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Abstract Recently, Furtula et al. proposed a valuable predictive index in the study of the
heat of formation in octanes and heptanes, the augmented Zagreb index (AZI index) of a
graph G, which is defined as

dudy
AzZIG) = Y (7du+dv_2)3,
uveE(G)

where E(G) is the edge set of G, d, and d, are the degrees of the terminal vertices u and
v of edge uw, respectively. In this paper, we obtain the first five largest (resp., the first two
smallest) AZI indices of connected graphs with n vertices. Moreover, we determine the trees
of order n with the first three smallest AZI indices, the unicyclic graphs of order n with
the minimum, the second minimum AZI indices, and the bicyclic graphs of order n with the
minimum AZI index, respectively.
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1. Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). Let n = |V(G)| and
m = |E(G)|. Let N(u) be the set of all neighbors of u € V(G) in G, and let d,, = |N(u)| be the
degree of vertex u. A vertex u is called a pendent vertex if d, = 1. A connected graph G is called
a tree (resp., unicyclic graph and bicyclic graph) if m =n — 1 (resp., m = n and m =n + 1).

Molecular descriptors have found a wide application in QSPR/QSAR studies [1]. Among
them, topological indices have a prominent place. Inspired by recent work on the atom-bond
connectivity index [2,3], Furtula et al. [4] proposed a valuable predictive index whose prediction
power is better than atom-bond connectivity index in the study of the heat of formation in
octanes and heptanes, the augmented Zagreb index (AZI index for short) of a graph G, which is

defined as dod
uly 3
wweE(G) “ v
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Basic properties of AZI index have been studied in [5]. Besides, by using different graph param-
eters, some attained upper and lower bounds and the corresponding extremal graphs on the AZI
indices for various classes of connected graphs have been given in [4,5].

In this paper, we obtain the first five largest (resp., the first two smallest) AZI indices of
connected graphs with n vertices. Moreover, we determine the trees of order n with the first three
smallest AZI indices, the unicyclic graphs of order n with the minimum, the second minimum

AZ1 indices, and the bicyclic graphs of order n with the minimum AZI index, respectively.

2. The first five largest AZI indices of connected graphs

Denote by P,, C,, K,, and S,, the path, cycle, complete graph and star of order n, respec-
tively. Let G; V G2 denote the graph obtained from two graphs G; and G5 by connecting the
vertices of G with the vertices of G5. Let G be the complement of a graph G. Let G + e denote
the graph obtained from a graph G by inserting an edge e ¢ E(G). Let G — e denote the graph
obtained from a graph G by deleting the edge e € E(G). Let S;f = S,, + e.

Let G,, be the set of connected graphs of order n, and let G, ,, be the set of connected
graphs with n vertices and m edges, where n —1 < m < (g) Obviously, G1 = {K1}, Go = {K>}
and G,, = Unﬂgmg(g)(@n,m- Now we shall investigate the AZI index of G € G,, for n > 3. To
begin with, a key lemma to obtain our main results is given as follows.

Lemma 2.1 ([5]) Let G € G,, and G 2 K,,, where n > 3. Then for e ¢ E(G), AZI(G) <
AZI(G +e).

It follows from Lemma 2.1 that

Corollary 2.2 Let n,my, mo be integers withn >3 andn —1 < mj < mg < ('2’)
(1) Let Gy € Gy ,m,. Then there exists a graph Gy € Gy, 1, such that AZI(G3) > AZI(G).
(2) Let Gy € Gy, pn,. Then there exists a graph G1 € Gy, 1, such that AZI(G1) < AZI(Gs).
Observe that Gz = {K3, Ps} and G4 = {K4, K4 — e,Cy, S, Py, S4}. By Corollary 2.2 and
simply calculating, we immediately get AZI(K3) > AZI(P;) and

AZI(Ky) > AZI(Ky — €) > AZI(Cy) > AZI(S]) > AZI(Py) > AZI(S,).

n n n
2 2 2

Kn,4} and Gn (;)_3 = {574\/}(”,4,73\/an3,P4\/Kn,4,573\/(Kn,3—6), C4\/(Kn,4—e)(n > 6)}

For n > 5, observe that Gn,( )= {Kn}, Gn,( )1 = {K,, —e}, Gn,( )2 = {S3V K, 3,04V

Lemma 2.3 Let G € G, (z)-3 and G 2 S,V K,,_4. Then for n > 5,
AZI(S3V K, _3) > AZI(Cy V K, _4) > AZI(Sy V K,,_4) > AZI(G).

