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Abstract In present paper, we study precisely the growth of analytic functions defined by
zero order Laplace-Stieltjes transformation converging in right plane. The coefficient char-
acterizations of generalized logarithmic p-type and generalized lower logarithmic p-type are
obtained, which improve the results of logarithmic type and lower logarithmic type.
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1. Introduction

Consider the Laplace-Stieltjes transform
+oo
F(s)= / e da(r), s=o+it, o,t €R (L.1)
0

where a(x) is a defined real-valued or complex-valued function with x > 0, and it is of bounded
variation on any closed interval [0, X] (0 < X < +00).
Put a sequence
0=X <A1 <2< <Ay T 400, (1.2)

which satisfies the following conditions

Tim - = D < +oo, Tim (Ans1 = An) = h < +o0. (1.3)

n—oo n
It is known [1] that the transform (1.1) represents an analytic function F(s) in the right half

plane when the transform satisfies

—log A7,
lim =

n—oo n

0, (1.4)

where A} = supy o<, ter ‘f;n e Wda(y)l.

Let Dg denote the class of all functions F'(s) represented by (1.1) and satisfying conditions
(1.2) to (1.4). Kong [2] defined the order of F(s) € Dy as

—logTlog™ M, (0, F)
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where M, (0, F) = Supgpcioocr | [y € 7T¥da(y)| called the maximum modulus of F(s) in
the right half-place. A function F(s) is said to be of slow growth if p = 0. To study the growth
of the functions of slow growth, the concept of p(h, F')-order of F(s) was introduced by Luo [3]
as

——h(log™ M, (0, F))

= 1.
p(h, F) o530 h(—logo)

where h € A and A is the class of all functions satisfying the following conditions (I) and (II):
(I) h(x) is defined on [a,o0) and is positive, strictly increasing, differentiable and tends to
00 as T — O0;
(IT) lim, o 55 = 1 for all ¢,0 < ¢ < oc.
In particular, if h(z) = logl(z), p > 1 (log!!(z) = logz, log!! (z) = log(log’!(z)),p > 2), we

shall call p(h, F')-order as logarithmic p-order of F'(s) and denote it p,. In present paper, we
have introduced some new growth parameters to compare precisely the growths of two functions
belonging to Dy and having the same logarithmic p-order. For this, we first need the following
definition of logarithmic p-proximate order, which, for the case p = 1, includes the definition of

logarithmic proximate order, due to Xu [4].

Definition 1.1 A real valued function p,(o) is called a logarithmic p-proximate order if it
satisfies the following:
(1) pp(o) is a positive, continuous and piecewise differentiable function for all o such that
0 <o <op<oo;
(2) Nlimgeo pp(o) = pp (1 < pp < 00);
(3) lim, 0 p,’ (o) 10g*(1/0) = 0,
where p,’(0) is either the right or the left hand derivative of p,(c) where they are different.
We now define the generalized logarithmic p-type T, and generalized lower logarithmic p-

type t, of F(s) € Dy with respect to a given logarithmic p-proximate order p,(c) as

T, - E log[p]Mu(cf,[f'(l)7 L, — lim 1og[p]Mu(cr,pi1).

(log(1/0)) 720 (log(1/0))
Definition 1.2 A Jogarithmic p-proximate order p,(o) is called a logarithmic p-proximate order
of F(s) € Dy if 0 < T}, < 0.

(1.5)

Definition 1.3 F(s) € Dy is said to be of perfectly regular logarithmic growth with respect to
its logarithmic p-proximate order p, (o) if T, = t, < co.

For a function F(s) € Dy, having logarithmic p-order p, (1 < p, < 00), the existence of a
logarithmic p-proximate order p,(c) can be established on the lines of those used by Levin [5,
p- 35-39].

2. Some lemmas

Lemma 2.1 Let p,(0), p > 1 be a logarithmic p-proximate order. Then the function (log[p] (1/0))Pr(@)
is a monotonically decreasing function of o for 0 < o < 0y.
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Proof Let H(o) = (log”!(1/c))?»(?). Taking logarithm on both the sides and then differentiat-

ing with respect to o, we get

H'(0) = p,/(0)(log" (1/0))" o+ (1/c) - pp(“>%°g“ﬂ<1/a>Y”(g)
o I log®(1/0)
k=1

On using the properties (2) and (3) of logarithmic -proximate order, we have

(e — pp)(10g (1/))™"

H'(o) < m
o 11 1og" (1/0)
k=1

<0, 0<e<pp.

Hence the lemma follows. [J
Since (log”(1/5))#»(?) is a monotonically decreasing function of o for 0 < o < o9, a single
valued real function ¢, () of t can be defined for ¢ > ty such that
1
t == if and only if 1,(t) = (log”(1/5))P»(). (2.1)
o

If 4, (t) is defined as above, the following lemma follows easily.

Lemma 2.2 Let py(c), p > 1, be a logarithmic p-proximate order and let 1, (t) be as defined
in (2.1). Then

. dlogy,(t)
tlgglo m = Pp (22)
and for every b (0 < b < 00)
b
2olt) _ b, p,) (23

lim
t—o00 1/Jp(t)
where E(b, p,) = b°» for p=1 and E(b,p,) =1 for p > 2.

