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Abstract Nearest polynomial with given properties has many applications in control theory
and applied mathematics. Given a complex univariate polynomial f(z) and a zero «, in this
paper we explore the problem of computing a complex polynomial f(z) such that f(a) =0 and
the distance ||f— f|l is minimal. Considering most of the existing works focus on either certain
polynomial basis or certain vector norm, we propose a common computation framework based
on both general polynomial basis and general vector norm, and summarize the computing
process into a four-step algorithm. Further, to find the explicit expression of f(z), we focus
on two specific norms which generalize the familiar £,-norm and mixed norm studied in the

existing works, and then compute f(z) explicitly based on the proposed algorithm. We finally
give a numerical example to show the effectiveness of our method.
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1. Introduction

Let C[z] be the polynomial ring in z over C and &£ := {e;(2) | j = 1,...,n} an arbitrary
polynomial basis in C[z]. Let f(z) be a given polynomial. Set

= = span{e1 (2), ..., en(2)} = {chej(z) le;eCj=1,... n}
j=1

and

S:=f(z)+E= {f(z)+chej(z) | ¢ E(C,j:l,...,n}.
j=1

The aim of this paper is to study the problem of finding a univariate complex polynomial
f(2) € & such that it has a prescribed zero @ € C and the distance between f(z) and f(z) is
minimal.

Let A(a) := {g € S| g(o) = 0}, i.e., the set of all elements of & that have a zero «. The

problem can be equivalently formulated as follows:
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Problem 1.1 Find f € A(«) such that

f—f|l= min —fll, 1
IF =7l = min g~ 7| (1)
where the norm || -|| of a polynomial is defined as the norm of coefficient vector of the polynomial

with respect to €. Assume that f(a) ¢ A(a), otherwise choose f(z) = f(z).

The sensitivity of the zeros with respect to the uncertainties of the polynomial coefficients
has been studied widely; cf. e.g., [1-3]. Ostrowski [1] introduced a continuous sensitivity analysis
to study the uncertainties of the coefficients as a continuity problem. Such a direction was
developed significantly by Mosier [2], who introduced the notion of a “root neighborhood” or
“pseudozero set” of a polynomial, which means the set of all zeros of polynomials that are near
to a given polynomial. As noticed in [4], a nearest polynomial with a given zero is needed in
computing a pseudozero set. Besides its relationship to the pseudozero set or to the approximate
GCD problem, the computation of nearest polynomials with given properties has applications in
control theory [5-7]. This motivates our study in the problem of a nearest polynomial.

By choosing e¢; = 2771 (j = 1,2,...,n — 1), the monomial basis, Hitz and Kaltofen [8-
10] studied Problem 1.1 in case of (weighted) fo-norm and fo.-norm. They converted it into
a parameterized least squares problem for /5-norm, and a linear programming problem for f.-
norm. Stetter [11] extended these results to ¢,-norms for all values of p based on dual norm
theory. Further, Graillat [12] gave explicit formulas for f(z) in case of any {p-norms. Problem
1.1 was also studied in some other polynomial bases. For example, Rezvani and Corless [13,14]
chose Lagrangian, Chebyshev, Bernstein and Hermite bases and so forth.

If the point « is replaced with a complex domain, Problem 1.1 becomes a problem of
computing the nearest complex polynomial with a zero in a given domain. For such a problem,
Qiu and Davison [5] addressed it by computing structured singular values for a special class
of rank-one problems [6,7]. Hitz and Kaltofen [8,9] proposed a symbolic-numeric approach for
finding a nearest polynomial in weighted ¢3-norm. Further, Luo et al. [15] studied the nearest
complex polynomial in £,-norm and mixed norm, while a similar problem for the real case in
weighted {o.-norm was researched in [16,17].

Motivated by the fact that previous studies mainly focus on either ¢,-norms and mixed
norm or certain specific polynomial basis, this paper tries to unify these results, and proposes
a common computation framework for Problem 1.1. We will propose a four-step algorithm for

computing f(z) in both general polynomial basis £ and general vector norm || - ||. Meanwhile,

since explicit expressions of f(z) heavily depend on the dual norm || - ||* and not all the norms
would have concrete forms for their dual norms, we also study the computation of f(z) when
focusing on two specific norms, i.e., the generalized weighted norm || - ||, w and the generalized
mixed norm || - {|p.py.ps-

Apart from the nearest polynomial computation that will be studied in this paper, these two
norms have many other applications, such as in (block) sparse signal recovery and in function
interpolation [18-20]. Interestingly, we also observe that the second norm can be extended to the

corresponding matrix norm, where || - ||1,2,2 was popular in joint feature selection and subspace
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learning [21-23]. Like [15], the results obtained in this paper can be extended to computing the
nearest polynomial with a zero in a given domain, but this will not be simply repeated since the
key idea is similar.

