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Some Properties of Subclasses of Meromorphic
Multivalent Functions Defined by Subordination
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Abstract In the present paper, we introduce some new subclasses of meromorphic starlike,
convex, close-to-convex and quasi-convex functions of S-reciprocal in terms of the linear oper-
ator using subordination. We obtain the coefficient estimates, convolution properties, integral
preserving properties and inclusion relationships of the classes. The results presented here
include several results as their special cases.
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1. Introduction and preliminaries
Let f; and f5 be two analytic functions in the open unit disk
U={ze€C:|z| <1}

We say that the function f; is subordinate to f2 in U, and write f1(z) < fa(z) (z € U), if there

exists a Schwarz function w, which is analytic in U with
w(0)=0 and |w(z)] <1, z€0,

such that fi(z) = fa(w(2)) (z € U) (see [1]). Furthermore, if the function f; is univalent in U,

then we have the following equivalence:
f1(z) < fa(z) (2 €U) < f1(0) = f2(0) and f1(U) C f2(U).

Also, let P be the class of functions of the form
p(z) =1+ pra*, (1.1)
k=1

which are analytic and convex in U and satisfy the condition R[p(z)] > 0 for z € U.

Let ¥, denote the class of meromorphic functions of the form

F) =27+ > @t peN={1,2,..}, (1.2)
k=1
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which are analytic and p-valent in the punctured open unit disk
U ={ze€C:0< |z| <1} =U\{0}.
For functions f € X, of the form (1.2) and g given by g(z) = 277 + § b2 P, we define
the Hadamard product (or convolution) of f and g by =

(F*g)(2) =27+ > aubuz"? = (g% f)(2).

k=1
For complex parameters

a, €C(i=1,...,1) and B, €eC\Z; (j=1,....,m;Zy :={0,-1,-2,...}),

the generalized hypergeometric function ;F),, (with [ numerator and m denominator parameters)
is defined by

oo

1Fon (o ag; B g )(Z):Zwi
m\&1,y...y y M1y Pm k:O(Bl)k"'(Bm)k k-l’

where | < m + 1;1,m € Ny := {0,1,2,...} = NU {0}, and (A),, is the Pochhammer symbol (or
the shifted factorial) defined (in terms of the Gamma function) by

I‘()\—i—n)_{l, n =0,

(Mn = T(\) AA+1)---(A+n—-1), neN.

Corresponding to the function

hp(ala .. '7al;61a cee ,BT,“Z) = Z_plFm(ala cee 7al;61a cee ,Bm)(Z),

the linear operator
Hy(oa,...,a;681,...,0m) : Zp — Xy

is defined by using the following Hadamard product (or convolution):

Hp(alu'"7al;ﬁ17'-'76m)f(z) = hp(alv‘"7051;517"’75771;2) *f(Z)

For a function f of the form (1.2), we have

o o N () () -
Hp( Tyenens l,ﬁl,...,ﬁm)f() +};k|(ﬂl) (6m)

st F(2). (1.3)

The above-defined operator Hy, ; ,,[c1] was introduced by Liu and Srivastava [2] and it was
the development of the Dziok-Srivastava operator (see [3,4]) for functions belonging to X,,.
Using the same method of Srivastava et al. [5], we introduce the generalized Dziok-Srivastava

operator in X, as follows:
« A «@
Ly, f(2) =(1 = A Hppmlan]f(2) — EZ(Hp,z,m[m]f(Z))' = L3 f(2), A=0,

LY0, f(2) =L5, (LT, (),
in general,
LyT f(z) = LYY, (L ;llmo‘lf( ), 1<m+1;l,meNy,7eN. (1.4)
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If f(2) is given by (1.2), then we see from (1.3) and (1.4) that

T,001 _ ( ) e (Oé ) o _
L)\”l"m =7 + Z ( k' 61 k(ﬁm)kl k) aka p’ TEN. (15)

In terms of the Hadamard product (or convolution), we have

Lt (2) = LX75(2) * f(2),

where

LTQI . k)\)(al)k (Oél)k T k—p L6
/\lm _Z +Z( k'ﬂl (ﬂm)k )z ()

anda; €C (i=1,...,0), 3, € C\Z; (j=1,...,m), I <m+1,I,meNy,A>0,7€N.

