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Abstract In this paper, the concept of countable compactness degree and the concept of
Lindelof property degree are defined in L-fuzzy topological spaces by means of implication
operator —. Many properties of them are discussed.
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1. Introduction

Chang [1] first introduced the concept of compactness to [0, 1]-topological spaces by means
of open cover. Afterward, many researchers have tried successfully to generalize the compactness
theory of general topology to fuzzy setting [2-6].

For the more general case, in an L-fuzzy topology, open sets are not crisp subset, and
topology comprising those open sets is a fuzzy set of LX. There have been many research results
about fuzzy compactness in L-fuzzy topological spaces [7—14]. The definitions of countable
compactness and the Lindel6f property in L-topological spaces were introduced by Shi [4]. The
aim of this paper is to introduce the notion of countable compactness degree and the Lindel6f

property degree to L-fuzzy topological spaces, thus some properties of them are researched.

2. Preliminaries

In this paper, (L,\/, A,’) is a completely distributive DeMorgan algebra (i.e., completely
distributive lattice with order-reversing involution) [2]. The largest element and the smallest
element in L are denoted by T and 1, respectively.

The binary wedge below relation < in L is defined as follows: For a,b € L, a is called wedge
below b in L(i.e., a < b) if and only if for every subset D C L, \/ D > b implies d > a for some
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d € D. L is completely distributive lattice if and only if b = \/{a € L : a < b} for each b € L.
Forbe L, B(b) = {a € L:a < b} is called the greatest minimal family of b.
In a completely distributive DeMorgan algebra L, binary operation a — b = \/{c € L |

a A c < b} is called implication operator. It is easy to get the following results:

(1) a<besa—b=T

(2) ¢ (a»—>b)<:>a/\c§b;

(3) (Vya) o> b= Aglas o b);

(4) a= (Aibi) = Ai(a = bi).

[a < b] =a > b can be viewed as the degree of a < b.

Definition 2.1 ([15]) An L-fuzzy topology on a set X is a map 7 : LX — L such that

(1) (M) =7(L)=T;

(2) YU,V e LX, 7(UANV)=7U)AT(V);

(3) YU; € L, je J, (Ve Ui) 2 Njes 7(Uj).

Generally, 7(U) can be regarded as degree to which U € L is an open set; while 7*(U) =
7(U’) is called the degree of closedness of U. YU C L™, 7(U) = A\ 4y T(A) will be called the
degree of openness of U. The pair (X, 1) is called an L-fuzzy topological space.

A map f:(X,7) — (Y,0) is called continuous with respect to L-fuzzy topologies T and § if
7(f(U)) = 6(U) holds for all U € LY, where f;~ is defined by fi(U)(z) = U(f(x)), = € X.

For a subfamily ® C LX, 2(®) denotes the set of all finite subfamilies of ®. And 2[*! denotes

the set of all countable subfamilies of ®.

Definition 2.2 ([13]) A map C : LX x LX — L is an L-fuzzy inclusion on X, defined as
C(A,B) = N\,ex(A'(z) V B(x)), which is denoted by [ACB] for simplicity instead of C(A, B),
ie, [ACB] = N\,cx(4'(2) V B(x)).

Definition 2.3 ([11]) If (X, 7) is an L-fuzzy topological space and G € LX, then
co(@) = N\ (T(m - ([Ga \up— \/ [Ga\/w))
UCLX vea)

is called the fuzzy compactness degree of G with respect to 7.

Lemma 2.4 ([6]) Let f: X — Y be a set map. The fuzzy powerset operators f;* : LX — LY
and fi : LY — LX are defined by f;’(a)(y) = \V{a(z) : f(z) =y}, fi (b) =bo f. Then for
any P C LY, we have that

A (FT@wv V Bw) = A (¢@v V i B)@).

yey BeP zeX BeP

3. Measures of countable compactness

In the following part, the set {{ | U is a countable family, &/ C L*} is written as L.
Let (X, 7T) be an L-topological space and T¢ = {U | U is a countable family, & C T}. Then
G € LX is countably compact [4] if and only if for every U C T¢, it follows that [GC \/U] <
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\/VEQ(L” [G& \/V] ThlS implies that [[G& \/U] S \/VEQ(M) [G& \/V]] =T
On the other hand, an L-topology T can be regarded as a map x7 : LX — L defined by
T, AeT
_A — b )
xr(4) { L A¢T.

In this way, (X, x7) is a special L-fuzzy topological space and x7(U) = T for any U C T.
From the above analysis, we can obtain that G € LX is countably compact if and only if
for every family U C T, it follows that x7(U) < [[GC VU] < Vyesan [GC V V]

Naturally, we can introduce a countable compactness degree defined as follows:

Definition 3.1 Let (X, 7) be an L-fuzzy topological space and G € LX. Then

cep,(G) = N [ < [lce\ui< \/ eE\V|

ucrLX Ve
- A (A= (A (@@vVaw)= V A (@@vV Aw)))
UucLf Aeu rzeX AelU ve2) zeX Aey

is called the countable compactness degree of G with respect to 7.
Obviously, G is countably compact in L-topological space 7 if and only if CCD, . (G) = T.

