg(Sz, )|l + llg(Jz, w)l| + ll¢(Jz, Sz)| - & € X}
< inf{|lq(Szant2, )l + [lg(J22nt2, w)l| + lg(J22n 42, STans2)|| : m € N}
= inf{|[q(y2n+2, W)l + [la(y2n+1, W + [a(Y2nt1, y2ns2)| 1 1 € N}
< inf{ K2l cans1ll + lleansall + llcznsll] : m € N} =0,
or
0 < inf{[|lg(Tz, uw)l| + llg(Tz,w)[| + gz, T2)| : 2 € X}
< inf{|lq(Twont1, w)ll + lg(Uz2nr1, W)l + ¢(Lz2n41, T2n41)]| - 0 € N}
= inf{[lq(y2n+1, Wl + llg(y2n, W)l + l¢(y2n, yani1)| - n € N}
< inf{2K]||con|| + llcan+1]l] : » € N} = 0.
These are all contradiction. Hence u is a common fixed point of S, T', I and J.
By (2.1),
q(u,u) = q(Su, Tu) < arq(Ju, Iu) + aq(Ju, Su) + azq(Iu, Tu) + asq(Ju, Tu)
< a1 + ag + as + 2a4]q(u, u),
hence q(u,u) < Liq(u,u). Similarly, by (2.2), we obtain q(u,u) < Lag(u,u). So q(u,u) <
LiLog(u,u). But L = L1 Ly < 1, hence g(u,u) = 0 by (ps).
Suppose that v is also a common fixed point of S, T, I and J. Then similarly, we obtain

q(v,v) = 0.
By (2.1),

Q(u7 1)) = Q(Suv TU) S alq(‘]uv IU) + CLQC](JU, Su) =+ aSQ(IU7 TU) + (14(](JU, TU)
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= a1 + a4lq(u,v) < [a1 + a2 + a3 + 2a4]q(u, v),

hence q(u,v) < Liq(u,v). Similarly, by (2.2), we obtain q(u,v) < Lag(u,v). So q(u,v) <
LiLog(u,v). But L = L1 Ly < 1, hence ¢(u,v) = 0 by (ps). Therefore, v = v by Lemma 1.6(1).
This completes that u is the unique common fixed point of S,T,I and J, also g(u,u) = 0.

We say that ¢ € @ if ¢ : [0, +00)* — [0, 00) satisfies (i) ¢(-,,-,x) is non-decreasing about
x, (ii) there exists Ly € [0, +00) such that u < ¢(v, v, u, v + u) implies u < Lyv. In this case, L

is said to be a companion constant of ¢.

Theorem 2.2 Let (X,d) be a metric space, S,T,1,J : X — X four mappings satisfying that
S(X)cCI(X) and T(X) C J(X) and for each z,y € X,
(

q(Sz,Ty) < ¢(q(Jz, Iy), q(Jz, Sx), ¢(1y, Ty),q(Jz, Ty)), (2.10)

q(Tx, Sy) < &' (q(Iz, Jy), q(Ix, Tx),q(Jy, Sy), q(Iz, Sy)), (2.11)
where ¢,¢' € ®. If a) LgLy < 1, b) any one of S(X), T'(X), I(X) and J(X) is complete, c) for
eachu e {ye X :3F € {S,T,1,J},Fy # y}, one of the following conditions holds:

inf{[l¢(Sz, w)|| + [lg(Jz, u)|| + [lq(Jz, Sz)|| : 2 € X} > 0;

inf{{lq(Tz, w)|| + llg(fz, w)|| + ¢(Iz, T)|| : 2 € X} >0,

then S, T, I, J have a common fixed point u € X and q(u,u) = 0. Furthermore, ¢ and ¢’ satisty
that for all v > 0, r > ¢(r,0,0,7) or r > ¢'(r,0,0,r), then u is the unique common fixed point
of S,T,1,.J.

Proof Let xp € X be arbitrary. Since S(X) C I(X), there exists x1 € X such that Szg = Izy;
by T(X) C J(X), there exists 3 € X such that Tz; = Jxs. By induction, two sequences {z}
and {y,} can be chosen such that

Yon = STon = ITopi1, Yony1 = TO2nq1 = J22p42, n=0,1,....

For any n, by (2.10) and (q2) and ¢ € @,

q(Y2n, Yon+1) = ¢(ST2n, TT2n41)
< d(q(Jz2n, IT2n41), ¢(J2n, ST2n), ¢(UT2n41, TT2n41), ¢(JT2n, TT2n11))
= ¢(q(y2n—1,Y20), A(Y2n—1,Y20), A(Y2n, Y2n+1), A(Y2n—1, Y2n+1))
< d(q(y2n—1,Y2n)s ¢(Y2n—1,Y2n)s 4(Y2ns Y2n+1)s Q(Y2n—1, Y2n) + ¢(Y2n, Y2n+1))-
Hence
4(Y2n, Y2n+1) < Lo q(Y2n—1, Y2n)- (2.12)
Similarly, by (2.11) and (¢2) and ¢’ € P,
q(Y2n+1,Y2n+2) = ¢(TT2n+1, ST2n42)
< ¢('qIzons1, Jranto), q(Ixon i1, TTon11), ¢(JT2ny2, STont2), q(IT2n 11, STony2))