Remark 1.1 The operator Lf\?jn generalizes several previously familiar operators. Now, we
list some of the interesting particular cases as follows:

(i) Hpimlai] = Lé I'ms Where Hj,p m[aq] was introduced by Liu et al. [2];

(i) D=l =L ?Ep (n > —p), where D"*P~1 was introduced by Cho [6];

(iii) Ip(n,\) = L&Q)‘J’H_l (a1 =A—p+1,a0 =1,51 = A—p), where I,(n, \) was introduced
by Ali et al. [7];

(iv) Lp(a,c) = L(l):g,1 (ag =1, 81 = ¢), where Ly(a,c) is the Liu-Srivastava operator [8].

For a;,3; € C\Zy (i =1,...,05;5=1,...,m),l <m+1,l,m € No,A > pand 7 € N, we
introduce the following linear operator J ﬁf lTn‘f ! Zp — ¥, defined by

ngTrsl ( ) Ji‘fﬁl(z)*f(z)’ M>07'Z€U*7 (17)

where J{"[*(z) is the function defined as follows:

T,001 L, T, 1 *
L)\”l)m( 2) * J;\lml(z):7zp(1_z)u’ w>0,zeU". (1.8)
Since -
1 - (kg
——— =27P — p 0 U* 1.9
S T +,; p o me el (1.9)
combining (1.6), (1.8) and (1.9), we obtain
S E!( 51 - (Bm)k (1)k e
T () = 2P 4 ( ) S (1.10)
M Z 1)k o (e)y/ K
For convenience, we write 7, := Jﬁ\‘ lT Tf:l.
If f is given by (1.2), then from (1.7) and (1.10) we have that
oo
_ k' 61 (Bm)k T (,U)k k—
Tuf(z) =277+ ( ) agz"" P, (1.11)
n Z 1= 2)( O‘l)k ()’ K

where o;, 8, € C\Zg (i=1,....,5j=1,...,m),l <m+1,l,m € No,A >p,7 € N,y > 0 and
z e U*.
From (1.11), it is easy to verify that

2Tuf(2)) = nTusr f(2) = (p + 1) T f (2). (1.12)
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On the other hand, for f(z) of the form (1.2), the integral operator F; is defined by

Fe(f)(z) := zfif’ ; P f()de, R(C) > 0; 2 € U, (1.13)

that is,
R(DE& =743 pomst .
k=1

From (1.13), we note that
and

R - KB )k Bk \" (e ¢ Py -

TuFcf(2) +k§ ((1 - ,?)(al)km(m)k) R (1.15)

where o;, 5, € C\Zy (i=1,...,L;5=1,....m),l <m+1,I,m e No,A>p, 7€ N, > 0,R(¢) >
0 and z € U*.
According to (1.15), we get

AT F(N)(2) = CTuf (2) = (p+ QTuF(f)(2)- (1.16)

By making use of the principle of subordination between analytic functions, we introduce
the subclasses MS(p; 8; ¢), MK(p; B; ¢), MCS(p; B; ¢, 1) and MCK(p; B; ¢, 1) of the class ¥, as

follows.

Definition 1.2 A function f € ¥, of the form (1.2) is said to be in the class MS(p; 8; ¢) of
meromorphic p-valent starlike function of B-reciprocal if and only if
—p { f(z)
1—pBLlaf(z)
where p e N, € R,p8 # 1 and ¢ € P.

+ B8} < 6(2), (1.17)

Remark 1.3 We note that the class MS(p; 3; ¢) generalizes several previous classes, and we
show some of the interesting particular cases as follows.

(i) Forp=1,8=0and ¢(z) = w (0 < a < 1), the class MS(1;0; W) =
NS*(a) was considered by Sun et al. [9].

(ii) ForpB > 1,¢(z) = iigz (=1 < B < A <1),theclass MS(p; §; %igi) = MS(p; 8; A, B)
was considered by Ma et al. [10].

In addition, we have the class MIC(p; 8; ¢) of meromorphically p-valent convex function of
B-reciprocal if and only if %Ef) € MS(p; B; d).

