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Abstract In the present paper, we introduce some new subclasses of meromorphic starlike,

convex, close-to-convex and quasi-convex functions of β-reciprocal in terms of the linear oper-

ator using subordination. We obtain the coefficient estimates, convolution properties, integral

preserving properties and inclusion relationships of the classes. The results presented here

include several results as their special cases.
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1. Introduction and preliminaries

Let f1 and f2 be two analytic functions in the open unit disk

U = {z ∈ C : |z| < 1}.

We say that the function f1 is subordinate to f2 in U, and write f1(z) ≺ f2(z) (z ∈ U), if there
exists a Schwarz function ω, which is analytic in U with

ω(0) = 0 and |ω(z)| < 1, z ∈ U,

such that f1(z) = f2(ω(z)) (z ∈ U) (see [1]). Furthermore, if the function f2 is univalent in U,
then we have the following equivalence:

f1(z) ≺ f2(z) (z ∈ U) ⇐⇒ f1(0) = f2(0) and f1(U) ⊂ f2(U).

Also, let P be the class of functions of the form

p(z) = 1 +

∞∑
k=1

pkz
k, (1.1)

which are analytic and convex in U and satisfy the condition ℜ[p(z)] > 0 for z ∈ U.
Let Σp denote the class of meromorphic functions of the form

f(z) = z−p +
∞∑
k=1

akz
k−p, p ∈ N = {1, 2, . . .}, (1.2)
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which are analytic and p-valent in the punctured open unit disk

U∗ = {z ∈ C : 0 < |z| < 1} = U\{0}.

For functions f ∈ Σp of the form (1.2) and g given by g(z) = z−p +
∞∑
k=1

bkz
k−p, we define

the Hadamard product (or convolution) of f and g by

(f ∗ g)(z) := z−p +

∞∑
k=1

akbkz
k−p = (g ∗ f)(z).

For complex parameters

αi ∈ C (i = 1, . . . , l) and βj ∈ C\Z−
0 (j = 1, . . . ,m;Z−

0 := {0,−1,−2, . . .}),

the generalized hypergeometric function lFm (with l numerator and m denominator parameters)

is defined by

lFm(α1, . . . , αl;β1, . . . , βm)(z) =
∞∑
k=0

(α1)k · · · (αl)k
(β1)k · · · (βm)k

· z
k

k!
,

where l ≤ m + 1; l,m ∈ N0 := {0, 1, 2, . . .} = N ∪ {0}, and (λ)n is the Pochhammer symbol (or

the shifted factorial) defined (in terms of the Gamma function) by

(λ)n =
Γ(λ+ n)

Γ(λ)
=

{
1, n = 0,

λ(λ+ 1) · · · (λ+ n− 1), n ∈ N.
Corresponding to the function

hp(α1, . . . , αl;β1, . . . , βm; z) = z−p
lFm(α1, . . . , αl;β1, . . . , βm)(z),

the linear operator

Hp(α1, . . . , αl;β1, . . . , βm) : Σp −→ Σp

is defined by using the following Hadamard product (or convolution):

Hp(α1, . . . , αl;β1, . . . , βm)f(z) = hp(α1, . . . , αl;β1, . . . , βm; z) ∗ f(z).

For a function f of the form (1.2), we have

Hp(α1, . . . , αl;β1, . . . , βm)f(z) =z−p +
∞∑
k=1

(α1)k · · · (αl)k
k!(β1)k · · · (βm)k

akz
k−p

:=Hp,l,m[α1]f(z). (1.3)

The above-defined operator Hp,l,m[α1] was introduced by Liu and Srivastava [2] and it was

the development of the Dziok-Srivastava operator (see [3,4]) for functions belonging to Σp.

Using the same method of Srivastava et al. [5], we introduce the generalized Dziok-Srivastava

operator in Σp as follows:

L1,α1

λ,l,mf(z) =(1− λ)Hp,l,m[α1]f(z)−
λ

p
z(Hp,l,m[α1]f(z))

′ := Lα1

λ,l,mf(z), λ ≥ 0,

L2,α1

λ,l,mf(z) =L
α1

λ,l,m(L1,α1

λ,l,mf(z)),

in general,

Lτ,α1

λ,l,mf(z) = Lα1

λ,l,m(Lτ−1,α1

λ,l,m f(z)), l ≤ m+ 1; l,m ∈ N0, τ ∈ N. (1.4)
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If f(z) is given by (1.2), then we see from (1.3) and (1.4) that

Lτ,α1

λ,l,mf(z) = z−p +
∞∑
k=1

( (1− kλ
p )(α1)k · · · (αl)k

k!(β1)k · · · (βm)k

)τ

akz
k−p, τ ∈ N. (1.5)

In terms of the Hadamard product (or convolution), we have

Lτ,α1

λ,l,mf(z) = Lτ,α1

λ,l,m(z) ∗ f(z),

where

Lτ,α1

λ,l,m(z) = z−p +

∞∑
k=1

( (1− kλ
p )(α1)k · · · (αl)k

k!(β1)k · · · (βm)k

)τ

zk−p (1.6)

and αi ∈ C (i = 1, . . . , l), βj ∈ C\Z−
0 (j = 1, . . . ,m), l ≤ m+ 1, l,m ∈ N0, λ ≥ 0, τ ∈ N.