Proof By direct computation, for n > 5, we have
— n=3)(n—-4)n-1°% 2n-3)(n—-1)3mn-2)3
AZI(S3V K, _3) =
(S5 3) 2(2n — 4)3 (2n — 5)3
(n—2)5+(n—3)4(n—1)3
(2n — 6)3 ’
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n—4)(n-5nm-1°% 4n—-4)(n-13n-2)> 4(n-2)°
O R e e
— n—4)(n-5m-1°% 3(n—-4)(n—-1)>3n-2)3
S LS 1S T L R
3n—2)°% (n—1)3n-4)*
(2n — 6)3 (2n—1)3 7
— n—3)(n—-4)(n-1°% 3(n-1)3mn-3)*
n—4)(n-5m-1°% 2(n—4)(n—-1)>3n-2)3
AZI(P4\/Kn—4):( ;E2n—31()3 ) + ( )((Qn—f)))3( )
2n —4)(n—13n -3+ n—-2)%  2(n—-2)3(n-3)3
(2n —6)3 2n—-T7)3 7
AZI(S3V (K5 — ) :(nf5)(n7 6)(n —1)° n 4(n—5)(n—1)3(n—2)3
8 3 2(2n — 4)3 (2n — 5)3
(n=>5)(n—13n-33+5(n-2)°%  2(n-2)3n-3)>3
(2n — 6)3 2n—-7)3 7
n—6)(n—"7)(n—1)° n—2)%
AZIC: V (yoa - )0 2 6) =000 = DO P8
6(n—6)(n—1)3(n—2)3
(2n — 5)3

It can be checked by calculator that for n > 5, AZI(S3V K,,_3) — AZI(CyV K,,_4) > 0, AZI(Cy V
Ky 4) — AZI(SyV K, _4) > 0 and AZI(Sy V K,,_4) — AZI(G) > 0, where G € {K3V K,,_3, P, V
Kn—4,53V (Kn_3—¢),CsV (K,_g—€) (n>6)}. O

The following theorem gives the first five largest AZI indices of connected graphs with n

vertices, where n > 5.

Theorem 2.4 LetG € G, and G ¢ {K,,, K,—e,S3VK, _3,C4VK, _4,S;VK, 4}, wheren > 5.
Then AZI(K,) > AZI(Kp—e) > AZI(S3VEKn_3) > AZL(CyVEn_4) > AZI(S{VE,_1) > AZI(G).

Proof Since G € G, (n > 5) and G ¢ {K,, K, —¢,5 V K;,_3,C4 V K;,_4,5: V K,_4}, we
have G € Un—1<m<(2)—3G”’m' IfGe Un—1<m<(2)—4G”’m7 then by Corollary 2.2, there exists a
graph G* € G, (2)-3 such that AZI(G) < AZI(G*). It follows from Lemma 2.3 that
2
AZI(G) < AZI(G*) < AZI(S; V K,_y). (2.1)
fGeG, (2)-3 since G 2 Sy V K,_4, then we also have
2
AZI(G) < AZI(SyV K,,_4) (2.2)

by Lemma 2.3. Moreover, K,, = (K,, —e) +e and K,, —e = (S3 V K,,_3) + ¢, then by Lemma
2.1, we obtain that

AZI(K,) > AZI(K, —¢) > AZI(S5 V K, _s). (2.3)
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Combining inequalities (2.1)—(2.3) with the inequality
AZI(S3V K,,_3) > AZI(Cy V K, —y) > AZI(S, V K, 4)

in Lemma 2.3, we obtain the desired results. [J

3. Ordering trees by the AZI indices

Let z;; be the number of edges of a graph G connecting vertices of degrees ¢ and j, and let
A = (147{2)3, where 4, j are positive integers. Obviously, z;; = z;; and A;; = Aj;. Then the
augmented Zagreb index of a graph G can be rewritten as AZI(G) = Zigj x5 Asj.

