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1. Introduction

Because of the important role of Hopf algebras in the theory of quantum groups and related
notions in mathematical physics, along with the deepening of the research, the meanings of some
weaker concepts within Hopf-algebra theory have come under closer attention and are becoming
better understood. A well-known example is the weak Hopf algebra, which was introduced in
[4] in studying the non-invertible solution of the Yang-Baxter Equation based on this class of
bialgebras [5]. Because of the importance of the Yang-Baxter Equation in theoretical physics,
its solution is a keystone in research. The theory of singular solutions extends largely the scope
of research fields. In another aspect, there is a tight relationship between weak Hopf algebras
and regular monoids; for example, a semigroup algebra is a weak Hopf algebra if and only if the
semigroup is a regular monoid. Obviously, it is necessary to find more non-trivial weak Hopf
algebras to study these two aspects deeply.

Since the concept of weak Hopf algebras was introduced in [4], one has only two ways to pro-
duce examples, through semigroup algebras of regular monoids (in particular, Clifford monoids)
and the weak quantum algebras wsl,(2) and vsl,;(2) (see [7]). The term “weak Hopf algebra” was
also used as another generalization of Hopf algebras in [1], [2] and [8] where comultiplication is
no longer required to preserve the unit (equivalently, the counit is not required to be an algebra
homomorphism). We must point out that these two generalizations are completely distinct as
the only common subclass just consists of Hopf algebras [4]. The initial motivation of the latter

was its connection with the theory of algebra extensions.
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Semilattice graded weak Hopf algebras were introduced in [6] and a singular solution of the
quantum Yang-Baxter equation has been obtained by the quantum G-double. It is well known
that an H-extension A C B is an H-cleft [3] if and only if B & A#,H. Our focus here is to give
a decomposition of a Clifford monoid algebra into the semilattice direct sum of crossed products,

and generalize the crossed-product result to the G-crossed product with the H-G-cleft extension.

2. Preliminary

We wish to characterize the G-crossed product B = @, oy (Aa#sHa) as a special type of
extension A C B with A = @

first need some definitions.

acy Aa, termed the semilattice graded algebra. To do this, we

Definition 2.1 ([6]) A weak Hopf algebra H with weak antipode T is called a semilattice graded
weak Hopf algebra if H = €D
of H with antipodes T |y, for all o € Y and there are Hopf-algebra homomorphisms ¢ g from
H, to Hg if a3 = 3, such that for any a € H, and b € Hg, the multiplication a *xb in H can be
given by a * b = ¢ ap(a)ps,.as(b).

Similarly to the discussion on semilattice graded weak Hopf algebras, we obtain the following

acy Ha is a semilattice grading sum where H,, are Hopf subalgebras

results for semilattice graded algebras A:
(1) {1a,}aey C C(A), the center of A;

(2) A is a semilattice graded algebra if and only if A = @
any o, 5 €Y.

acY Aa and AaA,g - Aaﬂ for

Definition 2.2 Let H = @,y Ha be a semilattice graded weak Hopf algebra and A =
Doy Aa be asemilattice graded algebra with the same semilattice Y. Then B = @, oy (Aa#o Ha)
is called a G-crossed product if it satisfies:

(1) There is a k-linear map H ® A — A, given by h ® a — h - a, such that for any h € H,,
a€ A, b€ Ay ha€ Aag, h-la, =e(h)la,, and h-(ab) =3 ;) (h"-a)(h"-b) € AapAay € Aapy,
and a map o from H ® H to A which satisfies o(h, k) € Anp for any h € H, and k € Hpg;

(2) For any a € Y, H, measures A, and o|p_gm, Is an (convolution) invertible map from
H,® H, to A,;

(3) For any a €Y, A, is a twisted H,-module and o|p_ g, is a cocycle.

Definition 2.3 Let A = @, .y Aa C B = @,y Ba be semilattice graded k-algebras and
H =@,y Ha a semilattice graded weak Hopf algebra with the same semilattice Y.

(1) A C B isa (right) H-G-extension if B is a right H-comodule algebra with p : B — B H
such that B, is a right H,-comodule algebra with p|p., = pa : Bo = Ba ® H,, and BgOHa = A,
for any a € Y.