Definition 1.4 A function f € ¥, of the form (1.2) is said to be in the class MCS(p; B; ¢, )

of meromorphic p-valent close-to-convex function of -reciprocal if and only if

—p_y 9(3)
oalap A < ve) (1.18)

wherep e N, € R, p8 # 1,¢,¢ € P and g € MS(p; 5; d).
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In particular, we have the class MCK(p; 5; ¢, 1) of meromorphic p-valent quasi-convex func-
tion of 3-reciprocal if and only if @g}z) € MCS(p; B; d,v).

In recent years, more and more researchers are interested in the starlike functions of recip-
rocal and other cases of reciprocal [11-14].

Next, by using the integral operator 7, and J, F¢ defined by (1.11) and (1.15), respectively,

we introduce the following subclasses of ¥,:
MS,(p; B3 0) = {f € Zp : Tuf € MS(p; B; 9)},
ME,(p; B;¢) == {f € Xp : Tuf € MK(p; 85 0)},
MCS,.(p; 85 0,) :=A{f € Xp : Tuf € MCS(p; B;6,9)},
MCK,(p; By ¢, ¢) == {f € Ep : Tuf € MCK(p; B; ¢, ) }

and

MSF(p: B:0) == {f € 5y : TuFe(f) € MS(p: B3 9)},
MECF;,(p; ;) :={f € 5y : TuFe(f) € MK(p; 8;9)},
MCSF(p; B; 6,0) := {f € 5y : TuFc(f) € MCS(p; B; 6, )},
MCKF,(p; B;,0) = {f € Ty : TuFe(f) € MCK(p; B 6,9)},
where o, ; € C\Zg (i=1,...,1;j=1,...,m),l <m+1,l,m € No,A>p, 7€ N,u>0,R(() >

0,peN,BeR,p8#1and ¢,¢) € P.
In order to prove our main results, we need the following lemmas.

Lemma 1.5 ([15]) Let k,9 € C. Suppose that m is convex and univalent in U with m(0) = 1 and
R(km(z) +19) > 0 (z € U). Ifu is analytic in U with u(0) = 1, then the following subordination:

u(z) +

2u’(2)

ku(z) + 9 <m(z)

implies that u(z) < m(z).
Lemma 1.6 ([16]) Let h be convex univalent in C and p be analytic in U with
R(p(z)) >0, ze€U.
If ¢ is analytic in U and q(0) = h(0), then the subordination
q(2) + p(2)2q' (2) < h(2)

implies that q(z) < h(z).
The main purpose of the present paper is to investigate the coefficient estimates and con-
volution properties of the subclasses of meromorphic functions. Furthermore, several integral

preserving properties and inclusion relationships are also derived.

2. Coefficient estimates

In this section, unless otherwise mentioned, we assume that p € N={1,2,...},8 € R,p8 #
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land - 1< D<B<A<(CXKI1.

Lemma 2.1 ([17]) Ifp(z) is given by (1.1) and iigz = p(z), then |p,| < (A—B) (n=1,2,...).

Theorem 2.2 Let f of the form (1.2) be in the class MS(p; 8; A, B). For k > 2, we have

and

{p\l — pB|(A— B)

m=1

k
m m
1+Z|1—;||am|§ |1—?|+1}. (2.2)
m=1

Proof Suppose that f of the form (1.2) be in the class MS(p; 8; A, B). We have
k

—p ( f(2) P 1+352,0+ 1Eig)ak2 1+ Az (2.3)
1—pB zf'(2) 1+Zz°:1(1—%)akzk 1+ Bz’ ’
According to the definition of subordination, it follows that
1+ 502, (0 + 2 )az 144 =
Zk;i( 1_kp/3) _ 1+ w(z) _ +dezk (2.4)
L+ 3000, (1= 2)agz” 1 + Bw(z)
where w(z) = 12+ ca2? + -+, w € W, W denotes the well-known class of the bounded analytic
functions in U and satisfies the conditions w(0) = 0 and |w(z)| < |z] (z € U*).
After a simple computation, we get
B 2p 2 3 3 kB k
1 1 1 1 1 i
+ ( +1_p5)alz+( + 1_pﬁ)agz + ( +1_p6)agz + 4 ( +1_pﬁ)akz +
1 2 1
= ]_ —+ |:(]_ — 7)0,1 + d1:|Z —+ |:(1 — 7)@2 —+ (1 — *)aldl —+ d2:| 22+
p p p
3 2 1 s
[(1 — Dag+ (1 — Z)agdy + (1 — ~)ards + dg]z Fot
p p p
k k-1 1
[(17 ;)akJr(l* Jag—1d; + -+ (1 — 2;)aldk—l +dk}zk+
Comparing the coefficients of the both sides, we obtain
a; =p(1 — pB)ds;
1-— 1
az Zw {(1 - 5)a1d1 + dz};
1-— 2 1
as :Iw {(]_ — 5)a2d1 + (1 — 5)a1d2 + d3};
: (2.5)
1-— k—1 1
ax _ kpﬁ) {(1 - Jap—1dy + -+ (1 — E)Chdkﬂ + dy| .-

