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Abstract We show that for any mod 2™ characters, x1, x2, the complete exponential sum,
Zizl x1(z)x2(Az* + B) has a simple explicit evaluation.
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1. Introduction

Suppose that y; and xo are mod 2" multiplicative characters with yo primitive mod 2™,

m > 3. We are interested here in evaluating the complete character sum
gm
S = Z x1(z)x2(Az" 4+ B).
r=1

Writing x(AzX + Bzl) = xL(2)x(Az%~L + B) these sums of course include the binomial
character sums. Cases where one can explicitly evaluate an exponential or character sum are
unusual and therefore worth investigating.

In [8] we considered the corresponding result for mod p™ characters with p > 3 and m
sufficiently large, using reduction techniques of Cochrane [2] and Cochrane & Zheng [3,4]. Though
their results are stated for odd primes, the approach can often be adapted for p = 2 as we showed
for twisted monomial exponential sums in [7]. When £ =1 and A = —1, B = 1, the mod p™ sum
is the classical Jacobi sum (though uninterestingly zero if p = 2). See [1] or [5] for an extensive
treatment of mod p Jacobi sums and their generalizations over F,m. In [6] we treated the k =1
case for general A, B, including when p = 2, along with generalizations of the multivariable
Jacobi sums considered in [9].

Plainly S = 0 if A and B are not of opposite parity (otherwise x or Az* + B will be even

and the individual terms will all be zero). We assume here that A is even and B is odd and write

AZQnAl, TL>O, k:2tk1, 2J[A1]€1B

Received March 13, 2014; Accepted January 16, 2015

The first and third authors acknowledge support of K-State’s I-Center and Arts & Sciences Undergraduate Re-
search Scholarships Respectively.

* Corresponding author

E-mail address: pignov@math.ksu.edu (Vincent PIGNO); pinner@math.ksu.edu (Chris PINNER); jnshep-
pa@math.ksu.edu (Joe SHEPPARD)



138 Vincent PIGNO, Chris PINNER and Joe SHEPPARD

If B is even and A odd, we can use £ — =~ ! to write S in the form

om

S=>Y XX (z)x2(Ba* + A).
=1

Since Zjm = (—1,5), the characters x1, X2 are completely determined by their values on —1 and

5. Since 5 has order 2™~2 mod 2™, we can define integers c;, ¢ with

Xi(5) = eam-2(¢;), 1<¢ < om=2,

where e, (z) := e>™®/". Since x, is primitive, we have 2 { co. We define the odd integers R;,
i > 2, by
521—2 -1 +R12l (1)
Defining )
N o { [i(m—n)]» ifm-—n>2t+4,
t+2, ift+2<m-—n<2t+4,
and

C(z) := c1(Az" + B) + caAka* Ry Ry, (2)

(here and throughout the paper y~! denotes the inverse of y mod 2™) it transpires that the sum

S will be zero unless there is a solution xy to the characteristic equation
C(z0) = 0 mod 2L3(m+mI+t )

with 2 { 2o(Azk + B), when m — n > 2t + 4, and a solution to C(1) or C(—1) = 0 mod 2™~2
when t +2<m—n <2t +4.

Theorem 1.1 Suppose that m —n >t + 2. The sum S = 0 unless ¢; = 2" te3, with 2 1 ¢,

and x1(—1) = 1 when k is even, and the characteristic equation (3) has an odd solution xy when

m —n > 2t + 4. Assuming these conditions do hold.
When m —n > 2t + 4,

1

, if m — n is even,

2
wh(ﬁ)7 if m —n is odd,
where (2) is the Jacobi symbol, w = e™/*, C(zo) = A2lz(mtmI+t for some integer A and
h:=2 4+ (k1 — 1)+ (2" — 1)cs.

Whent+3<m—n<2t+4,

S = 2%(m+")+t+min{1’t}x1(xo)xz(Ax’S + B) {

2" s (A + B), if k is even and C(1) = 0 mod 2™ 2,
o 2m"2y, (A + B), if k is odd and C(1) = 0 mod 2™ 2,
22y (=1)x2(—A+ B), ifk is odd and C(—1) = 0 mod 2™ 2,
0, otherwise.
When m —n=t+3,
2" 'y2(A+ B), if k is even and x1(5) = £1, x1(—1) =1,

S =23 2" 2 (xo(A+ B) + x1(—=1)x2(=A+ B)), ifkisodd and x;(5) = £1,

0, otherwise.
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When m —n =1+ 2,
2™ o (A+ B), ifk is even and x; = xo or k is odd and x; = X4,
5= { 0, otherwise,
where ¢ is the principal character mod 2™ and x4 is the mod 2™ character induced by the
non-trivial character mod 4 (i.e., x4(x) = £1 as x = £1 mod 4, respectively).

