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The Transfer Ideal under the Action of the Dihedral
Group Dy, in the Modular Case
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Abstract In this paper, we determine the structures of the transfer ideal and its radical ideal
for the ring of polynomials Fj[z,y] under the action of dihedral group Dy, in the modular
case. We mainly use Transfer variety, p order elements, and Hilbert’s Nullstellensatz Theorem.
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1. Introduction

Let G be a finite group, F' be a field, and ¢ : G < GL(n, F') be a faithful representation of
G over F. Then, via o, G acts on the vector space V' = F™. We denote by F[V] = Flx1,...,z,]
the graded algebra of polynomial functions on V', which is defined to be the symmetric algebra
on V*, the dual of V, in n indeterminate elements xz1,...,xz,. Then this action can induce an
action of G on F[V] (see [1]):

9f(w) = flolg™")v), Vg € G, f e F[V], veV.
The ring of invariants denoted by F[V], is the fixed subalgebra, i.e.,
FIVI®={feFIV]|gf =1 vgeG}

The transfer homomorphism is an important tool to calculate the ring of invariants F[V]%,
and it is defined by
Tr% . FV] — F[V]¢
f=> gf
geG
The image of the transfer homomorphism is an ideal of the ring of invariants F[V]%, we call it
transfer ideal Im(77%).
In the non-modular case, i.e., the order of G and the characteristic of F' satisfied: Char F ¢

|G|, it is easy to verify that the transfer homomorphism is surjective, so the ring of invariants

F[V]% can be completely described by transfer ideal. In the modular case, i.e., Char F||G], it
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is more complicated and harder than the first case. Although the transfer homomorphism is
not surjective [2, Section 2], and Im(7r%) C F[V]9 is a proper ideal of F[V]%, but it also can
provide a lot of information for the ring of invariants F[V]%. Hence, it is necessary to determine
the structure of the transfer ideal.

Let o : G < GL(n, F) be a faithful representation of a finite group over the field F'. The
transfer variety, denoted by Q¢ C V, is defined by [3, Section 6.4]

Qg = {v e V|TrY(f)(v) = 0, Vf € Tot(F[V])}.

Let p be an odd prime, Ds, = (a,bla”? = 1,b*> = 1,ab = ba™') be the dihedral group of order
2p. Let o : Dy, — GL(2, F,) be a faithful representation of the group Ds), over the prime field
F,,, afforded by the matrices

10 -10
Q(a)<1 1>,9(b)< 0 1>~

In this paper, firstly, we obtain the p order elements of the dihedral group Ds, and trans-
fer variety. Secondly, we apply Hilbert’s Nullstellensatz Theorem to describe structures of the
transfer ideal and its radical ideal for the ring of polynomials F),[z, y] under the action of Ds), in

the modular case.

2. Transfer ideal Im(7r">) of Dy,

First, we recall the computation of the ring of invariants F,[V]P2.
Let ¢ : Dy, — GL(2, F}) be a faithful representation of the group Dq, over the prime field
F,,, afforded by the matrices

10 10
Q(a)=<1 1>,@(b)=< 0 1>~

Let F,[V] = F,lz,y]. Then

-1 —1
T 1 0 T T T -1 0 T —x
a = = 5 b = = .
(3/) <1l> <y> <_$+y> <y> (O 1) <y> <y>
So the orbits of x,y under the action of Dy, are

olz] = {z,—x}, oyl ={y,y —z,....,.y —(p— Dz} ={y,y+z,...,y + (p — V)z}.

Then we have y ¢ | Span{gz}, so z,y are Dade’s basis, and the top Chern classes

Crop(x) = =22, Ciop(y) = y* —ya?™!

gE€D2y

are a system of parameters. Furthermore,

‘D2p| = deg(ctop(x)) 'deg(ctop(y)) = 2p,

then
F, VP2 = Fyla? yP — yaP™ .
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Lemma 2.1 The elements of order p in Doy, are a',i=1,...,(p —1).

Proof Since the generators a, b in Do, satisfy ab = ba~!, the elements in Dy, can be written in

the form of a’d’, i = 1,...,(p—1),j = 0,1. And the representation

o(a’t) = ( e ) |

-1 0 10
o is faithful, when j = 1, the order of ( . > is 2; when 7 = 0, the order of ( - ) is p.
i i

Hence, the elements of order p in Dy, are at,i=1,...,(p—1).0

Lemma 2.2 V@ = V“i,i =1,...,(p—1), where V' denote the fix points in V under the action
of a € Day.