Lemma 3.1 (1) Ay; is decreasing for j > 2.
(2) Agj =38 fOFj 2 1.
(3) Ifi (> 3) is fixed, then A;j is increasing for j > 2.

Proof Clearly, Ay; = (%)‘3 =8 for j > 1. Note that

O(Aiy) _ B52(i — 2)

0j (i+j—2)%

Hence A, is decreasing and A;; is increasing for j > 2, where ¢ (> 3) is fixed. O

Let T,, be the set of trees of order n > 3, and let T, ,, be the set of trees with n vertices and
p pendent vertices, where 2 < p <n—1. Then T,, = Us<p<n—1Ty p. Let DS, (p1,p2) be the tree
of order n formed from the path of order n — p; — ps by attaching p; and ps pendent vertices to
its end vertices respectively, where po > p; > 1 and p1 +p2 < n — 2. Clearly, Ty, ,—1 = {Sn},
Ty = {DSu(prn— 2~ po)ll < p1 < [%52]} and T = {DS(1,1)} = {P,}.

Theorem 3.2 LetT €T,,, where 2 <p <n —3. Then

(81+1°  (51+1°
EIEE I
with equality if and only if T = DS, (5], [5]).

AZI(T) >

+8(n—1-p)

Proof The case of p = 2 is trivial since T,, » = {DS,(1,1)} = {P,}. Notice that there are
t vertices, denoted by wvi,vs,...,v;, such that Uf_; N(v;) contains all pendent vertices of T.
Suppose that there are p; pendent vertices in N(v;), where i = 1,2,...,¢ and Zle pi = p.
Without loss of generality, we may assume that p; > 1 for 1 <4 <t. Since p # n — 1 (namely, T

is not a star), then ¢ > 2. Hence

t

AZUT) =Y pidia, + D wijAi. (3.1)
i=1 2<i<j<n—1

Note that the terminal vertices of a diameter-achieving path P of T' are two pendent vertices.

Without loss of generality, suppose that the neighbors of the terminal vertices are v; and wa,

respectively. By the choice of the diameter-achieving path P, we have d,, = p1 + 1 and d,, =
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p2 + 1. Note that d,,, > 2 for 1 <7 <t and

t
Zdvi§2(n—1)—p—2(n—p—t):p+2t—2.
i=1

We claim that d,, < p+ 2 —d,, for 2 <i <t Otherwise, if d,,, > p+ 2 — d,, for some i # 1,

then
t

PH2—2> dy >dy +(p+2—dy,)+2(t—2) =p+2t—2,
=1

which is a contradiction. Therefore, by Lemma 3.1, we have

t t t
> pidia, =piAva, + Y pidia, >p1Ara, + > pidipia-d,
i=1 i—2 i—2

= P1A1,p1+1 + (P - Pl)Al,pfpwl-

If 30y pidia,, = PrAip+1+ (P — p1)A1p—p 1 and ¢ > 3, then we get

t
PA2—2> dy > dy +2p+2—dy) +2(t—3) = (p+2t —2) + (p — du,),

i=1
equivalently, d,, = p1 + 1 > p, which is a contradiction. Consequently, we conclude that

t
Z]%Al,dui > p1Aip 1+ (P —p1)ALp—p+1 =

(p1 +1)3 n (p—p1+1)3

— p (p—p1)?
with equality if and only if t = 2 and d, = p+2 —d,, = p— p1 + 1, namely, p1 + p2 = p.
3
Moreover, the function f(z) = % is convex increasing for x > 2, since
1)?(z—2 6(x+1
f’(x):—(aH_ Sz=2) >0 and f”(m):7<x+ ) > 0.

x r

Besides, f(1) =8 > f(2) = 2[, and then

FO)+fp—1) > f@Q+fp—2) > > F(ED) + 1(TED).
It leads to

t
+1)° -m+1)°% _ (5] +1)°
S pidra, > (p1 - V. b=m 2) > (Lng ! ) 1, i
i I (p—p1) 1£] [£]
The equality holds if and only if ¢ = 2, p; = [§] and py = [§].
On the other hand, it follows from Lemma 3.1 that