(2) The H-G-extension A C B is an H-G-cleft if there exists a right H-comodule graded map
v : H — B which is regular (convolution) invertible with y~' : H — B satisfies: v(H,) C Bq
and vo = Y|u, : Ho — Ba is an invertible right H,-comodule map with inverse y;' =~ 1|y. .
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3. G-cleft extension
The main result of this section is the following;:

Theorem 3.1 An H-G-extension A = @ .y Ao C B = D,y Ba with the same semilattice
Y is an H-G-cleft <& B= @,y (AattoHa).

The theorem follows from the next two propositions.

Proposition 3.2 Let A C B be a right H-G-extension, which is an H-G-cleft via~y: H — B
such that v(1y,) = 1p, for any a € Y and (1) = 1. Then there is a crossed product action of
H on A and H,, on A, for any a € Y, which is given by:

ha—Zv “Yn"y forall ac A, he H
(h)

and a convolution regular invertible map o : H ® H — A which is given by:

o(h,k)= > y(h)y(K)y " (W'K") forall hk € H.
(h),(k)
Moreover, o satisfies o|p_ gm., = 0o is invertible for any a € Y. This action and cocycle o,
give B, the structure of an H,-crossed product over A, for any o € Y and give the structure
of an H-crossed product over A. Moreover, the semilattice graded algebra isomorphism & :
P.cy(Aa#sHy) = B =@,y Ba given by a#th — ay(h) is both a left A-module and right H-
comodule map, where @, oy (Aa#oHa) is a left A-module via a-(b#h) = (a#1y,, )(b#h) for any
a € Ay and b#h € Ap#,Hg, P, cy (Aa#tHy) is a right H-comodule via a#th — Z(h) a#h’' @h".

We require a technical lemma.

Lemma 3.3 Assume that A C B is a right H-G-extension via p: B — B® H and that A C B
is an H-G-cleft via v with v(1y,_) = 1p,, for any o € Y. Then:

(1) poy t=(v"'@T)oTol;

(2) Forany b€ Bo, >, by~ (V) € Ay = B«

1

Proof (1) First observe that po~~! is the regular inverse of poy = (y ® id) o A. Because p is

an algebra map, we can get

(pory ) x(por)*(pory™t)=po(y T eyxy ) =pory~!

-1

(po)*(por™t)x(poy) =po(y*r tx7)=poy

1 1

that is, poy~! is a regular inverse of p o~y. Moreover, po~y~t|g. = p, oy~ ! is the inverse of
POV HL = PaoVa = (Ya@id)oA. Let 0 = (y ' ®@T)oToA and by = 0|, = (75 ®Sla)oT0 A

with S, = T|g,, the antipode of H,, for any a € Y. Because, for any h € H,,

((Pa ©7a) *0a) (ha) = D (pa 0 7a) (W)0a(h”) =Y (e ®Id)A(R) (75" @ Sa) o 7 0 A(R")
(h) (h)

_ Z f)/a ® h// —1(h(4)) ® S, h/// Z,y h/ h(4)) ® h//Sa(h///)
(h)
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_ Z,ya h///) ®E(h” 1H _ Z,ya 1(h//) ® 1Ha
(h)

(h’)]‘Ba ® lHa7
0, is a right inverse of p, © e, and 5o 0, = p, 0¥, by uniqueness of the inverse. Moreover,
pory)xbx(poy)=poy, @x(pory)*0 =0 since for nay h € H, with a €Y,

0 0 0 =0 si f h € H, with Y

(por) 0% (po)(h) = (poy)(R)O(R")(pov)(h")
(h)
=Y ((y@id)o A)(I) (v @T) om0 A)A")((y ®id) o A)(h")

= (y(') @ K") ("1 (BW) @ T(h"))(v(h®) @ h(®)
= AWy BV (D) @ KT (R )R

=S " AWK, @ e(ha)ly, h™® = Zv @1 = (por)(h).
(R)
Similarly, 6 * (p o y) * @ = 0; that is, 6 is a regular inverse of p o v such that 6, = p, o5 !.
Hence, poy ! =0=(y"1@T)oT0A.
(2) For any b € B,,

Zbo)v’l ") Zp b (poy H(H) =D p ) (v @T) 070 A)V)
®
—Zp BO) (4 b")@T(b’))f2<b<°>®b’><vf1<b’”>®T<b”>>
® ®

— Z b(O),yfl(b///) ® b/T(b//) — Zb(O),Yfl(b//) ® E(b/)lH
(©) (b)
= Z by @ 14,
(©)
That is, 3, b©y 71 (V') € BLH = A, D
This lemma enables us to define an inverse to ®. Namely, define
U:B— P (Aa#oHa) by b Y b0y~ (1) 4.
acY (b)
Proof of Proposition 3.2 (1) h-a is a module action.