Remark 1.1 The operator Lτ,α1

λ,l,m generalizes several previously familiar operators. Now, we

list some of the interesting particular cases as follows:

(i) Hp,l,m[α1] = L1,α1

0,l,m, where Hp,l,m[α1] was introduced by Liu et al. [2];

(ii) Dn+p−1 = L1,n+p
0,1,0 (n ≥ −p), where Dn+p−1 was introduced by Cho [6];

(iii) Ip(n, λ) = Ln,λ−p+1
0,2,1 (α1 = λ−p+1, α2 = 1, β1 = λ−p), where Ip(n, λ) was introduced

by Ali et al. [7];

(iv) Lp(a, c) = L1,a
0,2,1 (α2 = 1, β1 = c), where Lp(a, c) is the Liu-Srivastava operator [8].

For αi, βj ∈ C\Z−
0 (i = 1, . . . , l; j = 1, . . . ,m), l ≤ m + 1, l,m ∈ N0, λ > p and τ ∈ N, we

introduce the following linear operator Jµ,τ,α1

λ,l,m : Σp −→ Σp, defined by

Jµ,τ,α1

λ,l,m f(z) = Jµ,τ,α1

λ,l,m (z) ∗ f(z), µ > 0, z ∈ U∗, (1.7)

where Jµ,τ,α1

λ,l,m (z) is the function defined as follows:

Lτ,α1

λ,l,m(z) ∗ Jµ,τ,α1

λ,l,m (z) =
1

zp(1− z)µ
, µ > 0, z ∈ U∗. (1.8)

Since
1

zp(1− z)µ
= z−p +

∞∑
k=1

(µ)k
k!

zk−p, µ > 0, z ∈ U∗, (1.9)

combining (1.6), (1.8) and (1.9), we obtain

Jµ,τ,α1

λ,l,m (z) = z−p +
∞∑
k=1

( k!(β1)k · · · (βm)k

(1− kλ
p )(α1)k · · · (αl)k

)τ (µ)k
k!

zk−p, µ > 0, z ∈ U∗. (1.10)

For convenience, we write Jµ := Jµ,τ,α1

λ,l,m .

If f is given by (1.2), then from (1.7) and (1.10) we have that

Jµf(z) = z−p +
∞∑
k=1

( k!(β1)k · · · (βm)k

(1− kλ
p )(α1)k · · · (αl)k

)τ (µ)k
k!

akz
k−p, (1.11)

where αi, βj ∈ C\Z−
0 (i = 1, . . . , l; j = 1, . . . ,m), l ≤ m + 1, l,m ∈ N0, λ > p, τ ∈ N, µ > 0 and

z ∈ U∗.

From (1.11), it is easy to verify that

z(Jµf(z))
′ = µJµ+1f(z)− (p+ µ)Jµf(z). (1.12)
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On the other hand, for f(z) of the form (1.2), the integral operator Fζ is defined by

Fζ(f)(z) :=
ζ

zζ+p

∫ z

0

tζ+p−1f(t)dt, ℜ(ζ) > 0; z ∈ U∗, (1.13)

that is,

Fζ(f)(z) = z−p +
∞∑
k=1

ζ

k + ζ
akz

k−p.

From (1.13), we note that

Fζ(
zf ′(z)

−p
) =

z(Fζ(f)(z))
′

−p
(1.14)

and

JµFζf(z) = z−p +

∞∑
k=1

( k!(β1)k · · · (βm)k

(1− kλ
p )(α1)k · · · (αl)k

)τ (µ)k
k!

ζ

k + ζ
akz

k−p, (1.15)

where αi, βj ∈ C\Z−
0 (i = 1, . . . , l; j = 1, . . . ,m), l ≤ m+1, l,m ∈ N0, λ > p, τ ∈ N, µ > 0,ℜ(ζ) >

0 and z ∈ U∗.

According to (1.15), we get

z(JµFζ(f)(z))
′ = ζJµf(z)− (p+ ζ)JµFζ(f)(z). (1.16)

By making use of the principle of subordination between analytic functions, we introduce

the subclasses MS(p;β;ϕ),MK(p;β;ϕ),MCS(p;β;ϕ, ψ) and MCK(p;β;ϕ, ψ) of the class Σp as

follows.

Definition 1.2 A function f ∈ Σp of the form (1.2) is said to be in the class MS(p;β;ϕ) of

meromorphic p-valent starlike function of β-reciprocal if and only if

−p
1− pβ

{ f(z)

zf ′(z)
+ β

}
≺ ϕ(z), (1.17)

where p ∈ N, β ∈ R, pβ ̸= 1 and ϕ ∈ P.

Remark 1.3 We note that the class MS(p;β;ϕ) generalizes several previous classes, and we

show some of the interesting particular cases as follows.