Note that the restriction m —n > t + 2 is quite natural; for m —n < t + 2 the odd z will
make Az¥ + B= A+ B mod 2™ and S = x2(A+ B) 3.2, x1(z) = 2" Lxa(A + B) if x1 = xo
and zero otherwise.

Our original assumption that xo is primitive is also reasonable; if x; and y2 are both
imprimitive, then one should reduce the modulus, while if x; is primitive and xo imprimitive,
then S = 0 (if x; is primitive then u = 1 + 2™~ must have y;(u) = —1, since z + 2™ = ux

mod 2™ for any odd z, and z — zu gives S = x1(u)S when Y2 is imprimitive).

2. Proof
Initial decomposition
Observing that +57, v = 1,...,2™ 2, gives a reduced residue system mod 2™ and writing
2m72
S(A) = Y x1(5")x2(45"* + B),
y=1

if k is even we have
0, if x1(—=1) = -1,
S=(14x1(-1))S(A4) = 4
e ={y ] (1
and if k is odd
S =S(A)+x1(-1)S(-A). (5)
Large m values: m >n+2t+4

m—n

7 17t=2 then plainly

If I, is an interval of length 21
v = w2l T2 v, vel, uel:= [172LmT+"J+t]7

runs through a complete set of residues mod 2™~2. Hence, writing h(z) := Az* + B and noting
that 21 h(5Y),

S(A) = Z x1(5Y) Z 1 (5u2(%1—t—2)xz (A5Uk5ku2(%1—t_2 N B)

vely ucls
[ —t—2
= xi(5")xa(h(5) D xa (54 )x2(W)
vely u€ls

where

m—n

W = h(5v)—1A5vk(5ku2r 2

1—t—2

-1)+1L

Since n + 2[™5%] > m and 2[F2] > m, we have

W = A15vkh(5v)—12n((1 _i_R[%]Q(m;n-\)ulm _ 1) +1
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=1 + A15vkh(5v)_1Uk1R"m—n“2[1%;71—' mod 2™
miny A5 h(5Y) T ukiR mon R
E(1+R(L+"W2[T+-l) ' PSR hod 2™
_ ,415”’%(5v)*wcerm;mR(}Mr”w [ -2
vk vy — [monq_y_
:5A5 "h(5°) " ukR m = ]R(jnm]z 2 2
So we can write
u ’V ] t= 2 v v
Z Xl 5 2 2 X2 Z e m+nJ+t Cl +02A5 kh(5 ) 1kR"m n"R’,m+n_‘))
u€ls u€cls
which equals 2L™3*1+¢ for the v with
e1h(5") + 2 A5 KR o) Ry = 0 mod glmat i+t (6)

and zero otherwise. Since m > n + 2, equation (6) has no solution (and hence S = 0) unless

c1 = 2"%te3 with 21 ¢3, in which case (6) becomes
(e3A+c2Arki Rpmn W]R[m+n])5”k = —¢3B mod 27771, (7)

If no v satisfies (6), then plainly S = 0. So assume that (6) has a solution v = vy and take

m—n

I = [vg,v0 + 2/

1=t=2) Now any other v solving (7) must have

n

57k = 50k 1od 21777 = vk = vok mod 21777172 = ¢y = vy mod 27T 12,

So if m —n is even, I; contains only the solution vy and

S(A) = 2735 (5%0) o (A5™F + B). 8)

Observe that a solution zg = 5Y° or 2g = —5"° of (3) corresponds to a solution vy to (6) when k
is even and a solution vy to (6) for A or —A respectively (both cannot have solutions) if k is odd.
The evaluation for S follows at once from (8) and (4) or (5). When m — n is odd, I; contains

and
J+tX1(5vO)(X2(h(5UO)) + Xl(52L%J—t—z)Xz(A5UOk5kQLT*J—t_2 N B))