For any h € Hy, a € Ag = BEOHﬁ,

plh-a) = p(>_ (W )ay ' (h")) =D (poy)(W)pla)(poyt)(R")
0 B
=> ((y®@id) o A) (W) (a @ 1a,) (Y @T) o 70 A)(h")
B
= () @h") (@@ 1a,)(y (") @ T(h™)
B

= ny h(4)) @Ry h/// 27 h///) ® €(h”)1H 1,
(h)
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=S W)y (W) @ 1, = hea®ln,,.

As h € H,, v(h'),v (k') € B, and a € Ag, we have h-a = IRIL Nay=t(n") €
BaAsBa C Bag, then, p(h-a) =h-a®1p,, € Bap ® Hag, that is h-a € By ™ = Au5 C A.
Obviously, for any h € H, and a € A,, h-a € A,. Moreover, H, measures Aa for any o € Y.

(i) For any a € By, b€ Bg and h € H,,

Z (R Yaby(h")

Z(h )R - b) Z’Y h// (h///)b,yfl(h(él)) — ZV(h/)aé‘(h”)leb’Yil(h”,)
(r) (h)

—Z’y Jalp, by '(h") = Z’y Yaby () = h - (ab).

(ii) For any h € Hy with a €Y,

hla, = Z”y VLay ) = Y (W) (R a, = e(h)1p,1a, = e(h)1a,,.
()

Hence, h- 14, = E(h)lAa and h-14 =¢e(h)l4, forany a €Y.
(iii) For any a € Ag with S €Y,

lHa ca = ’y(lHQ)a’y_l(lHa) = 1Baa13a = alBa.

Hence, 1y -a =~(1g)ay ' (1g) =a and 1y, -a = alp, = a.

Finally, we want to prove that & - (k- a) = >, ) o (B, k') (R"E" - a)o~L(h" k") for any
h € H,, k € Hz and a € A, if we define o~ (h, k) = o).k V(W ENY~EHE")y L (R).

We say that o1 is a regular inverse of o. Because, for any h € H,, and k € Hg,

(cxo ) (hEk)= Y ol K)o (W k")
(h),(k)
= > W)y RE A (RE )y (R )y (h)
(h),(k)
= Y AW (Ee(h (R ) g,y (K" )y (B")
(h),(k)
= Y AWKy K )y (W),
(h),(k)
=> y(W)e(k)1p,y (W) 1p,, = e(h)e(k)1p, 15,15, = e(h)e(k)1p,,.
(h)
Hence,
(cxo txo)(h k) = Z (oxo D, K)o (b k") = Z e(he(K')1p, (B )y (K" )y~ (B"K")
(h),(k) (h), (k)

= > g AWK )RR = Y W)y (K )y (WEY) = o (h, k);
Rk (R,
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1 1 1

that is 0 * 07! * 0 = ¢. Similarly, we obtain 0! * 0 x =1 = 0~!. Moreover, if a = 3, that is
h,k € H, for some « € Y, then obviously, 0,' = 07| g emu, is the inverse of o, = o|m, ., -

Thus we have
he(k-a)=h- Zv YED) = > AWy (R ay T Ry ()
(h),(k)

and

Z U(h/, k/)(h//k// . a)(f_l(hm, k///)
(h),(k)
>y

(h),(k)

(') (K) 7
> A B K e KL, 0z (K" 1,y (D) (D)
(W) (k)
() (K)

/7_1(h”k”)’}/(hmkm)a’y_l(h(4)k‘(4))’}/(h 5) ]6 ) _1(k(6))’y_1(h(6))

(
(

h(k)

>y MKW ) 1B,
h)(k)

>y Nay ™t (E")yH(R”)
(k)

as y(h'),y~1(h") € Ba and y(K"), 7' (k") € Bg; that is, y(h)y(k"), v~ (K")y~ (k") € Bag.
(2) ol oH, = 04 is a cocycle.
For any h € H, and k € Hg with a, 8 € Y,

plo(h k) = p( S AWK REY) = 3 (poy) (W) (poN)(K)(por ) (H'k")
(h), (k) (h),(k)
= D (1))@ (W) ((K)) @ K)oy ) (")) @ T((h") ("))
(h),(F)
_ Z ,Y(h/),y(k/),y—l(h(zl)k@))®h//k//T(h///k///)
(h), (k)
—1(h/l/k_l//) 5(h//k”)1H ;

