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Abstract With the help of a Lie algebra, two kinds of Lie algebras with the forms of blocks
are introduced for generating nonlinear integrable and bi-integrable couplings. For illustrating
the application of the Lie algebras, an integrable Hamiltonian system is obtained, from which
some reduced evolution equations are presented. Finally, Hamiltonian structures of nonlinear
integrable and bi-integrable couplings of the integrable Hamiltonian system are furnished
by applying the variational identity. The approach presented in the paper can also provide
nonlinear integrable and bi-integrable couplings of other integrable system.
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1. Introduction

Integrable couplings is an important and attractive topic in the soliton theory. On the
one hand, coupled equations have many applications in various scientific contexts ranging from
physics, biochemistry to mechanics. On the other hand, there are much richer mathematical
structures behind integrable couplings than scalar integrable equations. Moreover, the study
of integrable couplings generalizes the symmetry problem and provides clues toward complete

classification of integrable equations.

Definition 1.1 ([1,2]) For a given integrable system
Ut :K(u) :K(z,t,u,ur,um,...), (].1)

the following bigger triangular system

4, = K(a) = < S[(if“g) ),u= ( Z ) (1.2)

is called an integrable couplings of the system (1.1), if (1.2) is integrable and S(u,v) explicitly
contains u or u-derivatives with respect to x, where the x is the space variable. FEspecially,

S(u,v) is nonlinear with respect to the sub-vector v, then the system (1.2) is called a nonlinear
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integrable couplings of the system (1.1).

Definition 1.2 ([3]) A bi-integrable coupling of a given integrable system (1.1) is an enlarged

triangular integrable system of the following form

- K(u) u
u = K(u) = S (u,v) au=| v |. (1.3)
Sa(u, v, w) w

It is notable that S; depends on the sub-vector w but Si does not. Further, if Sa(u,v,w) Is
nonlinear for w, then the system (1.3) is called a nonlinear bi-integrable couplings of the system

(1.1). The semi-direct sums of Lie algebras lay a foundation for constructing integrable couplings.

Definition 1.3 The semi-direct sums g = g4 g., means that the two Lie sub-algebras g and g.
satisty g, gc] C g., where [g,g.] = [A, B]|A € g, B € g., with [-,-] denoting the Lie bracket of §
and |4 standing for semi-direct sum.

Obviously, g. is an ideal Lie sub-algebra of g. The subscript ¢ indicates a contribution to
the construction of coupling systems. We also require the closure property between g and g.
under the matrix multiplication.

Many ways to construct linear and nonlinear integrable couplings are presented, for example,
the perturbation method [1,2], the enlarged spectral problems [4-10], the block type matrix
algebra [11-17]. Recently, Ma [11,12] proposed a general scheme to generate nonlinear integrable
couplings and Zhang [13,14] extended this method.

In this paper, inspired by the previous work, we present two kinds of explicit Lie algebras
for constructing nonlinear integrable and bi-integrable couplings of the integrable hierarchy. We
illustrate the applications of the new Lie algebras by means of an integrable hierarchy, which
can reduce to some evolution equations, including the well-known mKdV equation. Then we
also obtain the Hamiltonian structures of nonlinear integrable and bi-integrable couplings of the

integrable hierarchy by applying the variational identity [18,19], respectively.

2. Lie algebras

We have known the simple Lie algebra A; with the basis as the following is frequently used
to construct the spectral problems by Tu scheme [20-22].

1 0 0 1 0 1
e:<0 —1>’h:<—1 o)’f:<1 0)’
[e,h] = 2f, [e, f] = 2h, [h, f] = 2e.

In this paper we take the linear combination of A,

G ={ey,ea,e3le1 = —e,ea = h,e3 = h — f},

[61, 62] = 2(63 - 62), [61, 63] = 2e3, [627 63] = 2ey, (2~1)
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and its corresponding loop algebra
G = {e1(n), ea(n), ea(n)les(n) = e, ", i =1,2,3}, [ei(m), e;(n)] = [es, 5] A™ ™. (2.2)
We start from the Lie algebra G to generate the higher-dimensional Lie algebra Gy,.