= ¢/(Q(y2n, y2n+1)a Q(yzn, y2n+1)a Q(y2n+17 y2n+2>7 Q(y2n7 y2n+2))
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< ¢/((J(y2n, y2n+1), Q(y2n, y2n+1)7 Q(y2n+1, y2n+2), Q(y2m y2n+1) + Q(y2n+1, y2n+2))-

Hence

q4(Y2n+1,Y2n+2) < Ly ¢(Y2n, Yan+1)- (2.13)
Now, from (2.12) and (2.13), we obtain
q(Y2n+1,Y2n+2) <Ly q(Yon;Yon+1) < LoLy q(Yan—1,Y2n) < - -
<(LyLy)"q(y1,y2) < L"Lyrq(yo,y1),

where L = LgLg < 1, and

q(Yon, Y2n+1) < Loq(Yan—1,Y20) < Lo L™ ' Lyrq(yo, 1) < L™q(yo, 1)

Following the process of the proof of Theorem 2.1, we obtain that S, T, I, J have a common
fixed point v € X.
On the other hand, by (2.10),

q(u,u) =q(Su, Tu) < ¢(q(Ju, Iu), ¢(Ju, Su), g(Tu, Tu), g(Ju, Tu))
<é(q(u, u), q(u, u), q(u, u), q(u, v) + q(u, u)),

hence gq(u,u) < Lgq(u,u). Similarly, g(u,u) < Lg g(u,u) by using (2.11), hence g(u,u) <
LyLy q(u,u). So q(u,u) = 0.
If v is also a common fixed point of S, T', I, J, then similarly, ¢(v,v) = 0 also holds.
Using (2.10) and (2.11), we obtain

q(u,v) =q(Su, Tv) < ¢(q(Ju, Iv), q(Ju, Su),q(Iv,Tv), q(Ju, Tv))
<¢(q(u,v),0,0,4(u,v))
and
q(u,v) =q(Tu, Sv) < ¢'(q(Tu, Jv),q(Iu, Tu), q(Jv, Sv), ¢(Tu, Sv))
<¢'(q(u,v),0,0,q(u,v)).
Hence ¢(u,v) = 0. Therefore uw = v by Lemma 1.6(1). So w is the unique common fixed point of
S.T,1,J.
Remark 2.3 If (X,d) is a metric space, Theorem 2.1 is a particular form of Theorem 2.2. In

fact, define two functions ¢, ¢’ : [0, +00)* — [0, +00) by

d(u1,u2, us, ua) = a1u1 + agus + azus + asy;

/ ! ! ! /
@' (U1, u2,us,ug) = ayur + agus + azus + ayug,

where a;,a; € [0,+00),i = 1,2,3,4, satisfy a3 +ay < 1, aj +a} < 1, QFoetos atoatas

l—az—ay4 1—af—a)
Let Ly = % and Ly = % Obviously, ¢ is non-decreasing about us and u <
(v, v, u, u+v) implies that v < (a1 + a2+ aq)v+ (a3 + aq)u, hence u < Lyv, so ¢ € ®. Similarly,
¢ € ®. On the other hand, LyLy < 1 implies that Ly < 1 or Ly < 1. If Ly, < 1, then

a1 +as < 1. So ¢(u,0,0,u) = (a1 + as)u < u for all w > 0. Similarly, Ly < 1 implies that
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¢ (u,0,0,u) = (a} +ay)u < u for all u > 0. Hence ¢, ¢’, Ly, Ly satisfy all conditions of Theorem
2.2. Therefore, the conclusion of Theorem 2.1 follows from Theorem 2.2.

The next two results are all particular forms of Theorems 2.1 and 2.2, respectively.

Theorem 2.4 Let (X,d) be a cone metric space and Py a normal cone with normal constant
K. Let a; € [0,400),i = 1,2,3,4, be real numbers satisfying aj + as + a3 + 2a4 < 1. Suppose
that two mappings S, I : X — X satisfy that S(X) C I(X) and for each x,y € X,

q(Sz, Sy) < a1q(Ix, Iy) + asq(Ix, Sx) + asq(ly, Sy) + asq(Iz, Sy). (2.14)
If S(X) or I(X) is complete, and for any u € {y € X : 3F € {S,1,}, Fy # y},
inf{[lg(Sz, u)|| + lg(Tz, w)l| + ll¢(Tz, Sx)|| - © € X} >0,
then S and I have a unique common fixed point v in X and q(u,u) = 0.

Proof Let S=T,1=J and o, =a; (i =1,2,3,4). Then the conclusion follows from Theorem
2.1. O

Theorem 2.5 Let (X,d) be a metric space, S,I : X — X two mappings satisfying that
S(X) C I(X) and for each z,y € X,

q(Sz, Sy) < d(q(Ix, Iy), q(Iz, Sx), q(Iy, Sy), Iz, Sy)), (2.15)
where ¢ € ® with Ly, < 1. If S(X) or I(X) is complete, and for each v € {y € X : 3F €
{5, 1}, Fy # y},

inf{{lg(Sz, w)l| + lg(Jz, w)[| + lg(Jz, Sz)| : & € X} >0,
then S and I have a common fixed point v in X and q(u,u) = 0.

Proof Let S=T,I=J and ¢ = ¢’. Then the conclusion follows from Theorem 2.2. O

Remark 2.6 Theorem 2.4 is the main result in [20]. Hence Theorem 2.1 is a generalization of

the main result in [20].

Acknowledgements We thank the referees for their time and comments.
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