The rest of this paper is organized as follows. Section 2 describes some useful notations,
and then a common computation framework for Problem 1.1 is proposed in Section 3. Section
4 shows the detailed computing process for explicit solutions. A numerical example is given in

Section 5, and finally Section 6 concludes the paper.

2. Notations

As in [15], some useful notations are listed:
(i) Let C™ denote the n-dimensional complex vector space. Vectors in C™ will mean column

vectors which are typed in bold, e.g.,
u = (ug,ug, ..., uy)t €C", vi=(vy,0vs,...,0,)T € C".

Let
®(2) == (e1(2),e2(2),...,en(2))" € C™ for every z € C. (2)

(ii) (Scalar product) The ordinary scalar product on C™ is denoted by

n
(u,v) :=vlu= g u;v;, u,veCr,
=1
where 7; means the conjugate number of v;.

(iii) (¢p-norm || - ||,) The £y-norm of the vector u is defined by:

O w7, if1<p< oo,
[, == =

max |u;l, if p=o0.
j=1,....n

(iv) (Weighted ¢,-norm |[|-||..,) Let w = (wi,ws,...,w,)T € R be the weight vector, where
R, denotes the set of all positive real numbers. Then, define

n

O lwjusl?)7, 1< p < oo,
[ullpe = =

max |wju,l, if p=oco.
Jj=1,....n
(v) (Mixed norm || - |mix) Let 1 <r <n—1and 1< p;,ps < oo be given. Then, define

allnix := max{[ut [, [0, },

where u = (u(l)T, u(Q)T)T, u® = (ug,...,u,.)" and u® = (upg1,...,u,)7.
(vi) (Dual norm || - ||*) The dual norm || - ||* associated to any norm || - || is defined by
. u,v
|lal|* := Supu = sup | (u,Vv)|. (3)
v# (vl lvl=1
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Conversely, the dual formulation of Eq. (3) is

[ (v, )|
vl = SUPW = sup |[(v,u)|. (4)
uz0 ||U fluf/*=1
It is well-known that [14,15]
1 1
[all = l[uallg, 1<pg<oo,—+-=1
rp q
« 1 1 N _ _ _
Hqu,w = ||u| q,w* > 1<pg< 0075 + g =lw = (wl 1,0.)2 1’ s ’wnl)Ta
§ 1 1 ,
[l = 0V g + 0P g, 1<g oo, —+—=1,j=1,2
Dj q;

with the convention that ¢ = co if p =1 and ¢ = 1 if p = oo which is used throughout this paper.

3. General solutions for Problem 1.1

In this section, we propose a common framework to compute the nearest complex polynomial
in both general norm and general basis, and give the basic forms for nearest polynomial f(z)
and minimal distance ||f — f]|.

We start our discussion with the following lemma:

Lemma 3.1 Lety € C, |y| =1 and u € C", |lu||* = 1. Then, there exists at least one vector

v € C", |v| =1, such that (u,v) = v u = 7.

Proof Since {v € C" | ||v|| = 1} is a compact domain, the sup in Eq. (3) can be attained. That
is to say, there exists at least one vector vo € C", |[vo|| = 1, such that | (u,vo) | = [Jul|* = 1.
Suppose (u,vg) = o where 79 € C, |y| = 1. Taking v = Fyyvo, we obtain |v| = 1,
(u,v) =~.0
If we particularly take || - || = || - ||, namely || - [|* = || - ||, with %4—% =1, Lemma 3.1 has a

more detailed version.

Lemma 3.2 ([13,15]) Let % + % =1 with 1 < p,q < co. Suppose that u € C" and v € C are
given such that ||u|l; =1 and |y| = 1. Define v € C" as follows:

w9 2w, if u; #0,
vj—{’y| il o ]f for 1 < g < oo, (5)
0, ifu; =0,
Fuj,, if j = jo,
vj={” A for g = oo, (6)
07 Ifj#.]()a

where jg is any, say the least, index with |u;,| = 1. Then, we have

(w,v) =7 with [|vll, = 1.