Gh: {wl,wg,...,wg}, (23)
eg O es 0 es 0
w1 = s Wo = , W3 = ,
! 0 €1 2 0 €9 ? 0 €3
0 e 0 eo 0 e3
Wy = , W5 = , We = .
* 0 €1 ° 0 €9 0 0 €3

A direct verification exhibits that

where

w1, W (ws — wg), [wy, ws] = 2ws, [we, w3] = 2w,

W2, Wy (ws — we), (w3, wy] = —2ws, [w1, ws] = 2(we — ws), [w1, wa] = 2(ws — wa),

[ =2

[wa, ws] = 2(we — ws), [wa, we] = 2we, (w5, we| = 2wy,

[ J=2

[ws, ws] = —2wy, (w1, we] = 2w, [we, we] = 2wy, (w1, wy] = [wa, ws] = [wz, we] = 0.

Let Gp1 = {wy,wa, w3}, Gra = {wg, ws, we}. We find that G, = Gp1 |8 Gpa, Gr1 is isomorphic
to the Lie algebra G, and is simple, which is a key fact for generating nonlinear integrable

couplings. It is easy to see that again
[Gh1, Ghi] = Gha, [Gha, Gra] = Gha, [Gri, Gr2] € Ghe. (2.4)

So, the Lie sub-algebra G and Gj2 are simple. Define a loop algebra évh corresponding to the

Lie algebra G,
é;b = {w1(n), wa(n), ..., we(n)},w;(n) = w\", [w;(m),w;(n)] = [w;,w; ]\ (2.5)

By using the Lie algebra G and G}, we can construct another new higher-dimensional Lie

algebra G,.
Ga = {91792a-"7g9}'? (26)
where
€1 0 0 €9 0 0 €3 0 0
g1 = 0 €1 0 ;92 = 0 €9 0 ;93 = 0 €3 0 )
0 €1 0 0 €9 0 0 €3
0 €1 0 0 €9 0 0 €3 0
g4 = 0 €1 0 y 95 = 0 €2 0 y 96 = 0 €3 0 5
0 0 €1 0 0 €2 0 0 €3
0 0 €1 0 0 () 0 0 €3
gr = 0 0 €1 y g8 = 0 0 €2 y 49 = 0 0 €3 )

o
e

0 0 e 0 0 es €3
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which has the following operation relations

(91, 92] = 2(g3 — 92), [91, 93] = 293, [92, 93] = 291,

(94, 95] = [91, 95] = [94, 92] = 2(g6 — 95). (97, 90] = [91, 90] = [97, 93] = [94, 90] = [97, g6] = 290,
(94, 96] = [91, 96] = [94, 93] = 296,97, 98] = 91, 98] = 97, 92] = [94, 98] = [g7, 5] = 2(g9 — g8),
(955 96] = 92, 96] = [95, 93] = 294, [gs, 99] = [92, 90] = [9s, 93] = [95, 90] = [gs, 96] = 297,
(91, 9a] = [92, 95] = [93, 96] = 91, 97] = [94, 97] = [92. gs] = [95, 98] = [93. 9o] = [g6, g0] = 0.

Let Go1 = {g1,92, 93}, Ga2 = {94, 95,96}, and Ga3 = {g7,9s,99}. We find that they satisfy the

condition
Ga - Gal + Ga2 Lﬂ Ga3a [Gala Ga?] g Ga27 [GaQa GaS] g Ga3, [Gah Ga3] g Ga3, (27)

and the Lie sub-algebra G,1, G,2 and G,3 are all simple, which is a key fact for generating

nonlinear bi-integrable couplings. A loop algebra éva is defined as

Ga = {g1(n),g2(n), ..., 90(n)}, gi(n) = g:A", [g:(m), g; (n)] = [gs, g;] A" ). (2.8)

3. The hierarchy

In this section, we make use of the Lie algebra G and Tu scheme to get an integrable hierarchy
along with Hamiltonian structure, which can reduce to some evolution equation including the
well-known mKdV equation.

Considering the spectral problem

or =Up, U = —e1(1) + qe2(0) + re3(0), 3.1)
pr = Vi,V = aei(0) + be2(0) + ce3(0), '
and solving the stationary equation
Ve =10, V], (3.2)
we obtain the recursive relations
Umz = 2QCpm, — 27byy,,
1
berl - ibmm — qQm, (33)
1
Cm+1 = _i(bmw + Cma) = Tm.
Setting ag = «, bg = 0, cg = 0, one infers from (3.3)
« «
by =—ag,cr=ar,a1 =0,by = — S s, 02 = E(qgv +72),
_ @ 9 __a ! 2
a2 = o4q + qr, bs 7 dez — 54 +agr,. ... (3.4)