(i) For p = 1, β = 0 and ϕ(z) = 1+(1−2α)z
1−z (0 ≤ α < 1), the class MS(1; 0; 1+(1−2α)z

1−z ) =

NS∗(α) was considered by Sun et al. [9].

(ii) For pβ > 1, ϕ(z) = 1+Az
1+Bz (−1 ≤ B < A ≤ 1), the classMS(p;β; 1+Az

1+Bz ) = MS(p;β;A,B)

was considered by Ma et al. [10].

In addition, we have the class MK(p;β;ϕ) of meromorphically p-valent convex function of

β-reciprocal if and only if zf ′(z)
−p ∈ MS(p;β;ϕ).

Definition 1.4 A function f ∈ Σp of the form (1.2) is said to be in the class MCS(p;β;ϕ, ψ)
of meromorphic p-valent close-to-convex function of β-reciprocal if and only if

−p
1− pβ

{ g(z)

zf ′(z)
+ β

}
≺ ψ(z), (1.18)

where p ∈ N, β ∈ R, pβ ̸= 1, ϕ, ψ ∈ P and g ∈ MS(p;β;ϕ).
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In particular, we have the class MCK(p;β;ϕ, ψ) of meromorphic p-valent quasi-convex func-

tion of β-reciprocal if and only if zf ′(z)
−p ∈ MCS(p;β;ϕ, ψ).

In recent years, more and more researchers are interested in the starlike functions of recip-

rocal and other cases of reciprocal [11–14].

Next, by using the integral operator Jµ and JµFζ defined by (1.11) and (1.15), respectively,

we introduce the following subclasses of Σp:

MSµ(p;β;ϕ) := {f ∈ Σp : Jµf ∈ MS(p;β;ϕ)},

MKµ(p;β;ϕ) := {f ∈ Σp : Jµf ∈ MK(p;β;ϕ)},

MCSµ(p;β;ϕ, ψ) := {f ∈ Σp : Jµf ∈ MCS(p;β;ϕ, ψ)},

MCKµ(p;β;ϕ, ψ) := {f ∈ Σp : Jµf ∈ MCK(p;β;ϕ, ψ)}

and

MSFζ
µ(p;β;ϕ) := {f ∈ Σp : JµFζ(f) ∈ MS(p;β;ϕ)},

MKFζ
µ(p;β;ϕ) := {f ∈ Σp : JµFζ(f) ∈ MK(p;β;ϕ)},

MCSFζ
µ(p;β;ϕ, ψ) := {f ∈ Σp : JµFζ(f) ∈ MCS(p;β;ϕ, ψ)},

MCKFζ
µ(p;β;ϕ, ψ) := {f ∈ Σp : JµFζ(f) ∈ MCK(p;β;ϕ, ψ)},

where αi, βj ∈ C\Z−
0 (i = 1, . . . , l; j = 1, . . . ,m), l ≤ m+1, l,m ∈ N0, λ > p, τ ∈ N, µ > 0,ℜ(ζ) >

0, p ∈ N, β ∈ R, pβ ̸= 1 and ϕ, ψ ∈ P.
In order to prove our main results, we need the following lemmas.

Lemma 1.5 ([15]) Let κ, ϑ ∈ C. Suppose thatm is convex and univalent in U withm(0) = 1 and

ℜ(κm(z)+ϑ) > 0 (z ∈ U). If u is analytic in U with u(0) = 1, then the following subordination:

u(z) +
zu′(z)

κu(z) + ϑ
≺ m(z)

implies that u(z) ≺ m(z).

Lemma 1.6 ([16]) Let h be convex univalent in C and ρ be analytic in U with

ℜ(ρ(z)) ≥ 0, z ∈ U.

If q is analytic in U and q(0) = h(0), then the subordination

q(z) + ρ(z)zq′(z) ≺ h(z)

implies that q(z) ≺ h(z).

The main purpose of the present paper is to investigate the coefficient estimates and con-

volution properties of the subclasses of meromorphic functions. Furthermore, several integral

preserving properties and inclusion relationships are also derived.

2. Coefficient estimates

In this section, unless otherwise mentioned, we assume that p ∈ N = {1, 2, . . .}, β ∈ R, pβ ̸=
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1 and −1 ≤ D ≤ B < A ≤ C ≤ 1.

Lemma 2.1 ([17]) If p(z) is given by (1.1) and 1+Az
1+Bz = p(z), then |pn| ≤ (A−B) (n = 1, 2, . . .).

Theorem 2.2 Let f of the form (1.2) be in the class MS(p;β;A,B). For k ≥ 2, we have

|ak| ≤
p|1− pβ|(A−B)

k

k−1∏
m=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
(2.1)

and

1 +
k∑

m=1

|1− m

p
||am| ≤

k∏
m=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
. (2.2)

Proof Suppose that f of the form (1.2) be in the class MS(p;β;A,B). We have

−p
1− pβ

{ f(z)

zf ′(z)
+ β} =

1 +
∑∞

k=1(1 +
kβ

1−pβ )akz
k

1 +
∑∞

k=1(1−
k
p )akz

k
≺ 1 +Az

1 +Bz
. (2.3)

According to the definition of subordination, it follows that

1 +
∑∞

k=1(1 +
kβ

1−pβ )akz
k

1 +
∑∞

k=1(1−
k
p )akz

k
=

1 +Aω(z)

1 +Bω(z)
= 1 +

∞∑
k=1

dkz
k, (2.4)

where ω(z) = c1z + c2z
2 + · · · , ω ∈ W, W denotes the well-known class of the bounded analytic

functions in U and satisfies the conditions ω(0) = 0 and |ω(z)| ≤ |z| (z ∈ U∗).