In Problem 1.1, we observe that

n

9(2) = f(2) = Y _cjej(2) = " B(2),

j=1
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where ¢ = (c1,¢ca,...,c,)T € C*. Since ||g — f|| is defined as the norm of coefficient vector of

g(z) — f(z) with respect to {e1(z),e2(2),...,e(2)}, we have ||g — f|| = ||c||. Thus, to find f(2),

we need to compute the minimum value

min c 7
f(a)JrCT<I>(oz):0H H ( )

and a vector ¢ where it is attained.
Let

u:=7®(a) = pler(a), ea(a), ..., en(a)’
with 7 = W, so |Ju]|* = 1. Recalling that f(«a) ¢ A(a), we set

i@
|f ()]
Then, Lemma 3.1 implies that there exists a vector v = (v1,vs, ..., v,)T € C" satisfying
[v|=1 and (u,v)=v"u=n~.
Take ¢ = 7|f(«)|v and define
f(z) = f(z) + "®(2) = f(2) + > _ cje;(2). (8)
j=1

The next theorem proves that f(z) is actually a solution to Problem 1.1.

Theorem 3.3 Let || - || and {e1(z),e2(2),...,en(2)} be arbitrary norm of C" and polynomial

basis in C|z], respectively. Then, the polynomial f(z) defined by Eq. (8) solves Problem 1.1

: . . [f(a)]
with minimal distance &) -

Proof From the definitions of u, v, v and c, it follows that ¢’ ®(a) = u|f(a)[v ®(a) =

|(@)[¥"u = | f(a)ly = — f(@), which implies f(a) =0 and || f - f]| = [le]| = L2

It remains to prove that ||f — f|| < [lg — /]| for all g € A(a). Write an arbitrary g € A(«)

as follows: .
9(2) = f(2) + Y _riei(2)
j=1
with r = (r1,79,...,7,)T. Then, since g(a) = 0, an application of Holder’s inequality yields

(@) = lg(a) = ()] = | Yoryes(@)] = T @(@)] < [Ir] ()],

from which it follows that

Fop= @ -
IF =l = 1@ < Il =1lg =11 2

Denote the minimal distance by

d = plf(e)| = <IJ:<($>)||| )

We summarize the above computation process into the following algorithm.
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Algorithm 3.4 (Computation of the nearest polynomial)
Input: f(z), a, ®(z) and a certain norm || - ||.
Output: A nearest polynomial fand its minimal distance d from f.

Step 1. Compute u = 7®(«) with ||u|* = 1, where 7 = m.

Step 2. Compute v with ||v]| =1 and (u,v) = ~, where v = —

Step 3. Compute ¢ = 7|f(a)|V .

Step 4. Return f(2) = f(2) + c7®(2) and d = 7|f(c)].

Algorithm 3.4 is valid to any norm, where computations of nearest polynomial f(z) and
minimal distance d come down to computing the desired vector v and the dual norm of ®(a).
However, both of v and ||®(«)||* may not have explicit forms for certain norms. For this reason,
in the next section we shall focus on two specific norms that are not studied in previous works

and in which we can obtain explicit v and || ®(«)|*.

4. Explicit solutions for Problem 1.1
We first give the definitions of two norms to be used.
4.1. Norm definitions and dual norms

Motivated by (weighted) ¢,-norm and mixed norm introduced in Section 2, we define two

more general norms.

Definition 4.1 Let W = (w;;) € R"*" be a nonsingular and symmetric weight matrix. For

u = (uy,ug,...,u,)T € C" and 1 < p < oo, we define
[all, w = [Wull, (10)
which is called generalized weighted norm.
It is straightforward to prove that | - ||, w is a norm, so we omit the proof.
Definition 4.2 Suppose u = (u1,us,...,u,)’ € C*. Let u = (u(l)T,u(Q)T)T, u® =
(u1,. .. u)", u® = (uppq, ..., u,)T and 1 <r <n—1. For 1 < p,p1,ps < 00, we define
1
1y, e o= 1 (10D s [0 ) = (D)2, + [u®2,)” (11)

which is called generalized mixed norm.
The positivity and homogeneity of || - ||, p,, p, follow directly from its definition. We just
prove the correctness of triangle inequality by applying the Minkowski inequality.