Denote

n
VI =37 amer(n —m) + bnea(n —m) + cmes(n —m) = V),
m=0
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we can obtain the following the integrable hierarchy

0 —1 —2(bn, n
ug,, = I = (bt + ent) = JGmt1, (3.5)
r), 1 0 b1

n

which satisfy the zero curvature equation
U, — V™ 4 [U,v™] =o. (3.6)

Taking n = 2, = 2 in (3.5) gives rise to

Gty = —qzax — 2(]3 + 47’(]2, (3 7)
Tty = Guo + Too — 2¢° + 4qr® — 2¢°r; .
taking n = 3, = 2 in (3.5) gives rise to
1
dt; = _§szx - 3(]2(]1: + 2qrq, + 4q27"za
(3.8)

1
'rt3 = irxza: + 3(]2719: + 6617’7"95.

If set ¢ = r, the second equation of (3.8) is just the well-known mKdV equation, so (3.8) can be
called one coupled equation of mKdV.
In the following, we construct the Hamiltonian structure of (3.5) by means of the trace

identity [20]. A direct calculation reads

ou ou ou

(V, ) = =2 =2, (V. 50y = =2b, (V, 50) = ~%a. (3.9)

Substituting above formulae into trace identity and comparing the coefficients of A="~! yields

( ) (~20n11) = (—n+7) < 200 = 2 ) . (3.10)

—9b,
Setting n = 1 leads to 4 = 0. Therefore, we obtain the Hamiltonian structure of (3.5)

u, = ( 1 ) _ g gy e (3.11)
t

Sl &l

r Su n

Obviously, J is a Hamiltonian operator. We can verify that the integrable hierarchy (3.5) is

integrable in the sense of Liouville.

4. Nonlinear integrable couplings

As for nonlinear integrable couplings, many interesting results have been obtained [11-
16,23-25]. In this section, we start from the Lie algebra G}, to generate the nonlinear integrable
coupling of (3.5).

Apply the loop algebra cTh and take the linear forms as follows

{ 0r =Up,U = —w1(1) + quz(0) + rws(0) + uws(0) + ugwe(0),

4.1
ot = Ve,V = awi(0) + bwz(0) + cws(0) + dw4(0) + fws(0) + hwg(0). -
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Solving the auxiliary equation (3.2) yields

Uma = 24Cm — 27b,y,,

1
bm+1 = ibmx — qGm,
1
Cm+1 = *i(bmr + Cmm) — Tm,

dmm = 2(q + ul)hm - 2(” + u2)fm, + 2U10m - 2u2bma

1
fm+1 - i.fmw - (q + r)dm — U1Qm,

1
hm—i—l - _§(fmw + hmw) - (T‘ + uQ)dm — U220,

~V{E + [0V = =251 (0) + 2bnss + Cni1)w3(0) = 2fns1w5(0) + 2(futr + hns1)ws(0),
(4.3)
and if set ag = a,dy = B,bgp = co = fo = ho = 0, one infers from (4.2)

o o o
by = —aq,c; = ar,a; =0,by = —5619;702 = E(QJ +7”a;)7a2 = §q2 +qr, f1 = —5(Q+U1) — Quq,
B Q 8 o
hy = =B(r +u2) — aug, fo = —5(% +uiy) — §U1m,h2 = 5(7“30 + sy + Gz + ur1a) + §(U2m + uiy),
1 1
dy = B((r +u2)(u+up) + §(u2 +u?) Fuuy) + a(ur(q+ 1) + ug(u+ug) + iuf), e

Set V() = Vin). Then the zero curvature equation (3.6) determines the Lax integrable system

T L T 45

" ( vy, ) < S(u,v) >’ (45)

up, = < I ) = ( e~ 200t ) (4.6)
). Cnz +2(q + r)ay,

T U B fnac *Q(Q+U1)dn —2uian (4 7)
tn = = . .
uy J, Bz +2(q + 7+ u1 + u2)dy + 2(ur + ug)an

n

as follows

where

Taking n = 2 in (4.7) gives rise to

o 1
Ui, =7ﬁ(qm + ta2) = Stee — 2B((r +u2)(g + up)? + S+ u1)(q® 4+ u3) + qui(g +ur))—

2a(ur(a-+r)(a-+w) + uala + ) + gudla+w) + (50 +ar),

sty = (P + i+ g+ t12) 5 (s + ) + 2800+ 7+ ur - w2) (o ua)(g + 02)
%(q2 +ui) + qui) + 20(g + 7+ un +uz) (i (g4 7) + uz(g + w) + %u%H
2a(uy —|—u2)(%q2 + qr).

