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On Global Dimensions of A,-Type Finite
Dimensional Algebras
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Abstract A technique is provided to explicitly describe global dimensions of all A,-type
finite dimensional k-algebras for k an algebraic closed field. All possible global dimensions of
all A, -type finite dimensional algebras are explicitly presented. In particular, it is pointed out
that the maximum is n — 1, and the minimum is 1 for n > 1.
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1. Introduction

Let k be an algebraically closed field, A a finite dimension k-algebra. All modules are finite
dimensional left A-modules. The supremum of the projective dimension of all A-modules, or
equivalently, of all simple A-modules, is called the global dimension of algebra A, and denoted
by gl.dim.A (see [1]).

It is known that global dimensions of semi-simple algebras are zero, of hereditary algebras are
one, of tilting algebras as well as quasi-tilted algebras are at most two, while those of self-injective
algebras except semi-simple ones are infinite [2-5]. Some attractive issues of representation theory
of algebras such as representation dimensions of finite dimensional algebras, the finitistic global
dimension conjecture for Artin algebras are all connected with global dimensions of corresponding
algebras [6-9]. So to find global dimensions of algebras of the particular type is worthwhile and
interesting.

A finite dimension k-algebra A is called basic provided A/rad A is a product of copies of
k. It is known that, given a finite dimensional k-algebra A, it is Morita equivalent to a basic
algebra A’ and A’ is isomorphic to kA/{p) for some finite quiver A and an admissible ideal (p)
of kA (see [3-5]).

Therefore to know the global dimension of a given finite dimensional k-algebra is just to
know the global dimension of some basic algebra by Morita equivalent theory, furthermore just
to know the global dimension of some algebra kA /(p) with A a quiver, kA the path algebra of
A, (p) an admissible ideal of kA. Thus using quiver methods to determine global dimensions of

some particular algebras seems feasible and valuable.
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In this paper we aim to describe global dimensions of all A,-type finite dimensional k-
algebras inspired by the above observation. A quiver is called A, -type if its underlying graph is

of the form

1 2 n—1

n.

Given an A,-type quiver A with relations, first we need to classify these relations on A. By
special structure of the quiver A, any relations on quiver A are of the form oja;_1 - 10y
with ¢ < j or ¢ > j. Given an ideal (p) generated by relations p; of A, we consider its minimal
generators p;,¢ € I. That means each p; cannot be generated by others p; with j # i, € I.
This can be done since A is a finite quiver without oriented cycles, and relations {p;} of A are

finite sets.

Definition 1.1 If two relations p; and ps on A have py = pp1, p2 = pep with p, p1, p2 non-trivial
paths of A, we say that py is successive to ps. If py is successive to ps, we denote it by p1 ~ po.

If p1 ~ p2, we say p; is successive with p; each other for i =1,2.

Definition 1.2 A set T' of relations {p;|i € I} on A is named to be successive if there exists a
well order on I such that any p;,i € I is successive to its direct successor. A relation set T on
A is called ultimately successive if T' is a successive set on A which is not properly contained in

other successive relation sets on A.

Definition 1.3 A successive set T' of relations {p;|i € I} on A is called perfectly successive if we
can arrange subscripts of all elements of T as1 <2 <3 < ---m — 1 < m, subject to p; ~ pjt+1
forj=1,...,m—1, and if pj = a(y; j) - Q@)1 for j =1,2,...,m — 2, then there exists
a non-trivial path starting from o, j)41 such that it is contained in the ideal generated by T
where oy, j)+1 Is the directly successive arrow of a(y; ;) appearing in pji1. A relation set T' on
A is called ultimately perfectly successive if T' is a perfectly successive set on A which is not

properly contained in other perfectly successive relation sets on A.

Lemma 1.4 Minimal generators {p;|i € I} of the ideal {p) consisting of relations on A can be
divided into finitely ultimately successive subsets Ry, Ra, ..., Ry, of {p;|i € I} that are mutually
disjoint.

We can choose R; from R;, one of longest ultimately perfectly successive subsets of R;, for
i=1,2...,m. Denote the cardinal number of the set R; by |R;|.

Theorem 1.5 If A is an A,-type finite dimensional k-algebra that is Morita equivalent to
kA/{p) with A being an A,-type quiver and (p) an admissible ideal of kA. Then the global
dimension of A is the maximal of {|R;| + 1,i € I} where R;,i € I are all ultimately perfectly
successive relation subsets of minimal generators {p;|i € I} of the ideal {p) consisting of relations
on A.