Z _1(h//k//)®1Hﬁ :g-(th)@lHQﬂ_
(h),(k

Because o (h, k) = > 1,) ) V(R )y(K )y~ (h'K") and y(h') € Ba, v(k') € Bg, v (W'K") €
B.g, we have O’(h,k) S BaBgBag C B,g; that is, p(U(h,k)) = U(h,k) ® ]‘Haﬁ € Bag ® Hag,
thus o(h, k) € BS% " = Aas C A. Obviously, if h,k € Hy for some a € Y, o(h, k) € Aq.

Moreover,

]-Ha,k Z’y ]-H 1(]‘Hak”)'

Hence, if k € H,, we have o(1g_,k) = e(k)1p, and o(1g,k) = e(k)1p,. Similarly, o(h,1u,) =
e(h)1p, and o(h,1y) =e(h)lp, for any h € H,. Additionally,

ol 1m,) = YA )vQu)y A lu,) = 15,
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Next, we need to prove that } -,y ) ()[R -o(K',m)]o (K", K"'m") = 32y 4y o (B K)o (R"E",m)
for any h € H,, k € Hg and m € H, with o, 8,7 € Y. We develop the left- and right-hand sides

separately:

Left = > (W) (y(K)y(m )y (B'm")y = (W )y (R )y (R m )y~ (B RS m @)
(1).(R).(m)

z
= 217
S

V(h/)v(k/)’y(m')'y_l(k”m”)a(h”)1Ba7(k’”m’”)'y_1(h"’k(4)m(4))

A YR Yy Yy~ Ky )y~ (O m ) 1,

= Y AR )= YL,y R ),
= Y AW NE ) )y R E M), 15,
= > AW E ) )y R M),
= D AWK )y m )y R R m");

Right = Y 4(W)y () (WK )y (0K )y (m )y (R RS m)
=Y AR L Ay
= Y AN B,

- V(W )y (K )y (m )y~ (K "m"),
(1), (R (

&

2

as y(I') € Ba, v(k') € Bg, y(m’) € B, and v~} (h"k"m") € Bug..
We can then state that for any a € Y, g, is a cocycle.

From (1) and (2) we obtain A,#,H, is an associative algebra with identity element
la,#1g, for any o € Y. Moreover, A#,H is an associative algebra without identity because
for any a € Ay,, b€ Ay, and c € Ay, h € Hg,, g € Hg, and k € Hg,,

((a#h)(b#g))(c#k) = ( Z Cl(h/ . b)U(hN,g/)#h’”g'/)(c#k)

(R),(9)

— Z a(h’ . b)o(h//7g/)((h///g”)/ . C)U((h///g//)//7 k/)#(hmg”)mk”
(R),(9),(k)

= Z a(h' . b)J(h//7g/)((h///gN) . C)U(h(4)g///7 k/)#h(5)g(4)k,,
(h),(9):(k)

= Z a(h’ . b)a(h//,g/)(h”/ . (g// . C))U(h(4)g//', k/)#h(5)g(4)k,/
(h),(9),(k)
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(a#th)((b#49)(c#k)) = (a#th)( Z b(g - c)olg”, k') #g" k")
(9),(k)
= Z a(h’ . (b(g/ . 0)0(91/7 k ))U(h",g///k")#h//’g(4)k/"
(h),(9),(k)
= Z a(h’ . b(gl . C))(h” ) U(g”, k/))U(hm,gll/k//)#h(4)g(4)k"/
(h),(9),(k)
a(h’ . b(g’ . c))a(h”g")a(h”’g”’, k/)#h(4)g(4) k"

a(l D" (g - o (", g")a (g™ k)4 g k"

= Z a(h - b)a (", ") (h"'g") - o™ (B, g")a (W), g D)o (WD g, k)4 g Ok
= > alW (", g)(("g") - )e(hD)e(g") 1,0 (g, K3 g k"