After a simple computation, we get

1 + (1 +
β

1− pβ
)a1z + (1 +

2β

1− pβ
)a2z

2 + (1 +
3β

1− pβ
)a3z

3 + · · ·+ (1 +
kβ

1− pβ
)akz

k + · · ·

= 1 +
[
(1− 1

p
)a1 + d1

]
z +

[
(1− 2

p
)a2 + (1− 1

p
)a1d1 + d2

]
z2+[

(1− 3

p
)a3 + (1− 2

p
)a2d1 + (1− 1

p
)a1d2 + d3

]
z3 + · · ·+[

(1− k

p
)ak + (1− k − 1

p
)ak−1d1 + · · ·+ (1− 1

p
)a1dk−1 + dk

]
zk + · · · .

Comparing the coefficients of the both sides, we obtain

a1 =p(1− pβ)d1;

a2 =
p(1− pβ)

2

[
(1− 1

p
)a1d1 + d2

]
;

a3 =
p(1− pβ)

3

[
(1− 2

p
)a2d1 + (1− 1

p
)a1d2 + d3

]
;

... (2.5)

ak =
p(1− pβ)

k

[
(1− k − 1

p
)ak−1d1 + · · ·+ (1− 1

p
)a1dk−1 + dk

]
.

By using Lemma 2.1 and (2.5), we have

1 + |1− 1

p
||a1| ≤ p|1− pβ|(A−B)|1− 1

p
|+ 1, (2.6)
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1 +
2∑

m=1

|1− m

p
||am| ≤

2∏
m=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
(2.7)

and

|ak| ≤
p|1− pβ|(A−B)

k

(
1 + |1− 1

p
||a1|+ · · ·+ |1− k − 1

p
||ak−1|

)
. (2.8)

We now prove (2.2) by induction. It follows from (2.7) that (2.2) holds for k = 2. We

suppose that (2.2) holds for k = n− 1. So we have

1 +

n−1∑
m=1

|1− m

p
||am| ≤

n−1∏
m=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
. (2.9)

For k = n, by using (2.8) and (2.9), we have

1 +
n∑

m=1

|1− m

p
||am| ≤

n∏
m=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
. (2.10)

Therefore, (2.2) holds true.

Also, by (2.8) and (2.2), we have

|ak| ≤
p|1− pβ|(A−B)

k

k−1∏
m=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
, k ≥ 2,

which completes the proof of Theorem 2.2. �

Corollary 2.3 Let f ∈ MK(p;β;A,B). Then for k ≥ 2 and k ̸= p, we have

|ak| ≤
p|1− pβ|(A−B)

k|1− k
p |

k−1∏
m=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
and

1 +
k∑

m=1

|1− m

p
|2|am| ≤

k∏
m=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
.

Theorem 2.4 Let f ∈ MCS(p;β; 1+Az
1+Bz ,

1+Cz
1+Dz ). Then for k ≥ 2 and k ̸= p, we have

|ak| ≤
1

|1− k
p |
p|1− pβ|(A−B)

k

k−1∏
m=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
+

1

|1− k
p |
|1− pβ|(C −D)

k−1∑
l=2

[|1− pβ|(C −D) + 1]k−l−1 p|1− pβ|(A−B)

l

l−1∏
m=1

(p|1− pβ|(A−B)

m
|1− m

p
|+ 1

)
+

1

|1− k
p |
|1− pβ|(C −D)[|1− pβ|(C −D) + 1]k−2{|1− pβ|[p(A−B) + (C −D)] + 1}

and

1 +
k∑

m=1

|1− m

p
||am|
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≤
k∑

l=2

[|1− pβ|(C −D) + 1]k−l p|1− pβ|(A−B)

l

l−1∏
k=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
+

[|1− pβ|(C −D) + 1]k−1{|1− pβ|[p(A−B) + (C −D)] + 1}.

Proof The proof of Theorem 2.4 is similar to the proof of Theorem 2.2. Hence, the proof of

Theorem 2.4 will be omitted here. �

Corollary 2.5 Let f ∈ MCK(p;β; 1+Az
1+Bz ,

1+Cz
1+Dz ). Then for k ≥ 2 and k ̸= p, we have

|ak| ≤
1

|1− k
p |2

p|1− pβ|(A−B)

k

k−1∏
m=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
+

1

|1− k
p |2

|1− pβ|(C −D)
k−1∑
l=2

[|1− pβ|(C −D) + 1]k−l−1 p|1− pβ|(A−B)

l

l−1∏
m=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
+

1

|1− k
p |2

|1− pβ|(C −D)[|1− pβ|(C −D) + 1]k−2{|1− pβ|[p(A−B) + (C −D)] + 1}

and

1 +
k∑

m=1

|1− m

p
|2|am|

≤
k∑

l=2

[|1− pβ|(C −D) + 1]k−l p|1− pβ|(A−B)

l

l−1∏
k=1

[p|1− pβ|(A−B)

m
|1− m

p
|+ 1

]
+

[|1− pβ|(C −D) + 1]k−1{|1− pβ|[p(A−B) + (C −D)] + 1}.