(4.8)
Comparing the structures of (4.5) with (3.5) and according to the definition of integrable

couplings, we can conclude that (4.5) are integrable couplings of the system (3.5). Moreover,
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(4.8) is a nonlinear coupled system in uq,us and along with the variable coefficient functions ¢, r
which satisfy (3.7). Hence (4.5) is a nonlinear integrable coupled of the (3.5).
If set « = 0,8 = 2,u1z, = uzt, = 0. (4.8) can be reduced to
1
Gz + tiae + 4(q + ) (4 u2) (u +w) + 5 (g +w)?) =0,
(4.9)
1
Toz + Uzze + 4(r + u2) ((r + u2)(u + uq) + §(q +u1)?) =0,
which is a new nonlinear coupled partial equation with variable coefficients ¢(z,t), and r(z,t).
In what follows, we investigate the Hamiltonian structure of the nonlinear integrable cou-
pling (4.5) by applying the variational identity. For a = ¥{_jaw;,b = X_ bjw; € Ga, the

commutator [a,b] can be obtained

[avb}T = (a17a27---7a6)Rh(b)a (410)
where
0 —2by 2(b2 + b3) 0 —2bs 2(b5 + bg)
2b3 2b1 —2by 2bg 2by —2by
—2b 0 —2b —2b 0 —2b
R (b) = 2 1 5 4
0 0 0 0 —2(ba +b5)  2(by + bs + b5 + bg)
0 0 0 2(()3 + bﬁ) 2(()1 + b4) —2(b1 + b4)
0 0 0 —2(b2 + b5) 0 —2(b1 + b4)
Solving the matrix equation
R(b)F = —(R(b)F)T, FT =F, (4.11)

yields that

0O =m -m 0 —n2 —n
0 - 0 0 - 0

F, = m 2 ’
12 0 0 P 0 0

0 —m —m2 0 —m —n2

A direct calculation reads

ou ou ou
V,—)=—-n(b — h),(V, —) =—mb— V,—) =— — nod
< ) aq> 771( +C) 772(f+ )7< ) 6T> T n?fa< ) (9)\> ma T2a,
ou ou
V,—) =—m2(b h), (V, =—) = —na(b . 4.12
< 73u1> 772( e+ f+ )7< 7811,2) 772( +f) ( )
Inserting the above formulas into the variational identity and comparing the coefficients of A™"!
yields
5% =11 (b + ¢n) = m2(fr + )
i /z( dpyr)dz = (—n +7) ~Mbn =l (4.13)
—MApt1 — N x=(—n+7v . .
% 10n+1 20041 (ot et fo )
Lf —n2 (bn + fn)
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Setting n = 1 leads to v = 0. Therefore, we obtain the Hamiltonian structure of (4.5)

—2 0 —2
n1—"2 n3—n112
2 2 — -
_ N1 —12 0 n3—mn2 0 0Hnt1 b7i _/ Man+1 +n2dn+1dx
- . b n - .
(5% 0 2 0 > 2 ou n
=2 N2 —n1M2
—2 —2
u
2/ ¢, ni—n2 0 n3 =172 0

(4.14)

5. Nonlinear Bi-integrable couplings

Bi-integrable couplings were proposed by Ma [3]. In this section, with the help of the Lie

algebra G, we can derive a nonlinear bi-integrable coupling of (3.5).

Taking the linear forms as follows

¢u =Up, U = —g1(1) + q92(0) + rgs(0) + u195(0) + u296(0) + u39s(0) + uage(0),
~ 2 (5.1)
o=V, V=" 0 Vimgi(-m)),
m=0 i=1
and solving the auxiliary equation (3.2) yields

Vime = 2(“ +uy + u3)‘/9m - 2(7] + ug2 + u4)‘/8m + 2“3(‘/37” + V6m) - 2u4(v2m + VE’)m)v

1
Vé,m+1 - 5‘/8ma: - (u + up + US)V'Tm - u3(‘/1m + Vzlm)> (52)

1
Vb,m-&-l = 5(‘/8mz + ‘/Qma: - (U + uz + u4)V7m - u4(Vlm + V4m);

V) 1 U, V] = = 2Vh,14192(0) + 2(Vaint1 + Vang1)93(0) — 2Vs i195(0) + 2(Va g1+
Vo,n+1)96(0) — 2Vg n1198(0) + 2(Vana1 + Vo,nt1)99(0). (5.3)