For any u,v € C", u = (u(l)T7 u(Q)T)T, v = (V(l)T, V(Q)T)T, we have

latvl, ., = H (uu) FvD u®@ g V<2>) H

P, P1, P2

1
= (Hu(l) + V(l)”g1 + [u® + v(2)||gz) P

1

< (R llpy + 1V )" + (@l + v )7)
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= 1 (I, + 19D s 10, + 1V, ) 1
= 1 (I pss 1@ ) + (VP lpas 1Vl ) 1

<1 (1D s 10, ) I+ 1 (VD s 1 ll2) 1

= llully, p,, o + 11Vl

P, P1, P, P1, P2 °

According to Algorithm 3.4, dual norm is critical to compute f(z) and d. Thus, the next

theorems reveal the dual norms of || - ||, w and || - ||p,p, ps, respectively.
Theorem 4.3 Let u,p, W be as in Definition 4.1. Then
s w = g ws (12)
where W' denotes the inverse of W, q satisfies 1 < ¢ < oo and % + % =1.
Proof See Appendix A. O

Theorem 4.4 Let u,u®,u®, r p, pi,ps be as in Definition 4.2. Then

[[ul]

(13)

* p—
P, P1, P2 ||ll q; q1, 92’

where q, q1,qo satisfy 1 < q, q1, g2 < 0, %—i—%:l, pil—l—qil:landp%—&—q%:l,

Proof See Appendix B. O

By default, in the following discussions we always assume that p’s and ¢’s appear in pairs.

Remark 4.5 The introduced generalized weighted norm and generalized mixed norm include
many familiar norms.

For example, for any u € C” and 1 < p < oo, if W = I (identity matrix), then ||ul|, w =
[lullp; if W = diag(ws,...,wy), then |lull, w = ||[u]lpw; for any 1 < p1,ps < oo, if p = 0o, then
[ullo,pr,pz = [[0|mix-

Moreover, Theorems 4.3 and 4.4 imply

[ull; = llallg, allyw = l[allgw-r = [[ullge-

and
[ullse e = [ll1g1.q0 = 0D, + [0, = [luflf.
These results are consistent with the ones in Section 2.

4.2. Solutions in generalized weighted norm

Following the flow of Algorithm 3.4, we will find explicit solution formulas in generalized
weighted norm for Problem 1.1 in the following steps:
Step 1. Compute u:
For p € [1, 0], let
u="7P(c)
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. _ 1 _ 1 1.1 _
with 7 = B w — T®@, w and st =1 Then, we have

[ullpw = lullgw- =1.

Step 2. Compute v:

Let x = W~ tu € C" so that [|x[|q = [Jul|; w-1 = 1. Set v = |§Eg§|; then, by using Lemma
3.2, there exists y € C, ||y||, = 1 such that (x,y) = .
Now, let
v=Wly (14)

which satisfies 1
{ IVlpw = IWW ™yl = llyll, = 1,

(u, v) = (Wx,Wly) = (x,y) = .
Step 3. Compute ¢ = 7|f(a)|V:
Owing to Lemma 3.2, we can deduce each component of c in details. First, denote the
inverse of W by W1 = (;;)nxn € R™*". Due to the symmetry of W, W1 is also symmetrical,
namely, ¢;; = ¢ji, 4,7 = 1,...,n. Next, we divide p,q € [1, 00| that satisfy % 5+ 5 =1 into two

cases to discuss:

Case a 1<p§oo,1§q<ooand%+%:1.

In this case, 7 and the j-th component of x are
1 1

[@(@)w— (515 0@

=1 j=1

T =

Q=

n
;= TZ¢jkek(a), j=1,...,n
k=1

By Eq. (5) in Lemma 3.2, if z; # 0, i.e., >.p_, ¢jrer() # 0, one has the j-th component of y as
follows:

| oner(@)' 3 den(a)
125w |35 6 pen(0)]
k=1

fla)
fla)

)

y; =Tlw;| s = ]

otherwise, one sets y; = 0.

By using Eq. (14), we compute the i-th component of v that is

n m n kz (bjk:ek(a)
vi =Y iy 7 > ¢1J|Z¢3kek o |,
= @l %o ”qw1 = |3 dsnen(a)
kgldljkek(a) 0
where i = 1,2, ...,n. Therefore, the i-th component of c is

f(a) n > direr(a)
¢ =7|f(a)|v; = _W Z ¢zy|z¢akek ) 1“7
eW=h =1 |E¢]kek( )l

i diker(a)#0
k=1
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Caseb p=1, ¢ = 0.
In this case, let ip be any index with |Z;L:1 digiej()| = [[®(a)| co,w-1. Then, we have
1 1

T = = n
@ () |0, w1 [> digiei (@)
j=1

)

n
xj = TZgbjkek(a), j=1,...,n.
k=1

By Eq. (6) in Lemma 3.2, we have

M=

Dioker(e)

