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Abstract In this paper, we determine all maximal graded subalgebras of the general linear
Lie superalgebras containing the standard Cartan subalgebras over a unital supercommutative
superring with 2 invertible.
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1. Introduction

In 1952, Dynkin [1,2] classified the semisimple subalgebras and the maximal subalgebras of
the finite-dimensional simple Lie algebras over the field of complex numbers. In 2003, Shechep-
ochkina [3] also investigated the maximal subalgebras of linear Lie superalgebras over the field
of complex numbers. In 2004, Elduque, Laliena and Saristan [4,5] described the maximal sub-
algebras of associative superalgebras and Jordan superalgebras. In 2012, Wang, Ge and Li
determined the maximal subalgebras containing the standard Cartan subalgebras for the general
linear Lie algebra over a commutative ring. In this paper, we determine all maximal graded sub-
algebras containing the standard Cartan subalgebras for the general linear Lie superalgebras over

a supercommutative superring and the corresponding results for Lie algebras in [6] are covered.

2. Basics

Let us recall certain basic concepts and facts with respect to supercommutative superrings.
A (associative) ring R is called a Zg-graded ring or superring if R = Ry @ Rj for some additive
subgroups Rg and Rj of R such that R,Rg C Ry p for o, 8 € Zy. The elements in Rg (R1) are
called even (odd) and both even and odd elements are called homogenous. For a homogenous
element r € Ry, € Zg, its Zo-degree is denoted by |r|. We adopt the convention that if |r|

occurs in a formula, the corresponding element r is assumed to be homogeneous. A superring R
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is called supercommutative provided that
ab = (—1)1*lpg for all a,b € R.

Note that if 1 € R, then 1 € Rg; if 2 is invertible, then a% =0 for all a7 € Rj.
An ideal T of a superring R is called a Zs-graded ideal (or graded ideal for short) provided
that
I=INRy®INR;.

Obviously, {0} and R are graded ideals of R, which are called trivial.

A graded ideal I of a superring R is called a maximal graded ideal, if there exists no
nontrivial graded ideals containing I strictly.

A superring R is called a divisible superring, if 1 € R and all nonzero elements of R are

invertible. In view of the remarks above, we have

Proposition 2.1 A supercommutative divisible superring is a field.

From now on, assume that R is a unital supercommutative superring with 2 invertible.

A left R-module M is called a left R-supermodule, if M = Mg & My for some additive
subgroups Mg and M7 such that

RoMp C Myyp forall o, € Zs.

If we define
Tr = (_1)|"||I|r:1c forall = € M,r € R,

then M is also a right R-supermodule.
A submodule N of R-supermodule M = Mg® M7 is called an R-subsupermodule (Zy-graded

submodule) if
N=NNMy®NnN M.

Let M, N, P be R-supermodules. A map ¢ : M x N — P is called an R-bilinear map of

degree -y if
(1) ¢(Ma,Ng) C Poyptr;
(2) (1 +22,9) = p(1, ) + ©(72,9);
(3) ez, y1 +y2) = w(z,y1) + @(x, y2);
(

(4) o(ar,y) = ¢(z,ry), o(z,yr) = ¢(z,y)r,
for all x, 1,29 € M,y,y1,y2 € N,7 € R,a, 8,7 € Zs. From the definition, we have

o(ra,y) = (=1)"Melro(z,y) for all re R,z,y € M.

An R-superalgebra is an R-supermodule 21 = 25+ 2(; with an even R-bilinear map A x 2 —
2. A subalgebra 9B of a superalgebra 2 is called a Zo-graded subalgebra (graded subalgebra), if
B is also a Zy-graded submodule of 2.

Let L = Ly 4 L be an R-superalgebra with multiplication [—, —]. Then L is called a Lie

superalgebra over R or R-Lie superalgebra if
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(LQ) (_1)|lem‘[x’ [yv Z” + (_1)|m”y‘[y7 [Za J)H + (_1)|yllz|[zv [m,y]] =0,

for all x,y,z € L.