Z :viinj > Z {L‘ijAQj = 8(7’L —1- p)

2<i<j<n—1 2<i<j<n—1

=1

with equality holding if and only if all edges of T are pendent edges or the edges with one end
vertex of degree 2.
All in all, it follows from Equation (3.1) that

(5J+1)°  (51+1)°

M= T

+8(n—1-p)
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with equality if and only if 7= DS, (| 5], [5]). This completes the proof. [J

Corollary 3.3 Let T € Us<p<n—3Ty . Then

(52 + 1 (1 + 1
EIO
with equality if and only if T = DS, (| 252 ], [%53]).

AZI(T) > +16

Proof By Theorem 3.2, it will suffice to show that AZI(DST,,(L%J, [%W ) > AZI(DS,(15],151)),
where 3 < p < n — 3. By Lemma 3.1, we have

AZIDS(I5], TE1) = L5 1A, 15141 + (5141 g H1+8<n—1— p)

p—l
:fTWA 1,725t 1+1+L JAl[ 141+ Az +8(n—1-p)

p—1 1

< (T—‘Al [Em-l + LijAl,LPT*IJ-H +8+8(n—1-p)

— AZI(DS, (125, f*W)) 0
An order of trees in Ty, ,—2 (n > 4) by their AZI indices is given as follows.
Lemma 3.4 Observe that Ty, ,—o = {DS,(p1,n —2—p1)|1 <p1 < L”?*QJ} Then
AZI(DSn(LnT_QJ, [”7_21)) S o> AZI(DS,(2,m — 4)) > AZI(DSy(1,n — 3)).
Proof For1<p; < L"T*QJ note that

(P1+1) (”—1—P1)3+(P1+1) (n—1-p)*
ni (n—2-p1)? 2)?

(n—
The result follows since the function f(p1) is increasing for 1 < p; < |252]. O
Let T¢,T7,T7*,T7** be the trees as shown in Figure 1.

ok kok
6 7 T7 T7

Figure 1 T¢, Ty, To*, T3

AZI(DS, (p1,n —2—p1)) = = f(p1)-

Now we obtain an order of T,, for 3 < n < 7 by their AZI indices. Observe that Ty = {S5},
Ty ={Py,S4}, Ts = {P5,DS5(1,2), S5},

AZI(Py) > AZI(Sy) and AZI(Ps) > AZI(DSs5(1,2)) > AZI(Ss). (3.2)
Note that Tg = {Ps, Ti¥, DSe(1,2), DSe(2,2), DSs(1,3), Se},
AZI(Ps) >AZI(Ty) > AZI(DSg(1,2))
>AZI(DSg(2,2)) > AZI(DSe(1,3)) > AZI(Ss), (3.3)

and Ty = {P;, Ty, DS7(1,2), T*, T**, DS7(1,3), DS7(2,2), DS7(2,3), DS7(1,4), S7},
AZI(P;) >AZI(TY) > AZI(DS7(1,2)) > AZI(T:)
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SAZI(TF) > AZI(DS7(1,3)) > AZI(DS7(2,2))
>AZI(DS7(2,3)) > AZI(DS7(1,4)) > AZI(S7). (3.4)

Moreover, the trees of order n > 8 with the first three smallest AZI indices are determined.

Theorem 3.5 Let T € T, and T % S,,, DS, (1,n—3), DS, (| 252], [%52]), where n > 8. Then
AZI(S,) < AZI(DS,(1,n —3)) < AZI(DS, ([ %52 ], [*521)) < AZI(T).

Proof It is obvious that

AZI(Sn) = (n — 3)141771_1 + 2A17n—1 < (7’7, — 3)A1,n—2 + 16 = AZI(DSn(l,n — 3))

n—3 n—3
< fT]AL["z;sHl + LTJALL"%MH + 16

n—3

1)

Since T € T, (n > 8) and T % Sy, DS,(1,n — 3), DS, (| 252],[2%52]), we consider the

following two cases.