By using Lemma 2.1 and (2.5), we have

1 1
L4 1= Jllaa <pll=pBI(A=B)L = —1+1, (2.6)
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2
1+Zm=—umsﬂjw A= By - 2] (2.7)

and

1-— A-B 1 k-1
jag] < 2 pﬂ}'f )(1+|1p|a1|+...+|1 . lag-1)- (2.8)

We now prove (2.2) by induction. It follows from (2.7) that (2.2) holds for k = 2. We
suppose that (2.2) holds for k =n — 1. So we have

n—1 n—1
m p|ll —pB|(A—B m
1+Z|1——||am|§H[ | I )|1——|+1] (2.9)
m=1 p m=1 m p
For k = n, by using (2.8) and (2.9), we have
p|ll —pB|(A—B m
1+Z|1——||am|< H [ | |( )| ;|+1}. (2.10)
m=1 m=1

Therefore, (2.2) holds true.
Also, by (2.8) and (2.2), we have

k—1
|ak|<p|1—pﬁl(A—B) I [pll—pﬁl(A—B)Hf%Hl}’ k> o2,
m=1

- k m
which completes the proof of Theorem 2.2. [

Corollary 2.3 Let f € MK(p;; A, B). Then for k > 2 and k # p, we have

p[1 —pB|(A - B) p\l—pﬂl(A B)., m
< 1- 241
vl < B }1[ -]
and
p|ll —pB|(A—B m
1+Z‘1—*||m|<H{| ‘( )1—p|+1].
m=1
Theorem 2.4 Let f € MCS(p; 5; iigz, %igz) Then for k > 2 and k # p, we have
1 pll-pBl(A-B) pll - pﬁI (A-B), m
1—— 1
|(lk|_|1 E| 3 1—_[1{ | p|+ }—F
S |1 —pBI(A - B)
1= pBI(C ~ D) Y[ - pBl(C — D)+ 1 PP
|175‘ =2 ¢
-1
1-— A—-B
m=1 m p
T E 1= pB|(C = D)[I1 = pB|(C = D) + 1]*"*{|1 = p|[p(A = B) + (C — D)] + 1}
P
and

k
m
1+ Z ‘1 - 7Ham‘
m=1 p
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k
<Y [1-pBI(C-D)+1

=2

[|1*pﬂl(C*D)Jrl]’H{ll*pﬂl[p( —B)+(C—-D)+1}.

Proof The proof of Theorem 2.4 is similar to the proof of Theorem 2.2. Hence, the proof of
Theorem 2.4 will be omitted here. [

pi-pl = pﬂIA B) ﬁ{pllfpﬂ\fl B, %|+1}+

Corollary 2.5 Let f € MCK(p; 8; 142 1£C2) Then for k > 2 and k # p, we have

1+Bz’ 1+ D=z
1 pll—-pBl(A—B) "= rpll—pBl(A-B),. m
|ak| < Tl-Ep k WH1[ - |1—?|+1]+
k—1
|1_1k|2| —pB|(C'— D) (11 = pBl(C — D) + 1]*~ z_lpll—p5l|(A—B)
P 1=2
1—
pll —pB|(A-B)
n!—_[l{ - 11— |+1}
1
o Ep!t—PAIC = DI = pBI(C = D) + U1 = pBllp(A = B) +(C = D)) + 1)
p
and

1+ Z 11— | |am|
pBl(A-B)

k

1-—
<3000 - pi(c - ) + PP
=2 k

11— pBI(C = D) + 1* {1 = pB|[p(A — B) + (C — D)] + 1}.