= a(h' - b)a(h",g)(W"g") - )1p,,0 (W g" K )% gDk

_ Z a(h’ . b)U(h”,g’)(h”’ . (g// . c))a(h(zi)g///7 k_/)#h(5)g(4)k//
(h),(9)(k)
= ((a#th)(b#g))(c#k).
However, 1#1 is not the identity of A#,H; hence, A#,H is an associative algebra without
identity and @,y (Aa#osHa) is a sub-algebra of A#,H
Next we show that
O : (P(Aa#oHa) = B=ED Ba by adth ay(h)
acY acY
and
U:B=) Ba— @ (Aa#oHa) by b > 0Oy (V) #
agY aeY (b)
are mutual inverses. First, if b € B, for some o € Y, then ®W(b) = ®(3_,, bO =1 (1) #b") =
Sy b)) = 35 b V(W) 1p, = blp, = b. Next, choose a#h € Aa#qH, for any
a €Y, then
Ud(a#th) = U(ay(h) = > (av(h) Oy ((ay(h))#(av(h)"
(ay(h))

= > a9 ) Oy d v (R) ) #a Y (R)"
(a).(h)

= ZCW YLy (h))# 1, ()" (since p(a) = a® 1)
(h)
=Y ay(h) (7(h)")#~v(h)" (since y(h) € Bo and y(h)’,y(h)" € Ha)

(h)

= a(}_ v (MO (v (R )#(R)") (since pory = (y®id) 0 A)
(h)
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=a(d (W) R#N") = a(d_e(h)1p, #h') = alp, #h = adth.
(R) (R)
Thus ¥ = &1
Moreover, ¢ is a semilattice graded algebra map. Specifically, for any a#h € A,#oH,
and b#k € Ap#,Hp with o, € Y, and also h € H,, W ,h",h"" € H, and b/ - b € Aug,
o(h", k') € Aap, we have (a#h)(b#k) = Z(h),(k) a(h' - b)o(h", K)#h"kK" € Anp#Hap; that is,
(AQ#UHQ)(AB#UHﬁ) C Aa,@#aHa[;?~ Therefore,
O((a#h)(b#k)) = B( D> a(h-b)a(h", K)V#R"E") = > a(h’-b)o (R, K )y(h"'K")
(h),(k) (h),(k)

= 3 e (R )y IR ()
(h),(k)

_ Z CW bE h// 1B ,y(k/),yfl(h///k//),y(h(zl)k///)

(h),(k)
= Z ay(h)blp, y(K)e(hk")1p,,
h

= ay(h)by(k)lB,, (since ay(h)by(k) € BoBg C Bag)
= ay(h)by(k) = ®(a#th) D (b#k).
Obviously, ®(Aa#sHa) C By for any a € Y. Thus B = @, oy (Aa#oHea) as semilattice
graded algebras.
Also, @ is a left A-module map. For any a € A,, b € Ag, and c#h € A,#,H,, then

obviously

a-(b-(c#h)) = (a#lu,)(b#1m,)(c#h)) = (a#1n,)(b#1m,))(c#h)

= (a(lg, -b)o(Lu,, 1u,)#1u, 1u,)(c#h)

= (ablp,,#1n,,)(c#h) = (ab) - (c#h)
and

1- (c#h) = (141)(c#h) = c#h.
Hence, @,y (Aa#oHa,) is an A-module. Moreover, for any a € A, and b#h € Ag#Hg with
a,BeY,
a- (®(b#h)) = a- (by(h)) = aby(h)
and
O(a- (b#h)) = D((a#1n,)(b#h) = (Y a(ly, - b)o(lu,, h)#1n,0")
(h)

=0 aby(h)y ' Ag ) #La, b)) = aby(W)y ™ (L, b )y (L, B
(h) (h)
= aby(h)e(lm,h")1p,, = aby(h)ls,, = aby(h) = a - (b#h).
(h)



G-cleft extension of semilattice graded weak Hopf algebra 377

It is also a right H-comodule map, since for any a € A,, h € H, with a €Y,

p(®(a#h)) = play(h)) = p(a)(po)(h) = (a®1p,) Z ~(h') @ h'")

= Z ay(h )@ h'ly, = Z ay(h)@ b = Z O (ath’) @ "’
(h) (h)
= (<I> ®1id) o (id ® A)(a#h).