According to the properties of implication operation +, the following lemma can be proved.

Lemma 3.2 Let (X,7) be an L-fuzzy topological space and G € LX. Then a < CCD,(G) if
and only if for any U C L,

naE\Ulrna< \/ [GE\/ VI (3.1)
yea)
Theorem 3.3 Let (X,7) be an L-fuzzy topological space and G € L~X. Then
CCD,(G) = \/ {a € L:7(U)N[GC \/U] Na < \/ [GC \/V] for any U C Lé{} (3.2)

ve2)
It is easy to get the following theorem according to Definitions 2.3 and 3.1.

Theorem 3.4 Let (X,7) be an L-fuzzy topological space and G € LX. Then CD,(G) <
CCD.(G).
By Lemma 3.2, Theorem 3.3 and the properties of implication operation —, we can obtain

the following result.

Theorem 3.5 Let (X,7) be an L-fuzzy topological space and G € LX. Then

cepi@= A (Arn A (€@ V aw)= VA @@y aw))

Z,{CLX AelU ex vea) zeX Aey
- A\ [fericeNu< o ee\/ v
ucry Ve

Theorem 3.6 Let (X,7) be an L-fuzzy topological space. Then VG, H € L*, CCD.(GA\H) >
CCD,(G)NT*(H).
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Proof For any a € L and a < CCD,(G) A 7*(H), now the proof of a < CCD.(G A H) will
be conducted. Suppose any U C LY, since a < CCD.(G) A 7*(H), we have that a < 7*(H)
and a < CCD,(G). Let W = U|JH'. Then W C L¥. Therefore 7(W) A [GCV W] Aa <
Vyeaom [GC V] by Lemma 3.2. And because 7(W) = 7(U) AT(H') = 7(U) A T*(H),

[GE\/W]z/\( \/A ) /\(G’ )VH (@) v\ Al )

rzeX reX Aeu
:/\((G( v\ Al ): (GAH)E\ U]
zeX AclU

and

\V cc\/vi= V [6c\/viv \/ [GE\/(vVH)

veaw) ve2) vea)

=\ @\/Viv \/ (GAH)CT\/V]

ye2) ye2)

Vo Grme\/vy,

ve2)

we have that (7(U) A7*(H)) A [(GAH)CVU]Aa <\ ypesan [(GAH)CV V). Since a < 7%(H),
this means that 7(U) A [(GAH)C VU] AN a < Vypeoun [(GAH)TV V.
Thus a < CCD.(G A H) by Lemma 3.2. The proof is completed. O

Corollary 3.7 Let (X,7) be an L-fuzzy topological spaces. Then VG € LX, CCD,(G) >
CCD.(T) AT*(G).

Theorem 3.8 Let (X, 7) be an L-fuzzy topological space. Then VG, H € LX, CCD.(GV H) >
CCD,(G)NCCD,(H).

Proof For any a € L and a < CCD,(G)ANCCD,(H), we need to prove that a < CCD,(GV H).
Suppose any U C Lg, since a < CCD,(G) NCCD,(H), we have that a < CCD,(G) and a <
CCD,(H). According to Lemma 3.2, we can obtain that 7(U) A[GC U] Aa < \/y,coun [GC V]
and T(U) A[HC VU] A a < \yeoun [HCV V).

Moreover, we have that

A[Gé\/U]A[Ha\/u]Aag( \/ [Ga\/V])A( \/ [H&\/V]).

ye2) ve2t)

By

e\ unmENu = (A (@@v V am))a (A ( @V 4))

reX AEU zeX AeU
= A(G@v V am)a (#e)v V A@))
zeX AGZ/{ AelU

= A ((GvH)( )V \/ Az )) (v HE\ U

zeX
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and

\V cc\/vin ) HE\/ V= \ {[GE\/VIAHT\/V]}

yea) yea) vet)

=V lGvmeE\/ v,

ve2)

we have that 7(U) A [(GV H)CV U] Aa < \yeoun [(GV H)CV V).
Thus a < CCD,(GV H) by Lemma 3.2. The proof is completed. O

Theorem 3.9 Let f: X — Y be a set map, 71 be an L-fuzzy topology on X, 7 be an L-fuzzy
topology on'Y', and f : (X, ) — (Y, 2) be continuous. Then CCD,,(f;’(G)) > CCD,, (G).