— o f(a) k=1 .
o VLig = — |f(Oé)| n , J =10,
vi= | 22 dinjes(a)l
j=1
0, otherwise.
By Eq. (14), one has the i-th component of v as follows:
- fla) Giig . .
Vi = ) GijYj = GiigYip = — — bigrer(@), i=1,...,n.
j; JJI 0J%0 |f(a)| ‘ 0

| 22 bigies(a)| k=
j=1

Therefore, due to that ¢ = 7| f(«)|V, the i-th component of ¢ is

> digs5(0)
ci = 7|f(a)|vg = J(e) = Giig, 1=1,...,m.

| Zn: Pigics()] | Xn: Pigiei(cv)|
7j=1 J=1

Step 4. Return f(z) and d:

After obtaining each component of vector c, we have
Fow(2) == f(2) + Y _cies(2),
i=1
7w /()]

dyw = —
? 1@ () lg,w—

Remark 4.6 Note that computing c; employs the fact of ¢;; = ¢;;. In addition, for different

(15)

values of p, if we take the weight matrix W as I or diag(w;,ws,...,w,), the results implied
by Eq. (15) are consistent with the ones in previous works. For example, for 1 < p < oo, take

W =1, then ¢;; = d;;, where d;; denotes the Kronecker delta, i,j = 1,2,...,n. Consequently,

we have
fo1(2) = f(z —& Y ei(a qflej(a)e-z
Jor) =16~ om0 SO g
e;(a)#0 (16)

Gy -
(Llei@)i0)

which are the same as Egs. (14) and (15) in [15].
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4.3. Solutions in generalized mixed norm

Following the flow of Algorithm 3.4, now we are going to find explicit solution formulas in
generalized mixed norm for Problem 1.1 in the following steps:

Step 1. Compute u:

For p,p1,p2 € [1, 0], denote

1
W (a) = (es(a),... e ()T, u = W), pM=_—"
12 ()llq,

1
() = (erp1(),...,en(@)?, u® =p PP (), u®=_——T
' " 123 (a)]l,,

Then, we have ||u(j)||qj =1, j=12 ®(a) = (é(l)(a)T, ‘I>(2)(a)T)T and

1 1 2N\T
i e, uBHT|
[®()llgq1,0: = (||‘I>(1)(Oé)||gl + ||‘I’(2)(04)||32> Bepe) -

Denote 1 = || (1), u®)7|l,, so that |®(a)

— 1 _ J
Gaa: = 7 = e Let

(2) )
ue 2@ T T Lu@)T)T' (17)
”(I’(O‘)H%th]z H H
Then, we have [lull; ,, ,, = [ullgq .. = 1.

Step 2. Compute v:

Let x = (z1,29) = (“f—j), %)T € R?. Then from the definition of u, we have ||x||; = 1. So
for 40 = 1, by Lemma 3.2 there exists y = (y1,92) € R?, ||y|l, = 1 such that

(x,¥) = 2191 + T292 = Y0 = 1,
where 1,29 > 0 implies y1,y2 > 0 by Egs. (5) and (6).

Let v = f‘}cggg‘. Since |[uM[|,, = 1 and ||u®||,, = 1, by Lemma 3.2 again there exist
vl = (vy,...,0.)7 € €, vV, = 1 and v = (vp4q,...,0,)7 € C*7, v, = 1
satisfying

WD, V) =, (u®, v — 5,
Now, we let
V= (ylv(l)Ta y2V(2)T)T (18)

which is the exact vector we are looking for, because v satisfies

IVIlp.p1pe = ¥l =1,
2 e
(u, v) = %y1<u(1)’v(l)> n %Mu@)’ v®) = y(zyyn + 2apn) = 7.
Step 3. Compute ¢ = 7|f(a)|v:
The main purpose of this step is to compute each component of ¢ explicitly by applying
Lemma 3.2. For simplicity, we divide p,q € [1,00] into two cases which are further subdivided

into several subcases according to the values of p1,p2, g1, g2 to discuss.

Casea 1<p<oo,1<g<oo.
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In this case, we have y = (y1,y2)T = (( ;))q 1,(%)‘1_1? by Eq.(5). Now we shall

compute v by using Eq. (18) and the relationship between u) and v(9),

Case a; 1<pj§oo,1§qj<oo,p%ﬂ—q%:l,j:l,z
If () # 0, then, by Egs. (5) and (18) one has the j-th component of v as follows:

—1 _
Ty [ulD |2 — _ fl@) " Jei(@)| 2t ej(a) =1
- ’ ’ [f(@)] po=t @0 (a) |8~ 1\ej(oz>|
J _ —1 -
TP -2u® = fl@) pO* ej(a)|e=t Z1C) -
(@] pi=t @@ (a)||227 |ej(a)|

Otherwise, one has v; = 0.