3. Convolution properties

In this section, the convolution properties for the subclasses of Σp are obtained. In order to

establish our main results, we shall require the following lemma.

Lemma 3.1 Let f ∈ MS(p;β;ϕ) with p ∈ N, β ∈ R, 0 ≤ β < 1
p , ϕ ∈ P and z ∈ U∗. Then

f(z) = exp

∫ z

0

−p
η[(1− pβ)ϕ(ω(η)) + pβ]

dη, (3.1)

where ω is analytic in U with ω(0) = 0 and |ω(z)| < 1 (z ∈ U∗).

Proof Suppose that f ∈ MS(p;β;ϕ). It follows that

zf ′(z)

−pf(z)
=

1

(1− pβ)ϕ(ω(z)) + pβ
, (3.2)

where ω is analytic in U with ω(0) = 0 and |ω(z)| < 1 (z ∈ U∗). From (3.2), it is easy to see that

f ′(z)

f(z)
=

−p
z[(1− pβ)ϕ(ω(z)) + pβ]

. (3.3)
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Taking the integration on both sides of (3.3), we get

log f(z) =

∫ z

0

−p
η[(1− pβ)ϕ(ω(η)) + pβ]

dη.

Thus we conclude that

f(z) = exp

∫ z

0

−p
η[(1− pβ)ϕ(ω(η)) + pβ]

dη. �

Theorem 3.2 Let f ∈ MK(p;β;ϕ) with p ∈ N, β ∈ R, 0 ≤ β < 1
p , ϕ ∈ P and z ∈ U∗. Then

f(z) =
(
exp

∫ z

0

−p
η[(1− pβ)ϕ(ω(η)) + pβ]

dη
)
∗
(
z−p+

p−1∑
k=1

p

p− k
zk−p+

∞∑
k=p+1

p

p− k
zk−p

)
, (3.4)

where ω is analytic in U with ω(0) = 0 and |ω(z)| < 1 (z ∈ U∗).

Proof It is clear that f ∈ MK(p;β;ϕ) ⇐⇒ zf ′(z)
−p ∈ MS(p;β;ϕ). According to Lemma 3.1, it

follows that
zf ′(z)

−p
= exp

∫ z

0

−p
η[(1− pβ)ϕ(ω(η)) + pβ]

dη. (3.5)

On the other hand,

zf ′(z)

−p
= f(z) ∗

(
z−p +

p−1∑
k=1

p− k

p
zk−p +

∞∑
k=p+1

p− k

p
zk−p

)
. (3.6)

From (3.5) and (3.6), (3.4) holds true. This completes the proof of Theorem 3.2. �
Similarly, we can easily obtain the following results.

Corollary 3.3 Let f ∈ MSµ(p;β;ϕ) with αi, βj ∈ C\Z−
0 (i = 1, . . . , l; j = 1, . . . ,m), l ≤

m+ 1, l,m ∈ N0, τ ∈ N, p ∈ N, β ∈ R, 0 ≤ β < 1
p , λ > p, µ > 0, ϕ ∈ P and z ∈ U∗. Then

f(z) =
(
exp

∫ z

0

−p
η[(1− pβ)ϕ(ω(η)) + pβ]

dη
)
∗
(
z−p+

∞∑
k=1

( (1− kλ
p )(α1)k · · · (αl)k

k!(β1)k · · · (βm)k

)τ k!

(µ)k
zk−p

)
,

where ω is analytic in U with ω(0) = 0 and |ω(z)| < 1 (z ∈ U∗).

Corollary 3.4 Let f ∈ MSFζ
µ(p;β;ϕ) with αi, βj ∈ C\Z−

0 (i = 1, . . . , l; j = 1, . . . ,m), l ≤
m+1, l,m ∈ N0, τ ∈ N, p ∈ N, β ∈ R, 0 ≤ β < 1

p , λ > p,ℜ(ζ) > 0, µ > 0, ϕ ∈ P and z ∈ U∗. Then

f(z) =
(
exp

∫ z

0

−p
η[(1− pβ)ϕ(ω(η)) + pβ]

dη
)
∗
(
z−p+

∞∑
k=1

( (1− kλ
p )(α1)k · · · (αl)k

k!(β1)k · · · (βm)k

)τ k!

(µ)k

k + ζ

ζ
zk−p

)
,

where ω is analytic in U with ω(0) = 0 and |ω(z)| < 1 (z ∈ U∗).

