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The Commutants of the Toeplitz Operators with Radial
Symbols on the Pluriharmonic Bergman Space
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Abstract In this paper, we study the commutativity of Toeplitz operators with radial symbols
on the pluriharmonic Bergman space. We obtain the necessary and sufficient conditions for
the commutativity of bounded Toeplitz operator and Toeplitz operator with radial symbol on
the pluriharmonic Bergman space.
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1. Introduction
Throughout the paper, we fix a positive integer n and let
C"=Cx---xC

denote the n-dimensional complex Euclidean space. For z = (z1,...,2,) and w = (wq,...,wy,)
in C™, we write

<Z7w> =21W1 + -+ 2Wy,

and

2l = VIz + -+ |2l = V(2 2).
The open unit ball in C™ is the set
B, ={z€C":|z] <1}.

The boundary of B,, is the set
Sn={CeC":[¢| =1}

We denote by V' the measure on B,,. The Bergman space L2(B,,) is the space of analytic
functions on B,, which are square-integrable with respect to measure V on B,,.
The reproducing kernel on L2(B,,) is given by
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for z,w € B, then for every f € L2(B,),

f(z) = {f, Kz).

The Bergman space L2(B,,) is the closed subspace of L%(B,,,dV). Then there exists the
orthogonal projection from L?(B,,,dV) to L2(B,,)

Pf(z) = (f K.), f€L*B,dV).
From [1], for a function f, we call f a pluriharmonic function if
D;Dpf =0, jk=1,2,...,n

WhereDj—— D; _W
The pluriharmonic Bergman space L? (B,,) consists of all pluriharmonic functions on L?(B,,,dV).
Denote by R, the reproducing kernel on L?(B,,), then for every f € L?(B,,),

f(z) = (f, Rz).

Then we have
Rz(w):Kz(w)“FKz(w)*]., Z,wG]Bn

Obviously, L?(B,,) is the closed subspace of L?*(B,,dV). The orthogonal projection from
L*(B,,dV) to L?(B,,) is as follows,

Qf(z)=(f,R.), f¢€ LQ(Bde)-
The relation of P to @ is

Qf(z) = Pf(z) + Pf(z) — Pf(0).

2. Preliminaries

Let @ be the orthogonal projection from L?(B,,dV) to L?(B,). We give the definition of
Toeplitz operator through the orthogonal projection Q.

Definition 2.1 Let ¢ € L>°(B,,). Define operator T, : L?(B,,) — L?(B,,) by,

Tcpf:Q(QOf)? f GL%(Bn)

T, is called a Toeplitz operator with the symbol ¢ on L? +(By).
Using the reproducing kernel R, (w), we have

/ F(w)p(w) R (w)dV (w).

The boundedness, compactness, concerning Toeplitz operators with radial symbol on the

holomorphic spaces, and some algebraic properties of the Toeplitz operators, such as the (zero)
product of two Toeplitz operators with radial symbol and the corresponding commuting problem
of Toeplitz operators have been of interest to mathematicians working in operator theory and

the theory of holomorphic spaces for many years, we recommend the interested readers to refer
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to the papers [2-15]. In this paper, we will consider the Toeplitz operators with radial symbols

on pluriharmonic Bergman space.

3. Radial function and quasihomogeneous function on Bergman space
Let ¢ € L'(D,dA) be a radial function, i.e., suppose that:

p(2) = p(lz]), z€D.

If o satisfies
f(re'®)y = e*y(r), ke,

then, f is a quasihomogeneous function of quasihomogeneous degree k.
For a multi-index o = (a1, ..., ap) € N, where N denotes the set of all nonnegative integers,

we write

o] =a;+ -+ ay

and
al =oq!- - apl
We will also write
2% =2tz
for z = (z1,...,2n) € B,.
For any two muliti-indices o = (o, @a,..., ), 8= (B1,82,...,8n) € N*, we say a = (3,

if for any 1 < ¢ < n, o > B, and alf means a 07 + asfs + --- + apB, = 0. Denote
a—pF= (a1 —Pr,a0—Ba,...,an — Br). If @ = B, then |a — | = |a| — |B].

Definition 3.1 Let ¢ € L'(B,,dV). If for any unitary transformation U, o(Uz) = ¢(z),
then we call ¢ is a radial function. Let p,s € N* and pls, f € L'(B,,dV). Then we call

f is a quasihomogeneous function of quasihomogeneous degree (p,s), if for any £ € S, r =

(r1,72,...,m) and |r| = \/|r1[2 + 122 + - -+ + |[ru|?, f can be decomposed into

F(Irlg) = €€ o (Ir),
where r; = |z;|, 1 <i <mn, ¢ is a radial function.
Definition 3.2 Let ¢ € L'(B,,dV). If for any diagonal unitary transformation U, o(Uz) =
©(2), then we call ¢ a separately radial function. Let p,s € N* and pls, f € L*(B,,,dV). Then

we call f a separately quasihomogeneous function, if for any £ € S, r = (r1,72,...,7,) and
Ir| = /|r1]2 +[r2]2 + - + |rnl?, f can be decomposed into

FIrle) = €7€ o (Ir)),

where 1; = |z;|, 1 < i < n, ¢ Is a separately radial function.