Example 1.6 Let A be the quiver

1A g @2 g W, M g By
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If (p) is an ideal of kA generated by azaaay, aqazas, asagas, then T = {agasan, agaszas, azasas}
is a successive set, but is not a perfectly successive set since there is no non-trivial path starting
from a4 that can be generated by T. T = {asagaq, asazas} is one of longest ultimately perfectly
successive subsets of T', |T| = 2, so the global dimension of kA/(p) is 2+ 1 = 3 by Theorem 1.5.

If (p) is an ideal of kA generated by asaq, agas, asas, then T = {asaq, agas, agas} is an
ultimately perfectly successive set, |T'| = 3, so the global dimension of kA/{p) is 3+ 1 = 4 by
Theorem 1.5.

Corollary 1.7 {1,2,...,n — 1} are exactly all global dimensions of A,-type finite dimensional
k-algebras for n > 1. So the maximal global dimension of A, -type finite dimension algebras is

n — 1, and the minimum is 1.

2. Proof of the main theorem

A quiver A = (A, A1, s,e) is given by two sets Ag,A; and two maps s,e : Ay — Ag;
A, A; are respectively called the set of vertices and the sets of arrows of A, s(a) and e(a) are
respectively called the head and the tail of & € Aj. A path p in A of length [ means a sequence
of arrows p = ay - - - a7 with e(a;) = s(;41) for 1 <i <1—1. Set s(p) = s(a1), e(p) = e(y) and
l(p) = I, which are called the head, the tail and the length of p respectively. A vertex i € Ag is
regarded as a path of length 0 and is denoted by e;. For any field k& and any quiver A, let kA be
the k-space with basis the set of all finite length paths in A. For any two paths p = - - p
and ¢ = B, -+ 01 in A, define the multiplication

_{ B Biam a1, ife(p) = s(q),
qp =

0, otherwise.

Then kA becomes a k-algebra, which is called the path algebra of A. In kA, we denote by kAT
the ideal generated by all arrows. Note that (kA™)™ is the ideal generated by all paths of length
>n.

A relation o on a quiver A over a field k is a k-linear combination of paths ¢ = a1p; +
<o+ app, with a; € k and e(p1) = -+ = e(py) and s(p1) = -+ = s(pn). If p = {ot}ter is a
set of relations on A over k, the pair (A, p) is called a quiver with relations over k. Associated
with (A, p) is the k-algebra k(A,p) = kA/(p), where (p) denotes the ideal in kA generated
by the set of relations p. An ideal (p) of kA generated by the set of relations p in kA with
(kAT)™ C (p) C (kAT)? for some n > 2 is called an admissible ideal of KA.

Lemma 2.1 Minimal generators {p;|i € I} of the ideal {p) consisting of relations on A can be
divided into finitely ultimately successive subsets Ry, Ra, ..., Ry, of {p;|i € I} that are mutually
disjoint.

Proof The proof is given by induction on |I|. If non-elements in {p;|i € I} are successive
with p1, we set Ry = {p1}. Otherwise we find all elements {p;1, ..., pit, } in {p;|¢ € I'} which are

successive with p;. Putting them together with pq, we get a set {p1, pi1, - - -, pit, }- 1f non-elements
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in {p;|i € I} are successive with {p1, pi1,. .., pit, }, we set Ry = {p1, pi1, ..., pit, }. Otherwise we
continue to find all elements in {p;|¢ € I} which are successive with {p1, pi1,- -, pit, }, and these
elements together with elements {p1, pi1, ..., pit, } constitute a bigger set than {p1, pi1, ..., pit, }-
Repeat former steps until we get a set R; whose elements are non-successive with elements in
{pili € I}/R;y. Certainly R; is an ultimately successive set. Consider the set {p;|i € I}/R1,

its cardinal number is smaller than |I|. By induction on |I| we can divide {p;|i € I}/R; into

mutually non-successive subsets Ro, ..., R,, where each R;,7 = 2,...,m is ultimately successive.
Therefore {p;|i € I} is divided into mutually non-successive sets Ri, Ra,..., R,, where each
R;,t=1,2,...,m is ultimately successive. [J

Denote by S; the i-th simple module of algebra kA/(p) corresponding to the i-th vertex of
the graph A. Denote by pro.dim.S; the projective dimension of kA/{p)-module S;.