E \

[pll—pﬁTJfA B)| %th

Il
—

3. Convolution properties

In this section, the convolution properties for the subclasses of 3, are obtained. In order to

establish our main results, we shall require the following lemma.

Lemma 3.1 Let f € MS(p;8;¢) withpe N, e R,0< 8 < %,quP and z € U*. Then

e [ vy
10 =e [ A -1
where w is analytic in U with w(0) =0 and |w(z)| <1 (z € U*).

Proof Suppose that f € MS(p; 8;¢). It follows that

f'(2) 1
—pf ()~ (1-pB)(w(2)) +pB’ (3.2)

where w is analytic in U with w(0) = 0 and |w(z)| < 1 (# € U*). From (3.2), it is easy to see that

f'(2) —p (3.3)

f(z) 21 = pB)o(w(2)) + pB]
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Taking the integration on both sides of (3.3), we get

: —p
I = d
w16 = | e
Thus we conclude that
_ : —p
o =ew | e T
Theorem 3.2 Let f € MK(p;5;¢) withp e N, e R,0< 5 < l,qﬁ € P and z € U*. Then

1= (o | s (- ”Z S B ) e

where w is analytic in U with w(0) = 0 and |w(z)| <1 (z € U*).

dn. O

Proof 1t is clear that f € MK(p; 8;¢) < @;f) € MS(p; B;¢). According to Lemma 3.1, it

follows that ,
zf'(z) —p

e | e T (35
On the other hand,
/ =1
L (e Rt 3 1) )

From (3.5) and (3.6), (3.4) holds true. This completes the proof of Theorem 3.2. OJ

Similarly, we can easily obtain the following results.

Corollary 3.3 Let f € MS,(p;B;¢) with a;,3; € C\Zy (i = 1,...,L;7 = 1,...,m),l <
m+1,l,meNy, 7€ NpeN,FER OB < 1, A>p,u>0,¢€P and z € U*. Then

. - . f<a1> celaey B
f<Z>:(exp/o = ot + o) +Z( G ) )

where w is analytic in U with w(0) =0 and |w(z)| <1 (z € U*).

Corollary 3.4 Let f € MS}'fL(p;ﬂ;ng) with o;,8; € C\Zy (i =1,...,L;j =1,...,m),l <
m+LmnemmeNmeNﬁeRogﬁ<%A>gwo>au>u¢epmwzeWJMw

2 . )k"'(Oél)k Tk k+¢ —p
f<z>:(eXp/o At +om ) (7 *Z( "o ) e <)

where w is analytic in U with w(0) = 0 and |w(z)| <1 (z € U*).

Corollary 3.5 Let f € MK,(p;B3;¢) with o;,8; € C\Zy (i = 1,...,l;5 = 1,...,m),l <
m+LLmeNmTeNpeNﬁeK0§5<;A>nu>m¢epmmzemﬁTmn

10 =(e [ ™) (7 St X )

k=p+1
B iyt B
(- +,§_:1( WG ) o)
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where w is analytic in U with w(0) = 0 and |w(z)| <1 (z € U*).

Corollary 3.6 Let f € MIC]:fL(p;B;gb) with o;,8; € C\Zy (i =1,...,L;5 =1,...,m),l <
m+1,1,meNo, 7 e N,peN,FER,0< < 1, A >p,pu>0,R(¢) > 0,6 € P and z € U*. Then

s =(ew | a7 2 Xt )
& =) e @iy B k¢
( +,§< e G G c )

where w is analytic in U with w(0) = 0 and |w(z)| <1 (z € U*).

Theorem 3.7 Let f € MCS(p;5;¢,¢) withp € N, € R,0 < 8 < %,qﬁ,w € P and z € U*.
Then

_ (2P )y st L (- 2 S
1= (st +ro )7 ¢ *Z F )

where w1, we are analytic in U with w1(0) = w2(0) = 0, |w1(2)] < 1 and |wa(2)| < 1 (2 € U*).

Proof Suppose that f € MCS(p; B; ¢,v). It follows that

—»_§ 9(2) .
1_]75{Zf/( )Jrﬂ} < Y(2), g € MS(p; B; 9).