= Az(os, ("2 T

Case 1 T €T, 2 ={DS,(p1,n—2—p1)|1 <p; < [252]}. By Lemma 3.4, we need to prove
that AZI(DS,(2,n —4)) > AZI(DS,, (| 252], [%52])) for n > 8. By Theorem 3.2,

AZ(DS, (|2 T

1)) < AZI(DS,(2,n —5))
= 2A173 + ].6 —+ (n — 5)1417“,4
<2413+ A3 3+ (n—4)A1 3
= AZI(DS,(2,n — 4)).

Case 2 T € Ua<p<n—3Ty . By Corollary 3.3, we immediately get

n—3, n—3
L

By using Theorem 3.5, we obtain the first two smallest AZI indices of connected graphs

AZI(DS,(| 1)) < AZI(T). O

with n > 5 vertices as follows.
Theorem 3.6 Let G € G, and G 2 S,,, DS, (1,n — 3), where n > 5. Then
AZ1(S,) < AZI(DS,(1,n — 3)) < AZI(G).

Proof From inequalities (3.2)—(3.4) and Theorem 3.5, the inequality AZI(S,,) < AZI(DS,(1,n—
3)) holds for n > 5. Note that G € Unflgmg(g)Gnvm' We have the following two cases.

Case 1 GeG,p_1 =T, (n>5). By inequalities (3.2)-(3.4) and Theorem 3.5,
AZI(DS,(1,n — 3)) < AZI(G).

Case 2 G € Un<m<(Z)Gn’m' By Corollary 2.2, there exists a graph G* € G, ,,—1 such that

AZI(G*) < AZI(G). If G* 2 S, then we immediately get AZI(DS, (1,n — 3)) < AZI(G*) <
AZI(G). If G* = S, then by Lemma 2.1, we conclude that G is obtained from S,, by inserting
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some edges. It follows that
AZI(G) > AZI(S; ) =24+ (n — 3) A1 01
> 164 (n —3)A1n—2 = AZI(DS,(1,n—3)). O

4. Unicyclic graphs with the first two smallest AZI indices

Denote by C,,;, the unicyclic graph of order n formed by attaching p pendent vertices to
a vertex of the cycle C,,_,, where 0 < p < n — 3. Let Ch;"* "% denote the unicyclic graph
of order n obtained from the cycle C),_, = viv2 - v,—pv1 by attaching p; pendent vertices to
vertex v;, where p; > 0,4 =1,2,...,n—pand Y . "p; = p. Clearly, C,, o = C,, Cppn_z = S}
and Cﬁ:g*“"o = Chp.

Let UZ be the unicyclic graph obtained by identifying one vertex of C's and one end vertex of
Ps. Let U, be the set of unicyclic graphs of order n > 3. Obviously, Uz = {K3}, Uy = {C4, S]}
and Us = {Cs, S5, C5 1, 051:21’07 Uz}. By simply calculating, we get that AZI(S;) < AZI(Cy) and
AZI(ST) < AZI(C3,°) < AZI(Cs1) < AZI(C5) = AZI(UZ).

Let U,, , be the set of unicyclic graphs with n vertices and p pendent vertices, where 0 <
p <n—3. Then U,, = Up<p<n—3Up p.

Lemma 4.1 ([5]) Let U € U, ,, where 0 <p <n — 3. Then

3
S plp+2)

N PFEE +8(n —p)

AZI(U)
with equality if and only if U = C,, .

Lemma 4.2 Let C, , be the unicyclic graph of order n defined above, where 0 < p < n — 3.
Then AZI(CmQ) > AZI(le) > > AZI(C/n/,'n_Al) > AZI(C”’”_g).
Proof Note that AZI(C,, ;) = p((;:lz)): +8(n —p). Let f(x) = I(f:ﬁ): + 8(n — x). Then
, x(72® + 2822 + 422 + 24)
= - <0.
f(z) (z+1)* =

Thus f(x) is decreasing for > 0. This completes the proof. O

By Lemmas 4.1 and 4.2, it is easy to obtain the following corollary.

Corollary 4.3 Let U € Up<p<pn—aUy . Then
(n—4)(n—2)°

AZIU) 2 = s

+ 32

with equality if and only if U = C,, ,_4.