If set Vip = a1, Vo = a2, Vzg = a3, Voo = V3o = V5o = Vo = Vi = Vgg = Voo = 0, one infers
from (5.2)

Va1 = —as(qg+ui +us) — (a1 + az)ug, Vor = —az(r + us + us) — (a1 + a2)ug,

-« ap + o
Vga = 73(%0 + Ui + USw) _ Mu%,
2 2
1
Voo = as((q + w1 +us)(q+ur +us +7r+uy +ug) — §(q +u; + U3)2),
Qs o]+ o
Vo2 = ?J(Qz + Uty + Uzp + T+ U2+ Uag) %(ng + Udz). (5.4)
Set V(") = Vin). Then the zero curvature equation determines the Lax integrable system as
follows
uy,, K(u)
U, = | v, | = S (u,v) , (5.5)

wy, Sa(u, v, w)
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where
Vonz —2¢Vin
u, = q _ 2 avi 7 (5.6)
Ly Vanaz + 2(q + T)Vln
uy Vanz — 2(q + u1)Van — 2u1Vip
V¢, = = s (57)
uy /), Vena +2(q + 7+ w1 + u2)Van + 2(u1 + u2)Vin
w — [ Vs _ Vanz — 2(q + u1 + u3)Vrn — 2uz(Vin + Vin)
" uy ) Vone +2(q + 7+ u1 + u + us + ug) Von + 2(us + ug) (Vin + Van) )
(5.8)
When n = 2, (5.8) reduces to the following evolution equation
1
Ust, =Vsor — 2(q +u1 + u3)Vr2 — 2uz(az((r + u2)(g + u1) + §(q2 +uf) + qui)+
L o L o
ai(zq” +qr+ui(qg+r)+u(qg+ur)+ zuy)),
15 +ar +ui(g+r) +uz(g +u) + Sup)) (5.9)

Uat, =Vooz + 2(q+ 1+ ui + uz + uz + wa) Vro + 2(us + ua) (a2 ((r + u2)(q + u1)+

1 1 1
(@ +ud) +qua) + ar (507 + ar + (g +7) + ua(g + w) + Hud)),

where V7g, Vo, Voo are presented in (5.4). Comparing the structures of (5.5) with (4.5) and
(3.5) and according to the definition of bi-integrable couplings, we can conclude that (5.5) is
bi-integrable couplings of the system (3.5). Of course, (5.5) is also integrable couplings of the
system (4.5) and (3.5). Especially, let as = a3 = 0,a;7 = 2. We get the reduced bi-integrable
coupling of (3.7).

Gty = — Gaw — 2¢° +47¢%,

Tty =z + Trx — 21]3 + 4(]7‘2 - 2(]27";

1 1
Utty = — Uige — 4(ur (g +7)(q + u1) + us(q +ur)® + §u§(q +up) + ul(§q2 +qr)),

1 1
Uty =Uiper + Userd(q + 7+ ur +u2)(ui(q+7) +ua(q +uy) + iuf) +4(up + w)(iqz’ + qr);

Uty = — Usge — 4(q + usus)((us + ua) (g + 7+ w1 + us + uz + wa) — ua(r + uz + uz + ug)—
1

§u§) —2u3(q® + 2qr 4 2uy (q + 1) + 2uz(q + up) + u?),

Uty =U3gz + Udge +4(q + 7+ w1 + us + ug + wa)((us + ua)(q + 7+ w1 + ug + uz + ug)—

ug(r + ug + ug + uq) — %ug) + 2(us + ug)(q* + 2qr + 2uy(q + 7) + 2ua(q + uy) + u?).
(5.10)

It is easy to see that (5.10) is a nonlinear coupled system in usz,us and along with the variable
coefficient functions ¢,r,uq,us which satisfy (3.7) and (4.8). Hence (5.5) is a nonlinear bi-
integrable coupling of the (3.5).