Proof On the one hand, Yo € V¢, a(v) = v, we have a’(v) = a* !(a(v)) = a* " 1(v) = -+ =
a(v) = v, ie., V* C V' On the other hand, every non-identity element in the group (a) is a
generator of the group (a), since the order of the cyclic group (a) is prime p. Then there is a
number k, such that a = (a*)*. If a’(v) = v, then a(v) = v, i.e., ve cve.O

Since Im(7Tr%) is an ideal of F[V]Y, F[V]% C F[V] is ring extension. According to the
definition of transfer variety Q¢ = {v € V|Tr%(f)(v) = 0,V f € Tot(F[V])}, we have

Q= {v e V[f(v) =0,¥f € (Im(Tr%))°} = V((Im(Tr))"),
where (Im(77%))¢ denotes the extension ideal of Im(7T7%) in F[V].

Lemma 2.3 ([3, Corollary 6.4.6]) Let ¢ : G — GL(n, F) be a faithful representation of a finite
group over the field F' of characteristic p. Then

Qo= |J VY
9€G,lgl=p
i.e., transfer variety is the union of the fixed-point sets of the elements in G of order p.
Let V = {A1e1 + Age2| A1, A2 € F,,} be the vector space over the prime field F), of dimension

2. Then the group D, has a natural action on V.
Lemma 2.4 The fixed-point set of element a is V* = {Xez2|\ € F,}.

Proof Let A\ie; + Aoeg € V. Then
er e = e +e e ,
1 €2 11 1 2 €2

a(Mer + Agea) = A(er + e2) + Aiea = Arer + (A1 + Ag)ea.

and

If Meq + Ases € V¥ then we have

a(/\1€1 + )\262) = Aeq + Aqen.
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So A\ =0, and V® = {Xez|A € F,}. O

Proposition 2.5 Let ¢ : Dy, — GL(2, F,) be a faithful representation of the group Dy, over
the prime field F),, afforded by the matrices

10 -1 0
9(@)—<1 1)»9@‘( 0 1>~

Then \/(Im(TrP2r))¢ = (2) vy, where (z)p 1) is the ideal generated by x in Fy,[V].

Proof By Lemma 2.1, we know that if g € Dy, and |g| = p, then g =a*,i=1,...,(p — 1). By
Lemmas 2.2 and 2.4, we see

i

Ve =V ={Xes|X € Fp}.
Furthermore, by Lemma 2.3, we have

p—1 )
Op,, = |J V=V =V'={ere F}.
1=1

gED2p,lgl=p

If F is the algebraic closure of F, and QD% the transfer variety over F, then
Qp,, =Qp,, @5, F =V*®p,F

is the variety defined by the set of linear forms {kx®p,1 | k € F,}, for (x®p,1) - (e2®F,1) = 0
and (z®r,1) - (e1®@F,1) = 1®x,1 # 0. Hence

Qp,, ={ve V=F| kx®@p, 1(v) =0,k € F,}.

Thus, we get
V((Im(TrP2))) = Qp,, = V((@)py,) o FV).

By Hilbert’s Nullstellensatz Theorem, it follows that

~—

(Im(TrP2r))e = IV ((Im(TrP2))€)) = I(V((2)557)) = 1/ (@)7m

in F[V], then limit the result on the field F, by flat base change which is the similar method
to the example 1 on the page 276 in [3], that \/(Im(TrP»))e = /(@) p vy in Fp[V], since @ is

defined over F,. Hence +/(Im(TrP2r))e = (@) g, v)s PY (@) () Is @ prime ideal. [J
Suppose p; = xi + -+ + 2 are the ith symmetric power sums of z1,...,7,, and s; =

si(x1,...,xy,) are the ith elementary symmetric polynomials of z1, ..., x,.

Lemma 2.6 (Newton’s Formulae)([1, Proposition 4.7])  The symmetric power sums p; and

elementary symmetric polynomials s; satisfy the following relations:
$1 = P1,

289 = p151 — P2,
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i

is; = Z(_l)kilpksi—lﬁ

k=1

where we set sg = 1.
Lemma 2.7 In the prime field F,, s;(1,...,p—1)=0,i=1,...,p—2.

Proof We consider the polynomial Hi;}(x — k) in Fp[z] with roots of all non zero elements of
F,. Since all non zero elements of F), satisfy the equation k¥*~! = 1, we know that they are roots
of polynomial zP~' — 1 in F,[], hence [[?_}(z — k) = 2?~' — 1, which means s;(1,...,p— 1) =
0,i=1,...,p—2.0

Lemma 2.8 In the prime field F), Zﬁ;} E=0,i=1,...,p—2.