W@ o, ; .
Due to ¢ = %U(a)w and the definition of x(), one has the j-th component of ¢ as

follows:
oo 1) ,(2) lej(@)|1~1 e;(a)
7f(a)(‘u = a ) . ’ j:]-a"'vra
¢ = K 12D ()|~ lej(e)] 19)
T Wy el er(a
*f(Oé)(‘u 1% q |J2( )‘ — J( )7 j:T+1,...,TL
1 12 ()5~ lej(@)]
pMp® 1 _ [f ()]
where === = Bl am z RN
[(Sroslerte)]m) T4 (S, lex(e)]e) 2 ]
Case ay p1 =1,q1 = 00,1 < py < 00, 1<q2<oo,p—2+—:1
Let jo (1 < jo <) be any index with |ej, ()] = || ()| o0. Then we have
1
IR ]: 1a
: 1 lejo ()]
M(]) — } — 1
@0 (@)l . j=e
(ZZ=T+1 |6k(a)|q2) =
By Egs. (5) and (18), one has the j-th component of v as follows:
m__ J@ p®" ei(a) o
Y, = ) J = Jos
P f (@) memt e (a))]
-— —1
v = @2, _ S pVT fei(@)=1 eila)
Tyz2|u; == , j=r+1...,n, e;j(a)#0,
T )l T e () e (o) e
0, otherwise.
Due to ¢ = £ ):(2) |f(a)[¥ and the definition of u9) again, one has the j-th component of
c as follows:
(a><u(1)u(2) . 1 e i
H |6j0( a)t—a |6]o(a)|
¢j = pOp® e (@)= ela) (20)
7f(01)( )q ) ‘7:7'+17"'7n364(a)7£03
p 12 ()3 lej(a)] !
0, otherwise
@ 1 B 1
where T2 = Bl e EaE

[lejo(a)\q-&-(z;’;:,,“ Iek(a)\m) az ]
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Case ag p; =1,q; =00,j =1,2.
Let j1 (1 < j; <7)and jo (r+2 < ja < n) be any indices with |ej, (@) = |21 ()]s
and |ej, (@) = [|®®)(a)||. By the discussions in Case a; and Case as, we can write the j-th

component of ¢ directly:

pOp@ 1 enl@) .
—f(a) s , J=I1
I lej, (@)1~ e, ()]
C; = (1),,(2) 1 e (a . . (21)
T pep e L) g
1 lejy ()[4 |ej, (o)
0, otherwise
OO 1 _ 1
where - H‘I;'(D‘)”q-,oov'm B %.

(less (@17 +lej @ 17)
Caseb p=1,q=o00.

Remember that x = (z1,79)7 = i(u@),u(l))T and p = || (,u(l),,u(Z))T 4. For ¢ = o,
if p = max{u™, u®} = u® then z; = 1,2, < x; which implies y; = 1,92 = 0 by Eq. (6),
otherwise, y; = 0,y2 = 1. Without loss of generality, we only take y; = 1,y, = 0 into account.

Thus, we have g = u®) ) < ) and |8(0) [ac.gygo = ety = iy = (2D (@),

Case b; 1< pj <oo,1<q; < oo, pij+qijz1,j=1,2.
Because of Egs. (5) and (18), one has the j-th component of v as follows:

o Wjg—2, (1) fl@) ej(a)| ™t ej(a)
Fyilug [T — ;
vj = ! ! [f(@)] | ()| lej(a)]

j:]‘?"'?’r? e](a)#07

WyQIUEQ)\QZ‘2U§2) =0, j=r+1,...,n
Since ¢ = %U(Q)W = uW|f(a)|¥, one has the corresponding j-th component of c:
lej(@)| "7 ej(a) fla) s
_f(a)/i(l) — = - |e_(a)|Q1 6‘(0&), J :1,...,7'76'(0[) #07
¢ = 12D ()| les(@)] 12 (e)llg ™ ! !
0, j=r+1,...,n.

(22)
Case by p1 =1,¢1 = 00,1 <pz < 00,1 <o <00, -+ - =1
Similarly to Case az, we let jo(1 < jo < r) be any index with |€jo ()] = ||<I,(1)(a)||00. Then,

we have the j-th component of v as follows:

_wy_ [fla) eyla)

Yyiu,; = — y J =1Jo,
70 [f(@)] lejo ()]
v =
! ﬁyg\u?)\quUf) =0, j=r+1,...,n, ej(a) #0,
0, otherwise.

Subsequently, we have the j-th component of ¢ as follows:

ejo(a) ..
=1 TV e I (23)

0, otherwise.