G (hE) (1 + x5 7 T )xe(©)

where, since 3| ™5™ | +n > m for m > n + 3,

m+n

S(A) =2l%2

=ol*

&= A5Pk (5522 (st 41
= A5vokh(5vo)71((1 +RL%J2L"L;”)’“ _ 1) +1

2"7"1) + 1 mod 2

v v\ — n-r k1
= A5""h(5") 7 (k1R m_n 2173 J+< >Rfm men |

1n n

m+n

(A15’U0kh/(5v0) lklRLm nJR (kl - 1) |‘ J).Rl.rn«#nJQL J +1 mOd 2m

L’"*"J

A5%0Fp(5v0) " Y R L, R} Tk —1)2t™
m+4n 1 1 m—n m+n 3 1
= (1+ R|mgn 21757)) Ly mgn mod 2"

1k —1)2l )2l

k 1 —
5(A15v0 h(5v0)~ klR m— nJRng’nJ
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Hence, setting

m—n

ez + 245" h(5") " k1 Rpm_n WRWW = x2l73

(only the parity of A will be used) and recalling that ¢y is odd, we have
—t—2

X1 ( )x2(8) =
:62’—771. n (02A15vokh(51}0) 1k’1(RLm nJR

U U 1 C:

2(m n (C3+02A15 0kh(5 0) 1k1RLm, nJRLm+nJ)( 1)2 kil 1) 2
1
2

— Rpmpn) Rp ) (-1)3 0702

L)

Since 1+ R;112°t! = (1 + R;2%)?%, we have Riy1 = R; + 27 R? = R; + 217! mod 22, giving
R; =3 mod 4 for ¢ > 3, and

1 o _ m=nq_g
Rimon Rl | = Rpmeo Brmgny = Rnn Rimn) (Bpagay =277 17 Rpngn -

R"u](RrM] _2[7”2""4_11 2)) mod 2( 2”'|

m—n

= (1-27) mod 213
From (6) we have c415"*A(5")~"k1 = —c3 mod 4 and
S(A4) = 2L%+”J+tx1(5”°))<2(h(5”0))(1 + Z‘(zn,1)53(71)%(19171”)\).

The result follows on writing H\; = wh(%).

Small m values: t+2<m—-n<2t+4
Since n + 2(t + 2) > m, we have
A5’Yk +B :A12n(1+Rt+22t+2)’yk1 + B
= (A+ B) (1 + vk1A1Ri2(A + B)~12!7712) ‘mod 2

— (A4 B) (14 Risnin2 )
_ (A+ B)5'yAl~c(A+B) Rt+2Rt+n+2

’YklAl(AJFB) Rt+2Rt+n+2 mod 2m

Hence x1(57)x2(A5* + B) equals

X2(A+ B)egm—2 (v (c1(A+ B) + coAkRyyo Ry, 0) (A+ B) ™)
and S(A) = 2™ 2y2(A+ B) if C(1) = 0 mod 2™~2 and 0 otherwise. Since m —n >t + 2, the
congruence C(1) = 0 mod 2™~2 implies ¢; = 2!7"¢c3 (with c3 odd if m —n > t 4+ 2) and becomes

Cg(A + B) + C2A1k1Rt+2Rt_+1n+2 =0 mod 2m7n7t72. (9)

For m —n =1t +2 or t + 3 this will automatically hold (for both A and —A when k is odd) and
S =2m"1yy(A + B) for k even and x1(—1) = 1, and

S =2m"2(x2(A+ B) + x1(=1)x2(—A + B))

for k odd. Further for k odd and m —n = 2 we have —A+ B = (1+2™71)(A+ B) mod 2™ with
x2(1+2m71) = ~T and S = 2" ?x2(A + B)(1 = x1(-1)) = 2" 'x2(A + B) if xa(-1) = —1
and zero otherwise. Note when m —n = ¢ + 2, we have ¢; = 272 and x1(5) = 1 and when
m—n=t+3, we have ¢c; = 2™72 or 2™ 3 and x;(5) = 1.
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Since cgB is odd, (9) cannot hold for both A and —A for m —n > ¢+ 3 and at most one of
S(A) or S(—A) is non-zero. When k is odd, the congruence condition for —A becomes C(—1) =0

mod 22,
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