Corollary 3.5 Let f ∈ MKµ(p;β;ϕ) with αi, βj ∈ C\Z−
0 (i = 1, . . . , l; j = 1, . . . ,m), l ≤

m+ 1, l,m ∈ N0, τ ∈ N, p ∈ N, β ∈ R, 0 ≤ β < 1
p , λ > p, µ > 0, ϕ ∈ P and z ∈ U∗. Then

f(z) =
(
exp

∫ z

0

−p
η[(1− pβ)ϕ(ω(η)) + pβ]

dη
)
∗
(
z−p +

p−1∑
k=1

p

p− k
zk−p +

∞∑
k=p+1

p

p− k
zk−p

)
∗

(
z−p +

∞∑
k=1

( (1− kλ
p )(α1)k · · · (αl)k

k!(β1)k · · · (βm)k

)τ k!

(µ)k
zk−p

)
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where ω is analytic in U with ω(0) = 0 and |ω(z)| < 1 (z ∈ U∗).

Corollary 3.6 Let f ∈ MKFζ
µ(p;β;ϕ) with αi, βj ∈ C\Z−

0 (i = 1, . . . , l; j = 1, . . . ,m), l ≤
m+1, l,m ∈ N0, τ ∈ N, p ∈ N, β ∈ R, 0 ≤ β < 1

p , λ > p, µ > 0,ℜ(ζ) > 0, ϕ ∈ P and z ∈ U∗. Then

f(z) =
(
exp

∫ z

0

−p
η[(1− pβ)ϕ(ω(η)) + pβ]

dη
)
∗
(
z−p +

p−1∑
k=1

p

p− k
zk−p +

∞∑
k=p+1

p

p− k
zk−p

)
∗

(
z−p +

∞∑
k=1

( (1− kλ
p )(α1)k · · · (αl)k

k!(β1)k · · · (βm)k

)τ k!

(µ)k

k + ζ

ζ
zk−p

)
,

where ω is analytic in U with ω(0) = 0 and |ω(z)| < 1 (z ∈ U∗).

Theorem 3.7 Let f ∈ MCS(p;β;ϕ, ψ) with p ∈ N, β ∈ R, 0 ≤ β < 1
p , ϕ, ψ ∈ P and z ∈ U∗.

Then

f(z) =
(exp ∫ z

0
−p

η[(1−pβ)ϕ(ω2(η))+pβ]dη

[(1− pβ)ψ(ω1(z)) + pβ]

)
∗
(
z−p +

p−1∑
k=1

p

p− k
zk−p +

∞∑
k=p+1

p

p− k
zk−p

)
where ω1, ω2 are analytic in U with ω1(0) = ω2(0) = 0, |ω1(z)| < 1 and |ω2(z)| < 1 (z ∈ U∗).

Proof Suppose that f ∈ MCS(p;β;ϕ, ψ). It follows that

−p
1− pβ

{ g(z)

zf ′(z)
+ β

}
≺ ψ(z), g ∈ MS(p;β;ϕ).

According to the definition of subordination and Lemma 3.1, there exist ω1, ω2, which are analytic

in U with ω1(0) = ω2(0) = 0, |ω1(z)| < 1 and |ω2(z)| < 1, satisfying

−p
1− pβ

{ g(z)

zf ′(z)
+ β

}
= ψ(ω1(z)) and g(z) = exp

∫ z

0

−p
η[(1− pβ)ϕ(ω2(η)) + pβ]

dη.

It follows that

zf ′(z)

−p
=

exp
∫ z

0
−p

η[(1−pβ)ϕ(ω2(η))+pβ]dη

[(1− pβ)ψ(ω1(z)) + pβ]
.

Therefore, it is easy to show that

f(z) =
(exp ∫ z

0
−p

η[(1−pβ)ϕ(ω2(η))+pβ]dη

[(1− pβ)ψ(ω1(z)) + pβ]

)
∗
(
z−p +

p−1∑
k=1

p

p− k
zk−p +

∞∑
k=p+1

p

p− k
zk−p

)
. �

Corollary 3.8 Let f ∈ MCK(p;β;ϕ, ψ) with p ∈ N, β ∈ R, 0 ≤ β < 1
p , ϕ, ψ ∈ P and z ∈ U∗.

Then

f(z) =
(exp ∫ z

0
−p

η[(1−pβ)ϕ(ω2(η))+pβ]dη

[(1− pβ)ψ(ω1(z)) + pβ]

)
∗
(
z−p +

p−1∑
k=1

p2

(p− k)2
zk−p +

∞∑
k=p+1

p2

(p− k)2
zk−p

)
,

where ω1, ω2 are analytic in U with ω1(0) = 0, ω2(0) = 0, |ω1(z)| < 1 and |ω2(z)| < 1 (z ∈ U∗).