3. Main results

Theorem 3.1 Let F(s) € Dy be given by (1.1). Assume that F(s) has logarithmic p-proximate
order py(o) and logarithmic p-order p, (1 < p, < 00). Then the generalized logarithmic p-type
T, of F(s) with respect to the logarithmic p-proximate order p,(c) is given by

— log[p]A,*L
Tp = lim by ()

(3.1)
where 1, (\,) Is defined by (2.1).
Remark 3.2 For p = 1, the above theorem is due to Theorem 3.2 of Xu [4].

Proof From (1.5), given £ > 0, there exists og = 0¢() such that for 0 < o < 0¢, we have
log M, (0, F) < exp[P—l]{(Tp + E)(log[p](l/o.))pp(o')}.

So we have
log A7, = 7, < expl?U{(T, + ) (08 (1/0))7())
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for 0 < 0 < gg and all n. Taking, in particular, o = /\1, in the above inequality gives

log A7 —1< exp[p_l]{(Tp +e)p(An)}

The above relation gives
0<T,+e,

where 6 denotes the limit superior on the right hand side of (3.1). Since ¢ > 0 is arbitrary, this

in turn gives that
0 <T,. (3.2)

On the other hand, from the definition of 6, for given € > 0, we have for all n > ng = ng(e),
logP A% < (0 + &by (M) (3.3)

Now, since (1.3) holds, we have n < D1\, for all n > n; = ny(D;), where D; > D. We can
assume without loss of generality that ng > n;.

For any x > 0, there exists n € N, A\, <z < A\,11, such that

z ) n—Ll g ) z .
J e = 3 [ e aas [ e dag),
0

k=17 An
Let -
I (z,it) = / e Wda(y), M <z < Apyr-
A

k
For any t € R, we have
[I(w,it)] < A7 < p(o, F)eM, o > 0.

Hence for any x € [\, A\p11] and o >0

Ak+1

T n—1
/ ef(oJrit)yda(y) — Z [e™M419 I (A1, it) — / I (y,it)de™ Y]+
0 k=1 Ak
x

e_”In(x,it)—/ I, (y,it)de™ Y.
A'Vl

So

T n—1
[ e mrimdaty)| < 37 e (e - e e - )
0 k=1

0

* _—Apo

< ZAne .
n=1

Using (3.3), we have

oo

\/ me‘(“*“>yda<y>\SQ<no>+ Y explep {0+ ), ()} — oA} (3.4)

0 n=no+1

where Q(np), the sum of first terms ng, is bounded.

For each o (o > 0), we define a natural number n(o) as

4
)‘n(a) < ; < )‘n(U)Jrl'
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It is seen that explP~ by, (x)}/x < 1/y/x, 0 < b < oo, for all z > 2¢(b). Hence for o sufficiently

close to 0 and all n > n(o), we have

[p—1] 1
>\n >\n(0)+1 2
Using (3.5), for all o sufficiently close to 0, we have
Z exp{expP (0 + e)1b,(\n)} — oAn}
n=n(o)+1
> oA = on
—o\, _
< Z GXP{T} < Z exp{ﬁ
n=n(c)+1 n=n(c)+1
1 2D
< — ~ =L (3.6)
1-— eXp{ﬁ} o)
Now, consider the function G(x), defines as
G(z) = expPU{(0 + e)p,(z)} — o
Let x. be defined as G(z.) = max G(z). Then
zo<z<oo
p—1 dvy, (x
0+ T e (0 + iy 20| g, (3.7

where the quantity inside the curly bracket is assumed to be 1 for p = 1. As 0 — 0, the relation
(3,7), in view of (2.2), gives that
z, = (1/0)treW,

Thus,
max  G(z) < exp? (0 + )iy, ((1/0) M)} (3.8)

zo<zr<oo
From (3.4), (3.6) and (3.8), we have
2D
M, (0, F) < Q(no) + n(o)expl {(6 + ) ((1/0) W)} - =
Now, by the definition of n(c), we have

My(o,F) < (4531) eXp[p]{(e_i_g)wp((l/o_)l—i-o(l))}

or
1
log M, (0, F) < 4log = + expP~U{(0 + )b, ((1/0) M)}
ag

The above relation, in view of (2.3), gives that
T, <0+e.

And since € > 0 is arbitrary, we have
T, < 0. (3.9)

In view of (3.2) and (3.9), the proof of the theorem is completed. [J
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Theorem 3.3 Let F(s) € Dy be given by (1.1). Assume that F(s) has logarithmic p-proximate
log A —log A7,

order p,(o) and logarithmic p-order p, (1 < p, < 00). Let ¢(n) = “+L be ultimately

Ant1—An
a non-decreasing function of. Then the generalized lower logarithmic p-type t, of F(s) satisfies

1og[p]A*

tp < lm —=——"

where ,(X\y,) is defined by (2.1). Further, if ¥p(Xn) ~ ¢¥p(Ant1) as n — oo, then the equality
holds in (3.10).

(3.10)

Remark 3.4 For p =1, the above theorem is due to Theorem 3.3 of Xu [4].
The proof of the theorem can be constructed by suitably adopting the techniques used in

[4] and the present paper and so we omit the proof.
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