This completes the proof of the Proposition 3.2. J

Proposition 3.4 Let @ .y (Aa#sHa) be a G-crossed product, and define the map v : H —
P.cy (Aa#sHy) by y(h) = 14,#h for any h € H, with o € Y. Then v is convolution regular

invertible with regular inverse
ngl h// h///)#T( )
(h)

and for any o € Y, v|p, is invertible in Hom(H,, Aq#Hy) with inverse v~y . In particular
A=P, cy Aa C P,cy (Aa#oHy) is an H-G-cleft.

Proof Set pu(h) =3 o YT ("), ")#T(h'). Then it is straightforward to verify that u is a

regular inverse for . For any h € H,,
(1 7)( Zu y(h") =Y (o (T ("), ") #T (W) (La, #h )
(h)
= Zo T(D), BONT(R") - 1a,)o(T(R"), W) #T (W )R

= Za_ T(h, KON (T (W ))1a, o (T(R"), hOY#T (W YT

_ Zo_ h/// 4))U(T(h//), h(S))#T(h/)h(G)
(h)

= " e(T(h"))e(K")La, #T(h)hY = 14, #T(h)0"
(h)
=1a,#e(h)lgy, =e(h)(1a,#1m,)

and
(s p)(h) =Y () (W)u(h") =Y e(h)(La, #1u,) (@ (T(R"), ) H#T (W)
(h) (h)
= Zg(h’)lAa(lHQ o YT (W), KON e (1, , T(R"))#1 g, T(h")

=> o HT(W"), KD)e(T (") 1a, # => o NI ("), K" )#T (W)
(h) (h)

that is, p* v * p = p. Similarly, we can get v px vy = 1.
Obviously, (ulu, *v|m.)(h) = e(h)la, #1u, and (V[u, * plu,)(h) = e(h)la, #1n,; thus
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|, is the inverse of v, = 7|, , and hence p is uniquely defined. Therefore, A = @ v Aa C

Pocy (Aa#sHy) is an H-G-cleft. [

acY

Corollary 3.5 Let A= @,y Aa be a semilattice graded algebra, H = P,y Ho a semilattice
graded weak Hopf algebra and @, .y (Aa#oHa) a G-crossed product. Then @, oy (Aa#oHa) =
P.cy(Ha ® Ay) as right A-modules, provided that the weak antipode T' of H is bijective.

Proof We know that v: H — @, cy (Aa#oHa) via h — 14, #h forany h € H, witha € Yisa
regular invertible right H-comodule map with regular inverse y~! such that yxy~1(h) = 14,_¢e(h)
for any h € H,; that is v x v~ Y|z, = 7 oe, where the comodule structure maps for H and
Docy (Aat#oHy) are given by A and by p =id ® A.

Because

(Y1) = (id @ A)(La, #h) = Lo, #A(R) = 3 L #h @ b
(h)

and
(y®@id)o A(h) = > (y®id)(h' @ h") = Z'y (W) @h" =Y 14, #W @ h",
() (h)

we have poy = (y®id) o A. Then, 7 is a right H-comodule map.

1

Let T denote the (composition) inverse of 7" and set u = vy~ o T. Note that u is regular

invertible under twist convolution with regular inverse i = v oT. For any h € H,, we have

(YoT)x (v ' oT)(h) = (yoT)(W)(y ' o T)(R") => (T (T(h'"))
= 7(}2 v HT(h) = €(T(h))1Aa#1(Z =e(h)la, #1m,
and
(Y oT)x(voT)(h) =D (v o D)) (yo T)(H") =D v (T(W)y(T(h"))
_ ((z)—l 1) (T(h)) = e(T(h))1Aa7¢Z)Ha = e(h)1a, #1, .
Hence,

(voT)x(y ' oT)x(yoT)=~o0T and (y 'oT)x(yoT)x(y ' oT)=~""0T.

It follows that if B = @, cy Ba = @acy (AaFtoHa) C A#, H, then B°P is aright H°P-comodule
algebra and BgP is a right HZP-comodule algebra which is an H-G-cleft via y : H°P — B°P. Thus,
P cy(Aa®H,) is aleft A°P-module via the action: b-(a®h) = (b®@1pg,)(a®@h) for any b € Ag
anda®h € Ay ® Hy and @ ¢y (Aa @ Hy) = B = @ oy BoP as left A°P-modules, where the

isomorphism is given by

f @(Aa@;ﬂa) — BoP

acY

a® @ B > aPp(h)*? = (v~ H(T(h))a)*®.
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Because, for any b°P € Bg and a®® ® h°P € A% @ HSP with o, 5 € Y,