3. Construction of maximal subalgebras

Suppose m and n are positive integers and let gl (m,n) denote the R-supermodule consist-

ing of all (m + n) x (m + n) matrices over R. Then

g[R(ma ’I’L) = g[R(m7 TL)() @ g[R(m7 n)iu

where gl (m,n)g consists of all the even matrices
A1 B1
Cy D

A1 S Mm(R()),Bl (S Mmm(Ri),Ol € Mn,m(Ri);Dl S Mn(R());

with

and glp(m,n)7 consists of all the odd matrices
A2 By
Cy Do

Ag S Mm(Ri),BQ (S Mmm(R()),CQ S Mmm(R()),DQ S Mn(Ri)

with

Then glg(m,n) is an R-Lie superalgebra with respect to the following bracket:

[xvy] =Y — (_1)|$H7J‘yx’ T,y € g[R(mvn)

Let e;; be the (m + n) x (m + n) matrix having 1 in the (4, j) position and 0 elsewhere.
Then

€ijll€
eijr en] = Ojrea — (1)1 ullonlgep;.

Obviously, all diagonal matrices of glz(m,n) constitute a graded subalgebra, denoted by
Or(m,n). All upper triangular matrices of glz(m,n) also constitute a graded subalgebra, denoted
by br(m,n).

Suppose that X is a graded subalgebra of glz(m,n) containing 0z (m,n). Then

X =X5® X7 = XNglp(m,n);g® X Nglg(m,n)i.
For X and 1 <1¢,j < m + n, define
X
A ={a€ R|ae; € X}
Similarly to [7, Lemma 2.1], we have

Lemma 3.1 (1) If x = (z;;) € X, then z;; € Afj( In particular, X = Z1§i,jgm+n Afgeij.
(2) All Afg are graded ideals of R, and

X X X X
A =R, AijAjk C Az,

fori,j,k=1,...,m+n.
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Proof It is enough to show that all Af](- are graded ideals of R and one may finish the proof
as in [7, Lemma 2.1]. When ¢ # j, for a,b € Af§ and r € R, we have ae;j,be;; € X. It follows
that ae;; — be;; = (a —b)e;; € X and then a —b € AZ)J( Since rae;; = [re;;,ae;j] € X, we have
ra € A and ar = (=1)1*ll"lra € A%, So A% is an ideal of R. Let a € A;5 and write a = a5 +ax,
where ag € Ry, a7 € Ry. Then
aei; = age;j + ajes; € X.
Since X is a graded subalgebra, we have age;j;,aze;; € X and then ap, a7 € A%, Hence, all A%
are graded ideals of R. [J
Write

o={1,2,....m|m+1,....m+n},® ={1,2,...,m},

and

Oy ={m+1,...,m+n}.

Write ®;; = ®; x ®;, where ¢,j =1,2. Let @ # A C ® and A~ be the complementary set of A
in®, ie, ANA™ =g, AUA™ = &. Suppose that I is a maximal graded ideal of R and define

M(I,A) = Z I(Zij + Z Reij.
(4,5)€a—xn (1,j)EDXP\A~ XA

It is easy to show that d9r(m,n) C M (I, A) and that M (I, A) is an R-module.
Lemma 3.2 M (I, A) is a maximal graded subalgebra of glp(m,n) containing dg(m,n).

Proof Firstly, we prove that it is an R-subsupermodule, i.e.,
M(Iv A) = M(I5 A) N g[R(ma n)() D M(I7 A) N g[R(m7 Tl)i.

The inclusion “2” is obvious. Conversely, for an arbitrary « = > xijei; € M(I,A), write
1<i,j<m—+n

zij = (wi5)o + (2ij)1 € Ro ® Ry
Then
z= > (myhet+ >, (@wiemt+ > (@pies+ Y. (zw)ien
(7,',]‘)€<1>1qu>22 (k,l)€<I>12U<I>21 (i,j)€<1>11u<1>22 (k,l)€q>12Uq>21
Since I is a graded ideal, we get x € M (I, A)Nglp(m,n)g ® M(I,A) Nglg(m,n)7.
Secondly, we show that it is a subalgebra. For > Zijes; and > Tri€k in

1<i,j<m+n 1<k, l<m+n
M(I, r), we have to show that [z;je;;, Trier] € M(I, A). Note that

_ xii|+|eis Tr1|+|e
[Tijeij, Triert) = Ojptijapen — (—1)maltleaD ol tlenl) s g 2.0, 5.