In what follows, we investigate the Hamiltonian structure of the nonlinear integrable cou-
pling (5.5) by applying the variational identity. For a = ¥9_a;g;,b = E?Zlgjwj € G, the
commutator [a,b]” can be obtained

[a,0)T = (a1,az,...,a9)Ra(b), (5.11)
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where
Ry1 Ri2 Ris 0 —2by 2(b2 + bg)
R (b) = 0 Ry Ry |,Ru= 2b3  2by —2b; ,
0 0 Rss —2bs 0 —2b;
0 —2bs 2(bs +bs) 0  —2bg 2(bg +bg)
R12 = 2b6 2b4 —2b4 ,R13 = 2b9 2b7 —2b7 5
% 0 —2b, 2 0 —2b,
0 —2(bs + b5) 2(by + b3 + bs + bg) 0 —2bg 2(b8 + bo)
Roo = 2(bs+bs)  2(b1 +by) —2(by + by) Rog =1 20y  2b7 —2br
—2(b2 + b5) 0 —2(b1 + b4) —2bg 0 —2by
0 —2(by + b5 +bg)  2(ba + b3 + bs + b + bg + by)
Rss = 2(bs+bs+bg)  2(b1 + by +b7) —2(b1 + by + b7)
—2(b2 + bs + bg) 0 —2(b1 + by + b7)

Solving the matrix equation (4.11), yields that

7 0 0 N2 0 0 mns 0 0
0O —m —-m 0 —n2 —nm2 0 —m3 —n3
0 -m 0 0 —-m O -n3 0

n 0 0 n O 0 »n O 0

Fo=| 0 —nm —n 0 —nn —n 0 —n —1n3
0 -m 0 0 —-m O -n3 0

M3 0 0 N3 0 0 mns 0 0
0 —m3 —-m3 0 —m3 —m3 0 —m3 —n3
0 -—n3 0 0 —-n3 0 0 —n3 0

o

o

A direct calculation reads

oU oU
(v, 5‘7q> = —m(Va+V3) = no(Vs + Vi) — n3(Vs + Vo), (V, E> = -—mVa —m2Vs — Vs,
oUu oU
(v, 5) =-—mVi —n2Vi —n3Vz, (V, 8TL1> = —na(Vo + Vs + V5 + Vs) —n3(Vs + Vy),
oU oU
(Vi5—=) = —ma(Va+ Vs) =3V, (V, 5—) = —ma(Va + Va + V5 + V5 + Vs + V),
(91,62 8’(13
oU
Vigg) = m(Va+ Vs + Vs). (5.12)
Uy

Inserting the above formulas into the variational identity and comparing the coefficients of A™"!
yields
1)

ﬁ/ (=mVint1 = mVinir — 13V ngr)de
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_771(V2n + V?m) - 772(‘/5n + V6n) - US(V&L + VQn)
—mVan — m2Vsn — 13Van
—N2(Van + Van + Van + Vi) — 13(Van + Van)
—n2(Van + Vsn) — n3Vin
—13(Van + Van + Van + Vo + Van + Vo)
—n3(Van + Van + Van)

= (—n—|—'y) (513)

Employing the initial values gives v = 0. Thus, the Hamiltonian structure of the bi-integrable

coupling (5.5) can be written

_ ~6Hpi1  ~ Vi Vin Vi m
b, = Uy _ 5~+17 i, :/ MVin1 +1m2Vani1 + 1307, i, (5.14)
Uo u n
us
v/,
where
—2 2
ni—nz 0 n—nz2 0 0
2 —2
pr—, 0 p— 0 0 0
_ 0 2 0 2(1m1—n3) 0 -2
J= 1 —"2 (m—m2)(n3—n2) (m3—n2) (5.15)
-2 0 —2(n1—n3) 0 2 : :
M —"n2 (m—n2)(n3—n2) (n3—n2)
0 0 0 2 0 Y o
n2—"n3 ) n3(n3—mn2)
—2 —an2
0 0 N2—"n3 0 N3 (N3 —n2) 0

6. Conclusions

Making use of a new Lie algebra, which is the linear combination form of the simple Lie
algebra A;, two kinds of higher-dimensional Lie algebras are introduced, which are much con-
venient in generating nonlinear integrable and bi-integrable couplings. By employing the new
Lie algebra and Tu scheme an integrable Hamiltonian hierarchy is obtained, from which some
reduced evolution equations are given. Then, starting from the two kinds of higher-dimensional
Lie algebras the nonlinear integrable and bi-integrable couplings of the integrable Hamiltonian
hierarchy are worked out, respectively. Moreover their corresponding Hamiltonian structures are
generated by the variational identity. Actually, using the method of constructing Lie algebras
presented in the paper can generate nonlinear integrable and bi-integralbe couplings of other

soliton hierarchies.
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