FOP - (a®P @ 1)) = f((b @ 137)(a™ @ h°P))
= f(z bOPQODﬂ(HOP’ )op‘ufl (1?_}35 hop//)op ® 1?}; hopm)
(h)
= Z b0paopu(hop/)opu—1 (1?}; hOP/,)Opu(l?})ﬁ hOp”’)op
(h)
= bPa(h) 15, = BPaP () = (7 (T(h))ab)”

and
b - f(a®® @ h°P) = b°Pa®Pu(h)°P
Hence, f is a left A°?-module map; therefore, the map a : @, ¢y (Ho ® An) = B = D ey Ba
given by h ® a — v~ 1(T(h))a, is an isomorphism of right A-module. [J
Next, we consider the G-crossed product in the special case when o is trivial (that is, we

have a smash product). A#H = ®a,ﬁ€Y An#Hp is an associative algebra with identity 1#1.
For any a#h € A #Hp with o, 8 € Y, we have

(1#1)(a#th) = 1(1 - a)#1h = a#th
(a#th)(1#1) = > a(h' - D#R'1 = ac(W)1#h" = a#h.
(h) (h)

Moreover, we actually have

A#H = P Ac#Hp= P (1#Hs)(Aa#l) via afth — (14h)(a#1) = Y (W - a)#h".

a,BEY a,feEY (h)

Hence, the corollary for a smash product is very easy as then y~1(h) = 14, #7T(h), and therefore

a: @ (Ha® As) » B=EP Ba via h@a s (1a,#h)(a#1n,), h®ac Ay @ H,
acY agcY

is an A-module isomorphism with inverse

B:B = P (Ho® Ag) via agth = Y 1" @ (T(K) - a), a#th € Aa#H,

acY (h)
because
(o B)(atth) = a(d K" @ (T(N)-a)) => (1a,#h")(T(K)a#ln,)
(h) (h)
_ Z 1A h// T ) h/// Z 1A h//T a#h’”
(h) (h)
=3 1a, (e(W)n, - Q)R = La,afte()D" = atth
(h)
and

(Boa)(h@a) = B((La, #h)(a#1m,)) = B 1a, (b - a)#h"1p,)
(h)
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=B (W -a)#h1g,) =Y 1" @TH")- (I -a)
(h) (h)
=> W' @MW) -a)=> K@)y, -a
(h) (h)
= Za(h')h” ®a=h®a;
(h)
that is; o f =id and foa =id. O

Obviously, we can get the following result:

Corollary 3.6 Let kS = @,y kG be a Clifford monoid, H = @,y
weak Hopf algebra and @, .y (kGa#sHa) a G-crossed product. Then @,y (kGo#oHa) =
D ey (Ha ® kGy) as right kS-modules, provided that the weak antipode T of H is bijective.

H, a semilattice graded

Acknowledgements We thank the referees for their time and comments.

References

[1] G. BOHM, F. NILL, K. SZLACHANYI. Weak Hopf Algebra. J. Algebra, 1999, 221: 385-483.

2] G. BOHM, K. SZLACHANYI. A Coassociative C*-Quantum group with nonintegral dimensions. Lett.
Math. Phys., 1996, 35: 437.

3] G. BOHM, T. BRZEZINSKI. Cleft Extensions of Hopf Algebroids. Appl. Categ. Structures, 2006, 14(5-6):
431-469.

[4] Fang LI. Weak Hopf algebras and some new solutions of quantum Yang-Baxter equation. J. Algebra, 1998,

208(1): 72-100.

Fang LI. Weaker Structures of Hopf Algebras and Singular Solutions of Yang-Baxter Equation. Symposium

on the Frontiers of Physics at Millennium (Beijing, 1999), 143-147, World Sci. Publ., River Edge, NJ, 2001.

Fang LI, Haijun CAO. Semilattice graded weak Hopf algebra and its related quantum G-double. J. Math.

Phys., 2005, 46(8): 1-17.

Fang LI, S. DUPLIJ. Weak Hopf algebras and singular solutions of quantum Yang-Baxter equation. Comm.

Math. Phys., 2002, 225(1): 191-217.

K. SZLACHANYI. Weak Hopf Algebras. In Operator Algebras and Quantum Field Theory. International

Press. 1996.

[5

6

[7

8