Lemma 4.4 Let U € Uy, ,,—3 and U % S;', where n > 6. Then AZI(U) > AZI(C), —4) >
AZI(S).

~

Proof Since U € U, ,,—3, we may assume that G = Cgfépfém, where p; > ps > p3 > 0 and
Z?lei = n — 3. Notice that U ;7_3 S,j;, then P2 > 1. Let r = (p1 — 1)(A1,p1+2 - Al,n—2) +
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P2(A1pot2 — Arn—2) + p3(Arps+2 — A1 n—2).

Case 1 p3 =0. Since n > 6, then p; > 2. By Lemma 3.1, we have r > 0 and

AZI(U) - AZI(Cn’n_ZL) =r+ Al,p1+2 + Ap1+27p2+2 — 16. (41)
Subcase 1.1 p; = 2. It follows from (4.1) and Lemma 3.1 that
43 123
AZI(U) — AZI(Crp—a) >0+ A1 s+ As3 — 16 = 3 + = 16 > 0.

Subcase 1.2 p; > 3. Then by Lemma 3.1 and (4.1), we have

153
AZIU) = AZI(Crn-a) > 0+ 1+ Ag5 =16 =1+ o —16 > 0.

Case 2 p3 > 1. By Lemma 3.1, we obtain that » > 0 and

AZI(U) - AZI(CH,TL—4) =7+ A17P1+2 + AP1+27P2+2 + Apl +2,p34+2 T AP2+27P3+2 —32
93
>0+1+3A3’3_32:1+3.5_32>0‘
Combining the above cases, we get that AZI(U) > AZI(C,, ,—4). Moreover, it is easy to
obtain that AZI(Cn’n,LL) = (n — 4)141’”,2 + 32> AZI(SJ) = (n — 3)141’”,1 +24. 0
It follows from Corollary 4.3 and Lemma 4.4 that the unicyclic graphs of order n > 6 with

the minimum and the second minimum AZI indices are determined.

Theorem 4.5 Let U € U,, and G 2 S;,C,, ,—a, where n > 6. Then
AZI(SF) < AZI(Cp 1) < AZI(U).

5. Bicyclic graphs with the minimum AZI index

Let B,, be the set of bicyclic graphs of order n > 4. Clearly, B4 = {K4 —e}. Let B,, , be
the set of bicyclic graphs with n vertices and p pendent vertices, where 0 < p < n — 4. Then
B, = Uo<p<n—aBn p.

Denote by D, s, the bicyclic graph of order n by identifying one vertex of two cycles
C, and Cy, and attaching p pendent vertices to the common vertex, where r > s > 3 and
0<p=n+1l—-r—s<n-—>.

Lemma 5.1 ([5]) Let B € B, ;,, where 0 < p <n —5. Then

p(p+4)°
(p+3)°
with equality if and only if B = Dy, ;s ,, wherer > s>3 andr+s=n+1—p.

AZI(B) > +8(n+1-p)

Lemma 5.2 Let D, s, be the bicyclic graph of order n defined above, where r > s > 3 and
0<p=n+1l-r—s<n-—>5 Then AZI(Dyrs0) > AZI(Dprys1) > -+ > AZI(Dp r s n—5)-

Proof Observe that

3
AZI(Dn,T,s,p) = m + 8(” +1- p) = g(p)
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Then
7p* 4 84p> + 372p? + T04p + 456 “0

/ —
g (p) - (p 4 3)4
Hence ¢(p) is decreasing for p > 0. The proof is completed. [

It can be seen from Lemmas 5.1 and 5.2 that

Corollary 5.3 Let B € Up<p<n—5By, p. Then AZI(B) > % + 48 with equality if and
only if B= Dy, 335—5.

Now we consider the set B,, ,,_4, where n > 5. Let EP1-P2:P3:P4 be the bicyclic graph obtained
from K, — e by attaching p; pendent vertices to vertex v; € V(Ky —e) for 1 < i < 4, where
dy, = dy, = 3, dyp, = dyp, = 2, p1 > p2 > 0, p3 > ps > 0 and Zlepi = n — 4. Then
By, = {ELVP2 P3P p; > po > 0,p3 > pg > 0 and 3, pi = n — 4}.