According to the definition of subordination and Lemma 3.1, there exist wy, wo, which are analytic
in U with w1 (0) = w2 (0) = 0, |wi(2)| < 1 and |wa2(2)| < 1, satisfying

_p g(z) = wilz an Z) = ex ’ _p
ol o) = v and o) = e |

It follows that

z —p
2f'(2) P Jy smaamy A

—p  [(1=pB)Y(wi(2)) + pB]

Therefore, it is easy to show that

_ oy st P ke, XD s
1= (T pmimen +oa )7 S T )0

k=p+ 1p_

Corollary 3.8 Let f € MCK(p;3;¢,¢) withp e NG R0< < L 5,0, € P and z € U™
Then

oy s AW
£ = ( (1= pB)v(wi(2)) + pB] )+ (:

where wy,wq are analytic in U with w1 (0) = 0,w2(0) = 0, |w1(2)| < 1 and |wa(2)| < 1 (z € U*).

e 2
X )

k=p+1

Theorem 3.9 The function f given by (1.2) is in the class MS(p; B8; ¢) if and only if

zp{f(z)* zp((f_ﬁj 6)z };éo (3.7)
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forallz€ U*,0 < <2m,peN,BE R, pB#1,(1 —pB)o(e?) +pB # {0,1} and ¢ € P, where
(1 —pB)¢(e”) +pB
D 0) = . . .
7.5,6,6) =1+ p(1 —pB)(d(e?) — 1) (38)

Proof On the one hand, suppose that f € MS(p; 5; ¢). According to the definition of subordi-
nation, there exists a function w(z), analytic in U with w(0) = 0 and |w(2)| < 1, such that

—pf(2)
zf'(z)

= (1 = pB)o(w(2)) + pB;

which is equivalent to

z2f'(z) 1 1 1

—pf(2) " (1 —pB)o(e’?) + pp p(D(p, B, $,0) = 1)’
Using the fact that

zeU*0< 6 <2m.

2f'(z 1—(1+ 1)z
16 = 190+ ity and L= 0+
we have
P 1—-D(p,B,9,0)z
#{ () % Dt }

, 2'(2)
= (D, 5,6,0) = 1) = 205 — (D, ,6.0) = 1) ~ 1]}
p 1
7& Z f(Z){p(D(p,ﬁ,qﬁ,@) - 1)(1 - p(D(p,ﬁ,qb,H) — 1)) - [p(D(pvﬁv(bag) - 1) - 1]}

=0. (3.9)
So we complete the proof of the necessary part of Theorem 3.9.

On the other hand, from (3.9) we have

{10 TP LEEEY 40 [0, .6.0) 1)

If the condition (3.7) holds, it follows that

zf'(z)
—pf(2)

2f'(z)
—pf(2)

~ (D, B,6,0) 1)~ 1]}

2 F(){p(D(p, 8.9.6) 1)

It is trivial to show that

z2f'(2) 1

I 7 (T pBe(®) 1
Consequently, we infer that f(z) € MS(p; §;¢). O

— [p(D(p, B,,0) — 1) — 1]} £0.

zeU"0<0<2m.

Theorem 3.10 The function f(z) given by (1.2) is in the class MK(p; 5; ¢) if and only if

pzP(1 - z2)°

#{f(2)

forall z € U*,p e N, € R,pB # 1,0 < 0 < 27,6 € P and (1 — pB)¢(e’?) + pB # {0, 1}, where
D(p, B, $,0) is given by (3.8).

} £0 (3.10)
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Proof Set

1- D(p’ﬁ,(b’ 9)Z
2P(1—2)2

9(z) =

Taking derivative to the both sides of the equality, we obtain
29'(2) _p—[p+2+(p-1)D(p,5,¢,0)]z+ (p+1)D(p, 3, ¢,0)2"
—p pzP (1 — z)3 '
By the definition of the class MK(p; 5; ¢) and Theorem 3.9, it follows that f € MK(p;S;¢) if
and only if

zp{zfif) *g(z)} £0. (3.11)
In addition, we have the identity
Zf_ ;Z) kg(2) = f(2) x L S). (3.12)
It follows from (3.11) and (3.12) that f(z) € MK(p;5; ¢) if and only if
#{10)+ 28} 10

which completes the proof of Theorem 3.10. [J

Similarly, we can obtain the convolution properties of the classes of MS,(p; 8; ¢), MK, (p; 8; ¢),
MSF;,(p; B; ¢) and MICF,(p; B; )

4. Integral-preserving properties

In the following, we discuss the integral-preserving properties for another family of integral

operators.