From the definition, the separately radial function satisfies

<p(z) = @(|Z1|7 |Z2|7 cees ‘Zn|)~
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Let
TBp) ={r=(r1,7re,...,r) = (|z1], |22, - s |2n]) 1 2 = (21, 22, ..., 2n) € B }.

If ¢ is a bounded separately radial function, then

/IBR w(2)dV(z) = Q”n!/ o(r)rdr,

7(Bn)
where rdr = [, ridr;.
Let ® = {¢ : B,, — C be separately radial functions and fT(Bn) lo(r)>rdr < oo}. From [7],
for any f € L*(B,,,dV), we have

frle) = > &€ foulr), fraeR

pLls,p,seN”

Lemma 3.3 ([7]) Let

)= > € fu(r) € L®(B,,dV).

pls,p,seNn

Then for p,s € N" pls, §pgsfpys(r) is bounded on B,,.

Definition 3.4 For any ¢ € L*([0, 1],7dr), the Mellin transform is:

2 = [ olrrlar

It is clear that, for these functions, the Mellin transform is defined on {z : Rez > 2} and

analytic on {z: Rez > 2} .

Lemma 3.5 ([16]) Let ¢ be bounded analytic function on {z : Rez > 0} and 21, 22, ..., 2z, be
the zero points of p. If

(a) inf{|z,|} >0 and

(b) > 1 Re(z%) = 00. Then ¢ will be 0 on {z : Rez > 0}.

Definition 3.6 Let f,g be defined on [0,1). Then the Mellin convolution of two functions f
and g, denoted by f.nrg, is defined as

(femg)(r) = / f(%)g(t)%, 0<r<l.

It is easy to see that the Mellin transform converts the convolution product into a pointwise

product, i.e.,

~

(Farg)(s) = F(s)d(s),

and that, if f and g are in L*([0,1],rdr), then so is fiarg.

4. Main results

Lemma 4.1 ([17]) Let ¢ be the integrable radial function on B,, such that T, is a bounded
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Toeplitz operator. Then for any muliti-index o € N™,

Ty (2%) = 2(n + |a))§(2n + 2|al)z",

T,(Z%) = 2(n+ |a|)2(2n + 2|al)Z”.
Proof For any muliti-index £,

(Tpz*,2P) = (p2*,2°)
0, a # B

= 2nlal =N
G g =0
0, a# B;
(2%, 2P) = nla! _ 5
(ntjap” “ 77

Then
(T2, 2") = 2(n + |a])p(2n + 2|a]) (2%, 2°).

If g > 0, obviously,
(T,2*,7%) = (z*,2°) = 0.

Since {2 }4=0U{Z* }as0 is the orthonormal basis on the pluriharmonic Bergman space L? (B,,, dV),

we have

Ty (2%) = 2(n + |a)(2n + 2|af) 2.
Analogously, we can prove another part of this lemma. [J

Lemma 4.2 ([18]) Let p, s be two muliti-indices, and ¢ € R, §pgsfp,s(r) € L>*(B,,dV). Then
for any muliti-index o € N™,

((2"(n+ [a] + Ip| - |s|)!/ ()22

7(B,,)

D) (p+ o = )L pa s,

Teoge ,(2%) = ((2”(n+|8|—|a|_|P|)!/ p(r)r®*x

T(By)
[r|~UPHDrdr) (s — = p))™HZ57P, s=p+a,
0, s#Eptosfpraptals

(2" (n+ || +|s| — |p|)l/ QD(T)TZCH‘QSX

T(B’VL)

lr| =PI rdr) (s + a — p))"HZS TP, s+ a=p,

Tyee (3%) = «Tm—kWHm—bW/ o (r)r?Px

T(Br)
D rdn) (p— 0 — ) 20T, st
0, pEs+a,ptst+ast+aitp.
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Especially, if p1s, then

(@ + o] + o] — |s])! / NG
Tow o) =9 - Wedsdr)((p+ a - s)) )P, praxs,
0, p+ats;
(@0 + o] + ]3] — [p))! / p(r)r2at2ex
Toer (2% = .
€V TN e sDrdr) (s + a — p)) TP, s+ a = p,
0, s+atp.