Lemma 5.4 Let B € B,, ,—4, where n > 5. Then

n—4)(n—-1)3 27(n—-1)3
CETTCHN (S

with equality if and only if B = En—40.0.0,

AZI(B) > + 32

Proof Let B = EP1:P2P3:P4 where p; > ps > 0,p3 > pg > 0 and Z?Zl p; = n — 4. Note that

AZI(ER P2PoP) =py Ay p, 43 + P2 A1 po 43 + D3 AL pg 42t
PaAipit2 + Api+3pot3 + Api 43 pstat
Api+3,pa+2 T Apst3pet2 + Apstspio-

Let r = p1(A1p,+3—A1n-1)+D2(A1py 13— A1n-1) +P3(A1 psr2—A1n—1)+pa(A1 p, 42— A1 n—1).
Then by Lemma 3.1, we have r > 0 with equality holding if and only if py = n — 4 and

p2 = ps = ps = 0. Now we discuss the following cases.
Case 1 ps > 1. Then p; > ps > 1.

Subcase 1.1 p3 > 1. It follows from Lemma 3.1 that

AZI(B) — AZI(EZ_AL’O’O’O) =1+ Ap,+3,ps+3 T Api+3,ps+2 + Ap 43, pst2t

Apst3pst2 + Apatspir2 — Agno1 — 32
>0+ Aga+2A43+ 2440 — Az 1 — 32
163 123
>O+6f3+2~§+16727732>0.
Subcase 1.2 p3 = 0. Then py = 0. Hence by Lemma 3.1, we have

AZI(B) = AZI(ER~%00) =7+ Ap i3 py43 — Az

[p1p2 +3(n = D]° — 3(n - D]?

> 0.
n3

>0+

Case 2 ps = 0. Let ¢(z) = Az ,. Then ¢(z) is concave increasing for x > 2 since

812 1622(z — 1)
q(z) = 7 > 0and ¢"(z) = Ty
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It follows that
Az i+ Az oy > > Azno+ Ao, (5.1)
A37rnT+1] + A37LnT+1J >0 > Ag 1+ Az, (5.2)
Subcase 2.1 ps > 1. Then p3 > py > 1. If p; > 1, then by Lemma 3.1,

AZI(B) — AZI(EP4000) > 1 34, 3 + 2433 — A3, 1 — 32
123 93
>043 =5 +2- 5 —27-32>0.

If p; = 0, then by Lemma 3.1 and the inequality (5.1), for n > 5 we have
AZI(B) — AZI(E"—40:0.0)
=7+ A33+2(A3ps 42 + Az p,12) — Az 1 — 32

>0+ A3z +2(A3n—2+ Az2) — Az pn_1 — 32
(n — 4)(1433n° — 3751n* — 337n® + 585902 — 2484n + 432)
= - > 0.
64n3(n — 1)3

Subcase 2.2 p, = 0. It follows from Lemma 3.1 and the inequality (5.2) that

AZI(B) — AZI(E"—40.0.0)
=7+ (Asp 13+ Aspyt2) + Ap 13 ps42 — Az 1 — 16
>0+ (As -1+ As2) + Ap 13 pst+2 — Az 1 — 16
=Ap +3ps42—8>0
with equality if and only if p; = n — 4 and ps = p3 = py = 0, that is, B = E?~40.0.0 7
The bicyclic graph of order n > 5 with the minimum AZI index is characterized in the

following theorem.
Theorem 5.5 Let B € B, and B2 D,, 33,5, wheren > 5. Then AZI(D,, 33 ,—5) < AZI(B).

Proof Note that B,, = Uy<p<n—aBy p. Then by Corollary 5.3 and Lemma 5.4, it will suffice to
prove that for n > 5, AZI(Dy, 3,3 n—5) < AZI(ER~490.0) Tt is obvious that
27(n—1)>  (n—1)3

- 2y " 18>0

AZI(ER~4000) — AZI(Dy 3.3.0-5) =
This completes the proof of Theorem 5.5. [
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