Theorem 4.1 Let f(z) € MS(p; 8;¢) withp e N, eR,0< 8 < %,V e C, ¢, e C\{0},9p € P,
z € U* and
J43
0.
e 778)

Then the function F5(f) € ¥, defined by

5)?(1/+p7 (4.1)

=

(NG = (CEEE [ e igora)’ Rwap-pg >0ser (@2)

belongs to the class MS(p; B; ¢).
Proof Let f € MS(p;5; ¢) and suppose that

2(F§ 2))
¥ o 2D

. 4.3
—pFS(f)(2) )

By using (4.2), we have

(F(F) ()" = L2 [t (e ar, (1.4)

vt 0
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Differentiating both sides of (4.4) with respect to z and multiplying the resulting equation by z,

we get

GENR) _ v+p-p)(() 4.5
FS(f)(2) (FS5()(2))¢ v )

Combining (4.3) and (4.5), we have

(v +p—pE)(f(2)*
(F3(f)(2))
Differentiating both sides of (4.6) with respect to z logarithmically and multiplying the resulting

v+p—pY(z) = (4.6)

equation by z, we get
z2f'(2) 2Y'(z) 1
e vt p—pEY() | (1-pB)o() + 1B
Thus, by the condition (4.1) and an application of Lemma 1.5 to (4.7) yields
1)1 S W
—pE5(f)(2) (1 —=pB)o(2) +pB
that is, F5(f) € MS(p; B; ¢). This completes the proof of Theorem 4.1. [J

By suitable modification to Theorem 4.1, we can show the following corollary.

=Y(z) +

(4.7)

Corollary 4.2 Let f € MS,(p;B;¢) with o;,5; € C\Zy (j = 1,...,m;i = 1,...,1),l <
m+1,l,meNy,7eENpeN,FER OB < L A>pp>0,1,6€CE#0,6€P, 2 €U and
(4.1) holds. Then the function J,F5(f) € ¥, defined by

TES()(e) = (VLTS Ozt”P—l(Jﬂf(t»ﬁdt)i R(v+p—p€) > 0;z € U*

belongs to the class MS,,(p; 5; ¢).

5. Inclusion relationships

Using Lemmas 1.5 and 1.6, we obtain the inclusion relationships of the subclasses of X,,. An
argument similar to one used in Theorem 4.1, the proof of the following results is not difficult

but too long to give here.

Theorem 5.1 Let o;,5; € C\Zy (1 =1,...,5;j=1,....m),l <m+1,lmeNy,7eN,pe
N,BeR0<B< %,A>p,u>0,§)‘f(()>0,¢€P,26U* and

1 . +p REQ) +
§R((1*175)¢>(Z)+p6)<mm{1%’ p p}.

(5.1)

Then
MS,1(p; B; d) € MS,u(p; B ¢) € MSFS,(p; B; 8).

Corollary 5.2 Let o;,5; € C\Zy (i=1,...,1;j=1,...,m),l <m+1,l,meNy, 7 eN,pe
N,feR0<8< %,A>p7u>0,3?(g)>0,¢€P,Z€U* and (5.1) holds. Then

MEK,41(p; B; 6) € MK, (p; B; ¢) € MKFs,(p; B; 6)-
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Theorem 5.3 Let o;,3; € C\Zy (1 =1,...,5;j=1,....m),l <m+1,l,me Ny, 7€ N,pe
N,BeR,0<8< %7)\>p7/1>0,§}%(g)>0,¢,1/1€’P,ZEU* and (5.1) holds. Then

MCS,41(p; B; 6, 1) C MCS,,(p; B; ¢,1) C MCSFS,(p; B; 6, 9).

Corollary 5.4 Let ;,8; € C\Zy (i=1,...,5;j=1,....m),Il<m+1,I,meNy,7eN,pe
N,BE€R,0<B < A>pu>0R(C)>0,6,4€P,zeU and (5.1) holds. Then

MCK 11(p; B 6,9) € MCK,u(p; B; 6, 00) € MCKFG,(p; B; 6, ).
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