Theorem 3.9 The function f given by (1.2) is in the class MS(p;β;ϕ) if and only if

zp
{
f(z) ∗ 1−D(p, β, ϕ, θ)z

zp(1− z)2

}
̸= 0, (3.7)
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for all z ∈ U∗, 0 < θ < 2π, p ∈ N, β ∈ R, pβ ̸= 1, (1− pβ)ϕ(eiθ) + pβ ̸= {0, 1} and ϕ ∈ P, where

D(p, β, ϕ, θ) = 1 +
(1− pβ)ϕ(eiθ) + pβ

p(1− pβ)(ϕ(eiθ)− 1)
. (3.8)

Proof On the one hand, suppose that f ∈ MS(p;β;ϕ). According to the definition of subordi-

nation, there exists a function ω(z), analytic in U with ω(0) = 0 and |ω(z)| < 1, such that

−pf(z)
zf ′(z)

= (1− pβ)ϕ(ω(z)) + pβ,

which is equivalent to

zf ′(z)

−pf(z)
̸= 1

(1− pβ)ϕ(eiθ) + pβ
= 1− 1

p(D(p, β, ϕ, θ)− 1)
, z ∈ U∗, 0 < θ < 2π.

Using the fact that

f(z) = f(z) ∗ 1

zp(1− z)
and

zf ′(z)

−p
= f(z) ∗

1− (1 + 1
p )z

zp(1− z)2
,

we have

zp
{
f(z) ∗ 1−D(p, β, ϕ, θ)z

zp(1− z)2

}
= zpf(z)

{
p(D(p, β, ϕ, θ)− 1)

zf ′(z)

−pf(z)
− [p(D(p, β, ϕ, θ)− 1)− 1]

}
̸= zpf(z)

{
p(D(p, β, ϕ, θ)− 1)

(
1− 1

p(D(p, β, ϕ, θ)− 1)

)
− [p(D(p, β, ϕ, θ)− 1)− 1]

}
= 0. (3.9)

So we complete the proof of the necessary part of Theorem 3.9.

On the other hand, from (3.9) we have

zp
{
f(z) ∗ 1−D(p, β, ϕ, θ)z

zp(1− z)2

}
= zpf(z)

{
p(D(p, β, ϕ, θ)− 1)

zf ′(z)

−pf(z)
− [p(D(p, β, ϕ, θ)− 1)− 1]

}
.

If the condition (3.7) holds, it follows that

zpf(z)
{
p(D(p, β, ϕ, θ)− 1)

zf ′(z)

−pf(z)
− [p(D(p, β, ϕ, θ)− 1)− 1]

}
̸= 0.

It is trivial to show that

zf ′(z)

−pf(z)
̸= 1

(1− pβ)ϕ(eiθ) + pβ
, z ∈ U∗, 0 < θ < 2π.

Consequently, we infer that f(z) ∈ MS(p;β;ϕ). �

Theorem 3.10 The function f(z) given by (1.2) is in the class MK(p;β;ϕ) if and only if

zp
{
f(z) ∗ p− [p+ 2 + (p− 1)D(p, β, ϕ, θ)]z + (p+ 1)D(p, β, ϕ, θ)z2

pzp(1− z)3

}
̸= 0 (3.10)

for all z ∈ U∗, p ∈ N, β ∈ R, pβ ̸= 1, 0 < θ < 2π, ϕ ∈ P and (1 − pβ)ϕ(eiθ) + pβ ̸= {0, 1}, where
D(p, β, ϕ, θ) is given by (3.8).
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Proof Set

g(z) =
1−D(p, β, ϕ, θ)z

zp(1− z)2
.

Taking derivative to the both sides of the equality, we obtain

zg′(z)

−p
=
p− [p+ 2 + (p− 1)D(p, β, ϕ, θ)]z + (p+ 1)D(p, β, ϕ, θ)z2

pzp(1− z)3
.

By the definition of the class MK(p;β;ϕ) and Theorem 3.9, it follows that f ∈ MK(p;β;ϕ) if

and only if

zp
{zf ′(z)

−p
∗ g(z)

}
̸= 0. (3.11)

In addition, we have the identity

zf ′(z)

−p
∗ g(z) = f(z) ∗ zg

′(z)

−p
. (3.12)

It follows from (3.11) and (3.12) that f(z) ∈ MK(p;β;ϕ) if and only if

zp
{
f(z) ∗ zg

′(z)

−p

}
̸= 0,

which completes the proof of Theorem 3.10. �
Similarly, we can obtain the convolution properties of the classes ofMSµ(p;β;ϕ),MKµ(p;β;ϕ),

MSFζ
µ(p;β;ϕ) and MKFζ

µ(p;β;ϕ).

4. Integral-preserving properties

In the following, we discuss the integral-preserving properties for another family of integral

operators.

Theorem 4.1 Let f(z) ∈ MS(p;β;ϕ) with p ∈ N, β ∈ R, 0 ≤ β < 1
p , ν ∈ C, ξ ∈ C\{0}, ϕ ∈ P,

z ∈ U∗ and

ℜ
(
ν + p− pξ

(1− pβ)ϕ(z) + pβ

)
> 0. (4.1)

Then the function F ξ
ν (f) ∈ Σp defined by

F ξ
ν (f)(z) :=

(ν + p− pξ

zν+p

∫ z

0

tν+p−1(f(t))ξdt
) 1

ξ

, ℜ(ν + p− pξ) > 0; z ∈ U∗ (4.2)

belongs to the class MS(p;β;ϕ).