Case b3 pjzl,q]' ZOO,j:1,2.
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For this case, because of y, =0, v; (j =7+ 1,...,n) are still equal to 0. Therefore, vector
¢ here is the same as that in Case bs.
Step 4. Return f(z) and d:

After obtaining each component of vector ¢, we have
n
fpﬁﬂhpz (Z) = f(Z) =+ Zciei(z)a
i=1

5 _ _ ()]
dpvphpz T ||(:D(Oé)

Remark 4.7 The discussions for the case of 1 < p; < 00,1 < g1 < 0

(24)

9,91,92

1
’ p1
are similar to the ones in Case as and Case by, so we skip the details.

+q%:17p2:17q2zoo

Note that if p = 0o, ¢ = 1, the results in Case a degenerate to the ones in [15]. For example,
the nearest polynomial and minimal distance of Case a; turn to

f(a) [’“ @I ela) 0

(@))11.q1.q 1@ ()| lej(e)]

foo,Ph;Dz (Z) = f(Z) - H(I’ =
ej(a@)#0

" @ @
; BT e ) (25)
e;(a)7#0

i N (C)) 1/ (a)]

doovplpo - 1
21,419 (Shy fer(@)|m) ™ + (S0, len(a)]ez) 7
which are the same as fiz(2) and Qp p, p, (@) in Eq. (22) in [15].

5. Examples

For the generalized weighted norm and generalized mixed norm, since there are analytic and
explicit expressions for the nearest polynomial f(z) and minimal distance dj we can calculate

them directly and efficiently.

Example 5.1 Suppose that 0 < n < oo is given. Let f(2) = 22+ 2, e;(z) = 2971 (j =
1,2,...,n) and a = i. Here, i denotes the unit imaginary number with > = —1. Then, we have
= {f(z) +3oiciej(z) ¢ €Cj = 1,...,n}.

First, for p = oo and W = diag(wi,wa,...,wp) € R™*™ with w; # 0 (j = 1,2,...,n), we
consider the problem of computing a polynomial f(z) € & such that f(a) =0 and || f — fllp,w
is minimal.

Since ¢ = 1 and W~ = diag(w; *,wy ', ..., w;Y), Eq. (15) then is equal to

F o e @ s~ e() ()
fowi(z) = f(2) S )] ; lej(a)

e;(@)#0 (26)

£
h_.

w

= /()]

deW = —=n_ en(a)
Sy | eted|
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Therefore, the desired nearest polynomial is

(7 +9) - e 3 S

with minimal distance —=———.
2R=1 TonT
For example, considering the special case of n =2 and W = diag(l, 1), we have the nearest

5; considering another special

case of n = 3 and W = dlag(— ,2,—1), we have the nearest polynomial: fN(Z) = %zz + %z + %

polynomial: f(z) = 22 + * 1z + 2 and the minimal distance: d=

and minimal distance: d = %
Next, for p = oo, consider the problem of computing a polynomial f(z) € $ such that
fla)=0and ||f = fllp.p: p» is minimal.

Recalling Eq. (25), we have the nearest polynomial as follows:

~ 1 L (—i)i7!
foo,p1,p2 (Z) = (Z2 + 2) - T T { Z T a1 27 + Z
ra1 _l’_(n_r)tm =1 roa j=r+1 ’17,—7") q2
e;(a)#0 e;(a)#0

(—i)i—1

zjfl} (27)

with minimal distance — .
rdi +(n—r) 92

For example, fix r = 1 and p1=p2 = 2. Considering the special case of n = 2, we have the
nearest polynomial: f( ) =22+ 1 sz + g and the minimal distance: d = ; considering another
special case of n = 3, we have the nearest polynomial: f(z) = (2— %)z +(1- g)zz—i— (3—v2)

and the minimal distance: d = V2 —1.

Remark 5.2 From Example 5.1, the nearest polynomial and minimal distance are related to
choices of the polynomial basis and the vector norm. Moreover, there may exist more than one
solutions to Problem 1.1, while our aim in this paper is to find any one of them. For example, for
the case of p = oo and W = diag(1, 1), if given f(2) =241, e1(2) = 1,e2(2) = 2z, and a = 0, by
utilizing Algorithm 3.4, one can find that f(z) = z is a nearest polynomial with d = 1. However,

in fact, any of the polynomials fz(z) = Bz with 5 € [0, 2] is also a nearest polynomial.