Proof By the Newton’s Formulae in the Lemma 2.6, we have

i

18; = Z(—l)k_lpksi,k.

k=1

ie.,
i—1

(=1)"'pi =D (=1 prsioi —isi.

k=1
Put the elements of the field F}, into preceding equation and by the Lemma 2.7, we see that
(—1)*~1p; = 0, hence 22;} K=0,i=1,....,p—2.0

Lemma 2.9 (Fermat’s Theorem) ([4, Theorem 71]) If p is a prime, and p t a, then a?~! =
1 (mod p).

Lemma 2.10 ([5, Theorems 1.4.12, 1.4.13]) Let A, B be two rings, ® : A — B be a ring
homomorphism, a C A is an ideal of A, then (1) a C a®*; (2) (v/a)¢ C +/(a®).

Theorem 2.11 Let ¢ : Dy, — GL(2, F,) be a faithful representation of the group Ds, over
the prime field F),, afforded by the matrices

10 -10
@(a)—<1 1>,9(b)—< 0 1>~

Then /Im(T7P>) = (2?) & 1102, -
Proof On the one hand, we have
Im(TrP2e) C (4/Im(TrP2r))ce

by Lemma 2.10 (1).
Since (y/Im(TrP2))e = (\/Im(TrP2))¢ N F,[V]P2r, we have

(1/Im(TrP2r)) ﬂF VP2 C \/(Im(TrPz2)) ﬂF VP2

by Lemma 2.10 (2).
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Since F,[V]P2 = F,[z%, y? — y(2P~1)] and by Proposition 2.5, we see that

\ (Im(TTD2”))ean[V]D F V] mF a? g —y(zP )] = ($2)FP[V]D2:J'
Hence /Im(TrP2») C (x2)Fp[V]D2p.

there exists a number k, such that (z2)* € Im(7rP2). In fact,

On the other hand, in order to prove (I2)FP[V]D2p C /Im(TrP2r), it suffices to show that

TrP2e(y Zgyp1—22y+kx

gED2y
p—1

=2 (" H (- Dy (k) + -+ (p— Dy(ka)P 2 + (k)"
k=0

p—1 p—1 p—1 p—1
=2) ¢ 2 -y ey k42— Dya? P Y K227y kL
k=0 k=0 k=0 k=0

By Lemma 2.8, 2P 1 ki = 0,7 =1,...,p — 2, it follows that

p—1 p—1
TTDZP( P 1)*2:#) 1ka L — 9gP— 12]#’ 1
k=0 k=1

And by Lemma 2.9, k»~! = 1 (mod p), we conclude that

p—1 p—1
TrP2e (yP=1) = 24P~1 Z kPl = 9gP71 Z 1
k=1 =1

=20 M p—1) = —22P" 1 = —2(2%) T .

This implies (:r?)p%l € Im(TrP2»), and the proof is completed. [J

Theorem 2.12 Let ¢ : Dy, — GL(2, F,) be a faithful representation of the group Ds, over
the prime field F),, afforded by the matrices

10 -1 0
Q<a>:(1 1>,g<b>=< . 1).

Then Im(TrP2) = (zpfl)Fp[V]sz.

Proof By the proof of Theorem 2.11, we see that TrP2r (yP~1) = —22P~1 50 it is obvious that
Im(TrP2) D (scpfl)Fp[V]sz. On the other hand, in order to prove Im(TrP2) C (;Upfl)Fp[v]sz,
we need only consider the image of the monomial z"y®, r,s € N, since transfer is a linear
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homomorphism.
p—1 p—1
T,,,sz (xryS) — Zal(xrys) + Zazb(xrys)
=0 i=0
p—1 p—1
=Y a )+ (1Y ()
i=0 =0
p—1 p—1
= (L+(=)Mz" ) _d'(y’) = L+ (=1)")a" Y (y +iz)°
=0 =0
p—1
= (1+ (=D)Na" (" + sy* Viw + - + Cy* F(iz)* + - + (iz)*))
=0
p—1 p—1 p—1 p—1
_ (1 + (71)T)IT(Z y° + Z Sysflix 44 Zcfysfk(ix)k R Z(l‘r)s)
1=0 =0 =0 1=0

By Lemma 2.8, we have
(1) When s < p—1, then k < p—2 and all Zf:_ol Ckys=F(ix)* = 0, hence TrP2r (z7y*) = 0.
(2) When s >p—1,if k < p—2, then the terms Zf:()l Ckys=F(ix)* = 0, hence

TrDz”(xrys) _ (1 + (_1)r)xr(i Cfflysprrl (ix)pfl N i(lm)s)
i=0 i=0

So we obtain xP~1|TrP2 (27y*®), for all 7, s € N. Thus, Im(TrP2r) C (x”fl)Fp[V]Dap, and the

theorem is proved. [J
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