When (i,1) € A~ x A, if j =k € A, then (i,j) € A™ x A and z;; € I; if j = k € A, then

(k,l) € A= x A and xpy € I. So, ;21 € I in the above two cases, furthermore,

[@ijeij, Thiew] = Tijrreq € M(I,A).
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When (k,j) € A~ x A, if l =i € A, then (k,1) € A7 x A and x5 € I; if | =4 € A™, then

(i,j) € A™ x A and z;; € I. So, xpx;; € I in the above two cases, furthermore,
[zij€i, Traer) = _(_1)(|«'vij|+\€ij\)(\leﬂekz\)5lixk1xijekj e M(I, p).

Hence, [M(I,A),M(I,A)] € M(I,A) and M(I, A) is a graded subalgebra of glz(m,n).

Finally, let us prove the maximality. Suppose that X is a graded subalgebra of gln(m,n)
satisfying M(I,A) € X C glg(m,n). Write & = (x;;) € X \ M(I,2). There exists some
(p,q) € A~ x A such that z,, ¢ I. By Lemma 3.1, we know z,4e,, € X. Since I is a maximal

graded ideal, there exist some r € R and rg € I such that rz,, 4+ rg = 1. Furthermore,
€pq = [T€pp; TpqaCpq] + T0pq € X.

For every i € A~ it follows that (i,p) ¢ A~ x A, then e;, € M(I,A) C X and e;q = [e;p, €pq] €
X. For every j € A, it follows that (g,5) ¢ A~ x A, then eg; € M(I,A) C X and e;; =
[€ig; €q] € X. So X contains all e;;, and this implies that X = glp(m,n). Hence, M(I,A) is a
maximal graded subalgebra of glg(m,n) containing dg(m,n). O

For1<s<m+n—1,put Ay ={1,2,..., s}. Then M (I, A;) is called a standard maximal
graded subalgebras of gl (m,n) containing 0r(m,n), where s =1,2,..., m+n — 1.

Lemma 3.3 M(I, ) is a standard maximal graded subalgebras if and only if br(m,n) C
M(I, A).

Proof Suppose that M (I, A) is standard with A = Ay = {1,2,..., s}, where 1 < s <m+n—1.
For every 1 < i < j < m+ n, we have that (i,5) ¢ A~ x A, then e;; € M(I,A). Hence,
br(m,n) C M(I, 7).

Now suppose that M (I, A) is not standard. Write

AZ{jlanw"ajS} gq)a where jl <j2 <L - <js~

Since M (I, A) is not standard, there exists some 1 < k < s such that k& < ji. Let p be the
minimal one such that & < ji. It follows that j; = 1,50 = 2,...,j,—1 = p—1, jp, > p. Then
epj, € br(m,n) C M(I, ), which contradicts the fact that e, ;, ¢ M(I,A) for p € A~ and
jpeA. O

4. Main results

We begin with the following lemma.

Lemma 4.1 Let F be a field of characteristic not 2, and X be a graded subalgebra of glgz(m,n).
Then X is a maximal graded subalgebra of gly(m,n) containing dg(m,n) if and only if there
exists @ # /A C ® such that X = M (0, A).

Proof According to Lemma 3.2, for any & # A C &, X = M(0,A) is a maximal graded
subalgebra of glg(m,n) containing dp(m, n).

Now suppose that X is a maximal graded subalgebra of glz(m,n) containing dp(m,n).
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According to Lemma 3.1, we have

X
X = Z Aij eij7
1<i,5<m+n
where the Af§ are all graded ideals of F. Since F is a field, Afj(- =0 or Af§ = F. Note that
X C glg(m,n). There must exist p # ¢ such that Af,f] =0. Put

A={jed|A; =0}

Since p ¢ A and g € A, it follows that @ # A C ®. For above-mentioned A, it is easy to show
that M (0, A) is a maximal graded subalgebra of glp(m,n) containing dp(m,n). Because both X
and M (0, A) are of maximality, we have to show that X C M (0, A). By the maximality of X and
M(0, A), in order to conclude the proof, we have to show that Afg =0 for all (i,j) € A~ x A.

If there exists some (ig,j0) € A~ x A such that AX. # 0, then we have AX, = R. Since

2070 20J0

(p,io) ¢ A™ x A, it follows that AX = R. According to Lemma 3.1, we have

AX AKX C AX

pio“ iojo = “pjo

which contradicts the fact that A, =0 for (p,jo) € A~ x A. Hence X = M(0,4). O

Theorem 4.2 Let X be a graded subalgebra of glgp(m,n). Then X is a maximal graded
subalgebra of glp(m,n) containing dg(m,n) if and only if there exist & # A C ® and a maximal
ideal I of R such that X = M (I, A).