6. Conclusion

For a given complex polynomial f(z) and a prescribed zero «, we proposed a common frame-
work to compute nearest complex polynomial and minimal distance for Problem 1.1. Besides, we
studied the explicit expressions in two generalized norms, which include many previous results.
As the explicit expression of nearest real polynomial can be derived only in the case of f3-norm,
in future research we will consider the explicit solutions with real coefficients to Problem 1.1 in

the case of other norms.
Appendix A. Proof of Theorem 4.3
(a) Let v = (vy,...,v,)T € C", v # 0. Then we have

u,v) =vu=vV"WWlu= (Wv)" (W 'u) = (W lu, Wv).



The nearest complex polynomial with a prescribed zero 53
By applying the Holder inequality, we get that
[(u,v) | = [(Wu, Wv) | < [W ][ [Wll, = [lully w1 [[V]pw
where 1 < p,q < oo and % + % = 1. According to the definition of dual norm, this implies that
[ally w < [lullgw-1-
(b) Letx = m%l“l, that is u = [Ju||, w-1Wx and ||x[[, = 1. By Lemma 3.2, there exists
, W™

y € C", |ly||, = 1 such that (x,y) =~ where v € C, |y| =1 and % + % =1
Let v.= W'y, Then we have ||v|, w = |lyll, = 1, and

(u,v) = (Jull,w-1 Wx, Wly) = |[u]

qw— (%,¥) = [[ullgw-17.

That is to say, we have found a vector v € C", ||v|, w = 1 satisfying | (u, v)| = ||u]
Therefore, by Eq. (3), we obtain

q’W—l .

[ally w = llullgw-1. O
Appendix B. Proof of Theorem 4.4
The proof is similar to but more complex than the one in Theorem 4.3. Here, some unspec-

ified notations are deemed to be defined as above.
(a) Let v = (v1,...,v,)T € C", v #0. Then, by the Holder inequality, we have

| (u, v)| = |<u(1),v(1)> + <u(2),v(2)>| < \(u(l),v(1)>| + |<u(2),v(2)>|
< a Mg v, + g, v,
T
= (Ia™ g, 10 g,) - (I8P lpy s 1V 1,)

< NI gy, Ta® g ) gl IV oy 11 2) 1

= lullg g0, 1Vl 1 s -
Similarly, according to the definition of dual norm, this implies that

*

”u |1071017P2 = ||ll 4,91,92 °
o — oo 1) _ W 2) _ @ 1 —
(b) Assume p = oo: Let x() = m, x(?) = ||u‘<127>\|q? such that [x™M|, = 1 and

[x®]|,, = 1. Suppose v € C, |y| = 1. Then, by Lemma 3.2, there exist y™") € C", |y ||,, =1
and y? € C"77, |ly?]|,, = 1 satisfying

<X(1)7 y(1)> =1, <x(2), y(2)> = 1.
Let v = (y(l)T,y(z)T)T, Le., [[v], —
(u, v) = <u(1)7 V(1)> + <u(2)7 V(2)> - Hu(l)qu <X(1)7 y(1)> + ||u(2)||q2 <x(2), y(2)>
=7 (g, + a®]lg,)
=7|ul

= max{[[y®l,, [y® .} =1. Then, we have

1, q1, g2

which implies | (u,v) | = [[ul|, ,, ,,- Therefore, from the definition of dual norm, we have

lallZ, 5y, po = Il

1, q1, g2 °
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(™ gy, 10, )

Tl Then we have x € R? and |x|, =

Assume p € [1,00): Let x =

4,491,492

lull g4 = 1. Suppose 7o = 1. Then, using Lemma 3.2, there exists y = (y1,42)" € R?,

y1 > 0,y2 > 0 and ||y||, = 1 such that (x,y) = v = 1. Equivalently, we have

yila g + el g, = lull g, 0, (28)

LV — _u® 2 — _u®
Let x0 = oy, and x= = mip
For any v € C, |y| = 1, by Lemma 3.2 again, there exist y(!) € C",y® ¢ "7, |yW||,, =

L[y |l,, = 1 such that (x1),y ) =y and (x@), y@) = 7, i,

<u(1),y(1)> = 7[u®l4,, <u(2),y(2)> = y[u@| 4. (29)

Set v = (1137, yoy@7)T. Then, combining Egs. (28) and (29), we have

Then, we have ||X(1)Hq1 =1 and ||X(2)Hq2 = 1.

¥l = Iy Loy 92y P M)y = 11, y2)llp = Iyl = 1,

(w,v) =y (u y W) + (0@ y &) = 3 (g [uD g, +wa0@g,) = ull, g, 4,

which implies that there exists v .€ C", [|v||, = 1such that | (u,v)|=[[uf,,, ,,- Therefore,
we get that

||u||;vp17p2 e ||u||q7(I17CI2 '
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