Proof We only need to prove the first equality of this lemma, since the proof of the second one
is similar to the first one. For any muliti-index 8 € N™, if p + a % s, then there exists i such

that a; + p; < s;. Then p+ a # 5+ s. By calculating, we have

(PIEVE" 27, %) = / 7" p(2) 2" AV (2) = 0.

n

If p+ a > s, we also have

(P[ePE’ pz*], 2P) /IB &€ p(2)2°Z° AV (2)
07 B 7é p+a—s,

2"n! /T(Bn)go(r)rgawp\r|_(‘p‘+|s‘)rdr, B=p+a-—s;

07 67&p+a_57
(zPFa=s 2P) = nl(p+a—s) ) Bepta-—s
(n+lal+pl—fspt” 7P '

For any 8 = 0, 5 # 0, then
(PEPE 9z,2°) = (2P17*,2P) = 0.

Thus

(2 (n+ o] + | — |s))! / p(r)r2at 20
—s T(Bn)
P ol
PRICOSI=A - trittehrary(p +-a - s)) " Harta=s,  prasxs,
0, pH+ais.

Similarly, we have

(2"(n + s = |of = |p|)'/ o(r)r* x

(B,

P[EPE 2] = [r|=WPIHDrdr) (s —p — a)!) " H)Z57P7, s=p+a,

9

0, s¥p+o
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From two equalities above, we have

(@ vt ol =) gt
=D+ — )P, pras,

Terer o) =4 (@t 1ol ~ ol ~ 91! | ol

[r[UPHDrdr) (s — a = p)) T)FTOT, s pta
0, s#Epta,stp+apt+ais.
If pLs, then there exists i € {1,2,...,n} such that p; > 0 and s; = 0. Thus, there does not exist

«a € N” such that s = p+ «. So we can prove the second part of this lemma.

Theorem 4.3 Let ¢ be the bounded radial function on B,,, and function f satisfy
FR=frle) = D €€ fpslr) € L(By,dV).
pls,p,seNn
Then for all p,s € N® and p_Ls,

=T,

T,Ty =TT, < T,1, 8 £, () Lo

EPE" fp,s(r) —

Proof Sufficiency is obvious. We only need to prove the necessary condition. From Lemmas
4.1 and 4.2, we have

T Ty(z%) = > 2Pt TpT,(2*) = Y AzPtes,
ptaxs ptaxs
here
A =(2"(n+ [af + |p| - |8|)!/ o(r)r?o 22| =P D dr) ((p + o — 5))) 1) x
2(n+lp+a—s)p2n+2lp+a—s|)
and

o =20+l + ol = 8! [ el D (4 - )

Bn

2(n+ |a])@(2n + 2|a|)
are all constants only dependent on p, s, «. Thus, for any g = 0, we get

— « B o
(T} T,2%, ) = { Ty, (T2, 2"), pta=s+p,
¥ ) 07 p+0[ # S+6,

a B -
<T szaz > {< fz’ﬁf (’I’)Z )y % >, p+a_s+5’
’ ’ p+a#s+p.
For any 8 = 0, we get

(T

gpgsfp,s(r)T‘PZa 7%) = (T, T,

£p€ Ip,s (T) ’
So, for any o = 0, we get that T,z oo Lo (2%) = T Ty For )(zo‘). Similarly, for any a = 0,
we have Tepgep (0 Tp(Z%) = ToTepgey,  ()(2%). Since {z* }azo U{z*}aro0 are basis on L} (B,,),

7% =0.
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we have

T

0 f, L (r 0

Lo = T@Tépzsfp‘s(r).

Lemma 4.4 ([18]) Let p,s € N, pls be two muliti-indices, p # 0, s # 0. If ¢ is a bounded

radial function which is not equal to zero, 1) € R such that 51’581# € L>*(B,,dV), then ToTepge,, =
Tevgs Ty if and only if [p| = |s| or ¢ = 0.
The theorem below is the main theorem. This theorem gives a complete description of a

Toeplitz operator which commutes with a Toeplitz operator with a radial symbol.

Theorem 4.5 Let ¢ be a bounded radial function which is not a constant on B,. If f €
L>*(B,,dV), then T,T; = TyT, if and only if f satisfies:
f(e2) = f(2),

for any 6 € R and almost all z € B,,.

Proof From Theorem 4.3, T, commutes with T if and only if

=T

1,1, EPE° fp o (

ErE 5, L (r) T)Tw pls,p,s € N*.

From Lemma 4.4, the condition above is equivalent to

lpl =|s| or fps=0,
that is
(Il = [81) fp,s(r) = fps(r),
which is equivalent to
(6e™)P(€ei®)° fy,s(r) = €78 f 5 (r),
that means
(67€ fos)(e2) = (€7€ fp.0)(2).

The equivalent conditions above hold for all 8 € R and almost all z € B,,. Thus, for all 6 € R
and almost all z € B, f(e?2) = f(2). O

Remark 4.6 If n = 1, from Theorem 4.5, we can see f(z) is a radial function (see [19,20]). If
n > 1, then f(z) is not necessarily a radial function. For example, when |p| = |s| and ¢ is a
radial function, f(z) = (r)¢PE" satisfies f(e?z) = f(z), but f(z) is not a radial function.
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