Proof According to Lemma 3.2, the sufficiency is obvious. Now, we show the necessity. Suppose
that X is a maximal graded subalgebra of glg(m,n) containing dg(m, n). According to Lemma
3.1, we have
X = Z Ajjei,
1<i,5<m+n
where the Ai)](- are all graded ideals of R. Note that X C glgp(m,n). There must exist p # ¢
such that AX # R. Let I be a maximal ideal I of R containing A, and 7 be the canonical

a
homomorphism from R to R/I. Define o to be the map from glg(m,n) to glg,;(m,n) such that

o((xij)) = (Zi;), where Zj; = m(zy;).
It is easy to show that o is a surjective homomorphism of Lie superalgebras with ker o = gl;(m, n)
and o(X) C glg/;(m,n). Let M be a maximal graded subalgebra of glp,;(m,n) satisfying
o(X) &€ M C glg/(m,n). Then

X + gl (m,n) € 0~ (M) C glp(m, ).
By the maximality of X, we know that o =" (M) = glg(m,n). Then M = glg,;(m,n). So o(X) is

a maximal graded subalgebra of gl /; (m,n). According to Lemma 4.1, there exists @ # A C @
such that o(X) = M(0, o). Then

X +gly(m,n) = M(0, &) + gl (m, n).
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Furthermore,
X C X +glj(m,n) = M(0,0) + gl;(m,n) = M(I, A).

By the maximality of X, we have X = M (I, 4). O
Note that if the number of graded ideals of R is finite, then we can determine the number

of maximal graded subalgebras of gl (m,n).

Corollary 4.3 glz(m,n) has z(R)(2™*™ —2) maximal graded subalgebras containing 0z (m,n),
where z(R) is the number of graded ideals of R.

Proof According to Theorem 4.2, we know that the number of maximal graded subalgebras
of glp(m,n) containing dg(m,n) only depends on the number of graded ideals of R and the
number of choices of nontrivial subsets of /A. The number of choices of nontrivial subsets of A
is ST Ok = 2m+n 2. Thus the assertion holds. OJ

Finally, we show that each maximal graded subalgebra is conjugate under a permutation
matrix (the matrix having the only nonzero element 1 in each row and each column) to a standard

one.

Theorem 4.4 Let X be a maximal graded subalgebra of glp(m,n) containing 9g(m,n). Then
there exists a permutation matrix P such that X = PM (I, Aq)P7L.

Proof According to Theorem 4.2, we can suppose X = M (I, A), where @ # A C ® and [ is a

maximal graded ideal of R. Define
\IJ(X) :{(ZJ) | 1 §i<j§m—|—n7eij GX}.

The number of elements in ¥(X) is denoted by N(X). We use induction on N(X) to prove the
result.

When N(X) = $(m +n)(m+n — 1), we have e;; € X for any 1 <i < j < m+n. Then
br(m,n) C M(I,A). According to Lemma 3.3, M (I, A) is standard.

Now let us prove the assertion when N(X) = w4 1 assuming that it holds for 0 < u <
L(m+n)(m+n-—1).

When N (X) = u, there must exist some (ig,jo) such that e;,;, ¢ X, where 1 < iy < jo <
m + n. Furthermore, there must exist some 1 < p < m +n — 1 such that e, ,41 ¢ X. In fact,
ifeji41 € X forany 1 <7 <m+n—1, then we have ¢;; € X forany 1 <i < j < m+n,
which contradicts our assumption that e;,;, ¢ X. From e, 11 ¢ X = M(I, A) it follows that

ep+1,p € X. We now consider the action of the inner automorphism IntF, ,41:
IntEy p+1(Qr(m,n)) = 0r(m, n);
IntEp p11(X) = E;119+1XEp,p+1§

IntEp py1(ep,p+1) = €pt1,p-

It is easy to show that the number of elements in \II(E17_,117+1XEP7P+1) is exactly u+1. According to

the induction assumption, there exists some permutation matrix P such that PilEp_’ ; 1 XEp 1 P
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= M(I, As). Then

X =Epp1 PM(I,0)P'E, | ;.

Let Q = Ep p+1P. Then @ is a permutation matrix and
X =QM(I,5,)Q",

where M (I, Ag) is standard. O
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