Proof Va € L and a < CCD,, (G), the next step is to prove that a < CCD.,(f;’(G)). Suppose
any U C LY, let R = fi(U) = {B|B = fi (A),A€U}. Then R C LX. By a < CCD,, (G), we
have that 71 (R) A [GCV R] Aa < Vgeom) [GCV S]. Since f is continuous, 71(ff (A4)) > 72(A)
holds for all A € U, i.e., m(R) = m(ff U)) = m=(U).
By Lemma 2.4, we can obtain that
VU= A (17@ vV Aw) = A (G@v \ B@)=[6E\/R)
yey Aeu zeX BER
and

V ee\si= VA (@vVew)= V A (ZewyV ow)

Se2(R) Se2(R) zeX CeS vea) yey DeVy
=\ @\l
ve2)

This shows the following inequality is true.

2 (U) @\ UA GC\/R

Thus a < CCD,,(f;7(G)) by Lemma 3.2. The proof is completed. O

4. Measures of Lindelof property

In an L-topological space (X, T), if G € LX has the Lindeldf property [11], then it can be
understood that for every U C T, it follows that [GC\/ U] < \/yeoua[GC V V], which means
that [[GC VU] < Vyeow[GCV V] =T, for any U C T.

For U C T we have xy7(U) = T, where x7(A) = T, when A € T; x7(4) = L, when A ¢ T.

Thus, the following results can be obtained.

G € L has Lindelof property < x7(U) < [[GC VU] < Vyeow [GCV V], VU C T.

In this way, we can very naturally introduce the definition of degree of G with Lindelof
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property as follows:

Definition 4.1 Let (X, 7) be an L-fuzzy topological space and G € LX. Then

Lrp(G) = A [re<[ce\Vui< \ eg\/v]]
%

UCLX e2lu]
= A ( A T(4) ( A (G’(z)\/ \/ A(x)) =V A (G’(x)\/ \/ A(a:))))
UCLX Aeu rzeX AeU vealul zeX Aey

is called the degree to which G has the Lindel6f property with respect to 7.
Obviously, G has Lindeldf property in L-topological space T if and only if LPD, . (G) =T.

Analogous to countable compactness degree, we have the following results.

Lemma 4.2 Let (X,7) be an L-fuzzy topological space and G € L*. Then a < LPD,(G) if
and only if for any U C L,

rU)n[GE\ U Aa< \/ [GE\/ V] (4.1)

yealu]

Theorem 4.3 Let (X,7) be an L-fuzzy topological space and G € L*. Then

LPDT(G):\/{aeL:T(L{)/\[GG\/U]/\ag \/ [GE\/ V] foranyugLX}. (4.2)

veall

Theorem 4.4 Let (X,7) be an L-fuzzy topological space and G € LX. Then

LrD,(@) = N\ (Arr A (C@vV A@) = V A (C@v )V 4w))

UCLX AeUu reX AelU vealul zeX AcV
= A [T(U)A[Ga\/mg \V [Gﬁ\/V]].
UCLX yvealu]

Theorem 4.5 Let (X, 7) be an L-fuzzy topological space. Then VG, H € LX, LPD,.(GAH) >
LPD,(G)ANT*(H).

Corollary 4.6 Let (X,7) be an L-fuzzy topological space. Then VG € LX, LPD.(G) >
LPD,(T) A7*(G).

Theorem 4.7 Let (X, 7) be an L-fuzzy topological space. Then VG, H € LX, LPD,(GV H) >
LPD.(G) A LPD,(H).

Theorem 4.8 Let (X,7) be an L-fuzzy topological space and G € L*. Then LPD,(G) A
CCD-(G) < CD-(G).

Proof For any a € L and a < LPD,(G) A CCD,(G), we need to prove that a < CD.(G).
Suppose any U C L¥X, since a < LPD,(G) A CCD,(G), we have that « < LPD,(G) and
a < CCD.(G). Thus 7(U) A [GE VU] Aa < \yeoun [GC V] by Lemma 4.2. For any V € 2,
V C L. Therefore 7(U) < 7(V) and 7(V) A [GCV V] Aa < \/yycomm [GC VW] by Lemma 3.2.



Measures of countable compactness and the Lindelof property in L-fuzzy topological spaces 349

Further, we have the following results

T(U)/\[G&\/U]/\agT(U)/\ \/ [G&\/V]/\ag \/ (T(V)/\[G&\/V]/\a)
] ]

vealu vealt
<V (V ec\ym< V (V ee\yw)
vealul weav) vealul wea)
<\ ec\ywi= V [Gc\/ V.
we2) yea)

This implies (7(U) A a) < ([GC VU] = Vyeoun [GC V) for any U C L¥ by the properties of
implication operation —.

Further, we have a < 7(U) — ([GC VU] = Vyeoun [GC \ V]) for any U C L~

Thus a < CD,(G). The proof is completed. [J

Corollary 4.9 Let (X,7) be an L-fuzzy topological space and G € LX. Then LPD,(G) A
CCD,(G) < LPD,(G) ACD.(G).
The proposition can be regarded as the multi-value generalization of the result “if G has

the Lindelof property, then G is compact if and only if it is countably compact”.
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