Proof Let f ∈ MS(p;β;ϕ) and suppose that

Y(z) :=
z(F ξ

ν (f)(z))
′

−pF ξ
ν (f)(z)

. (4.3)

By using (4.2), we have (
F ξ
ν (f)(z)

)ξ

=
ν + p− pξ

zν+p

∫ z

0

tν+p−1(f(t))ξdt. (4.4)
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Differentiating both sides of (4.4) with respect to z and multiplying the resulting equation by z,

we get
ξz(F ξ

ν (f)(z))
′

F ξ
ν (f)(z)

=
(ν + p− pξ)(f(z))ξ

(F ξ
ν (f)(z))ξ

− (ν + p). (4.5)

Combining (4.3) and (4.5), we have

ν + p− pξY(z) =
(ν + p− pξ)(f(z))ξ

(F ξ
ν (f)(z))ξ

. (4.6)

Differentiating both sides of (4.6) with respect to z logarithmically and multiplying the resulting

equation by z, we get

zf ′(z)

−pf(z)
= Y(z) +

zY′(z)

ν + p− pξY(z)
≺ 1

(1− pβ)ϕ(z) + pβ
. (4.7)

Thus, by the condition (4.1) and an application of Lemma 1.5 to (4.7) yields

Y(z) =
z(F ξ

ν (f)(z))
′

−pF ξ
ν (f)(z)

≺ 1

(1− pβ)ϕ(z) + pβ
,

that is, F ξ
ν (f) ∈ MS(p;β;ϕ). This completes the proof of Theorem 4.1. �

By suitable modification to Theorem 4.1, we can show the following corollary.

Corollary 4.2 Let f ∈ MSµ(p;β;ϕ) with αi, βj ∈ C\Z−
0 (j = 1, . . . ,m; i = 1, . . . , l), l ≤

m+ 1, l,m ∈ N0, τ ∈ N, p ∈ N, β ∈ R, 0 ≤ β < 1
p , λ > p, µ > 0, ν, ξ ∈ C, ξ ̸= 0, ϕ ∈ P, z ∈ U∗ and

(4.1) holds. Then the function JµF
ξ
ν (f) ∈ Σp defined by

JµF
ξ
ν (f)(z) :=

(ν + p− pξ

zν+p

∫ z

0

tν+p−1(Jµf(t))
ξdt

) 1
ξ

, ℜ(ν + p− pξ) > 0; z ∈ U∗

belongs to the class MSµ(p;β;ϕ).

5. Inclusion relationships

Using Lemmas 1.5 and 1.6, we obtain the inclusion relationships of the subclasses of Σp. An

argument similar to one used in Theorem 4.1, the proof of the following results is not difficult

but too long to give here.

Theorem 5.1 Let αi, βj ∈ C\Z−
0 (i = 1, . . . , l; j = 1, . . . ,m), l ≤ m + 1, l,m ∈ N0, τ ∈ N, p ∈

N, β ∈ R, 0 ≤ β < 1
p , λ > p, µ > 0,ℜ(ζ) > 0, ϕ ∈ P, z ∈ U∗ and

ℜ
( 1

(1− pβ)ϕ(z) + pβ

)
< min

{p+ µ

p
,
ℜ(ζ) + p

p

}
. (5.1)

Then

MSµ+1(p;β;ϕ) ⊂ MSµ(p;β;ϕ) ⊂ MSFζ
µ(p;β;ϕ).

Corollary 5.2 Let αi, βj ∈ C\Z−
0 (i = 1, . . . , l; j = 1, . . . ,m), l ≤ m + 1, l,m ∈ N0, τ ∈ N, p ∈

N, β ∈ R, 0 ≤ β < 1
p , λ > p, µ > 0,ℜ(ζ) > 0, ϕ ∈ P, z ∈ U∗ and (5.1) holds. Then

MKµ+1(p;β;ϕ) ⊂ MKµ(p;β;ϕ) ⊂ MKFζ
µ(p;β;ϕ).
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Theorem 5.3 Let αi, βj ∈ C\Z−
0 (i = 1, . . . , l; j = 1, . . . ,m), l ≤ m + 1, l,m ∈ N0, τ ∈ N, p ∈

N, β ∈ R, 0 ≤ β < 1
p , λ > p, µ > 0,ℜ(ζ) > 0, ϕ, ψ ∈ P, z ∈ U∗ and (5.1) holds. Then

MCSµ+1(p;β;ϕ, ψ) ⊂ MCSµ(p;β;ϕ, ψ) ⊂ MCSFζ
µ(p;β;ϕ, ψ).

Corollary 5.4 Let αi, βj ∈ C\Z−
0 (i = 1, . . . , l; j = 1, . . . ,m), l ≤ m + 1, l,m ∈ N0, τ ∈ N, p ∈

N, β ∈ R, 0 ≤ β < 1
p , λ > p, µ > 0,ℜ(ζ) > 0, ϕ, ψ ∈ P, z ∈ U∗ and (5.1) holds. Then

MCKµ+1(p;β;ϕ, ψ) ⊂ MCKµ(p;β;ϕ, ψ) ⊂ MCKFζ
µ(p;β;ϕ, ψ).
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