A representation (V, f) of a quiver A over a field k is a set of vector spaces {V;|i € Ag}
together with k-linear maps f, : V; — V; for each arrow a : 4 — j. If V = (V;, fo) and
W = (W, go) are two representations, a morphism ¢ = (¢1,...,%,) : V — W is given by ¢; €
Hom(V;, W;) such that ¢;(a)fo = gats(@) : Vs(a) = Wi(a). This defines the category rep, A
of representations of A. If w = a;--- 3 is a path in A, we may denote by V,, the composition
Vay ==+ Va,. We say that V satisfies the relation p =, c,w, provided ), ¢,V = 0.

It is well known that the category of finite dimension representations of a quiver A over k
satisfying relations (p) is equivalent to the category of finite dimensional kA /{p)-modules [3,4].

So we usually investigate modules through corresponding quiver representations.

To treat with general cases with the quiver A being

; Q@ Q; Q;
2 W I i e S LN B [ (%)
we first consider the special case with the quiver I' being

Oy
1 a1 2 a2 3 n—1 Ll>n <**)

Lemma 2.2 Let {p;|i € I} be a set of relations on I' which are minimal generators of the ideal

(p) in kI', p; =, - - 4, 4104, € {pi|i € I't. Then the projective kI'/(p)-module P(iy) is

SR @) 1) -1 @) (n)
0 0 0 ek id ke id ek 0 0 0 0 0
Proof Since P(i1) = kTe;, /(p), and one basis of kI'e;, /{p) IS €5, Qiy, Qi 110y s « - +» Ciy—1 * Oy 1107 s

the assertion follows. O

Lemma 2.3 If o; does not occur in any p; of minimal generators {p;|i € I} of an ideal {p)

consisting of relations on T', then the projective dimension of kI'/{p)-simple module S; is 1.

Proof It is easy to see that o Py —>P—>S —0 is a minimal projective pre-

sentation of S;. So the projective dimension of kI'/(p)-simple module S; is 1. OJ

Lemma 2.4 If a perfectly successive relation set R; in kI' consists of p;, = «;, 1+ Q. 11Q;
m m m+ m?
Pipn1 = Qg gt O 410G ey Pi = Qg Oy 1100, with i, < igp_1 < -+ < 11, then

the projective dimension of S;, is b+ 1 for b = 1,2,...,m, respectively. While the projective
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dimension of S is 1 when j belongs to other vertexes appearing in the relation set R; except iy,
forb=1,2,...,m.

Proof For S;, with b=1,2,..., m we have a minimal projective presentation of .S;,
0—Py4-1—Py, - —PFy_—Py +—> P11 —P,—=S;, —0-
For S; with j # i, we have a minimal projective presentation of S

Therefore the projective dimension of S;, is b + 1, the projective dimension of S; is 1. O

Theorem 2.5 If A is a special A,-type finite dimensional k-algebra that is Morita equivalent
to kI'/{p) for the special A, -type quiver I" and an admissible ideal {p) of kI'. Then the global
dimension of A is the maximal of {|R;| + 1,4 € I} where R;,i € I are all ultimately perfectly
successive relation subsets of minimal generators {p;|i € I} of the ideal {p) consisting of relations

onl.

Proof Since the global dimension of kI'/(p) is max {pro.dim.S;|i = 1,2,...,n}, the theorem

follows from Lemmas 2.3 and 2.4. O

Example 2.6 Let I' be the following A7-type quiver

«©;y = o 3 @ &4 O O
1—Lso 2.9 23y o5 T8 Oy

with the following relations on I': p; = asaq, p2 = auas, p3 = agasay. Let (p) be an admissible

ideal of kI" generated by p1, p2 and ps. Then the global dimension of kI'/{p) is 3 by Theorem
2.5, since R1 = {,01}, R2 = {pg,pg}.

Corollary 2.7 The global dimension of kI'/(p) is n — 1 if and only if {p) is generated by

Q201, A3Q02, . . ., Ay 10p_2.
Proof On one hand, if (p) is generated by asaq,azas,...,an_10p,_2, then certainly asaq,
302, ..., Qnp_104,_2 constitutes only one perfectly successive set of (p), its cardinal number is

n — 2, so by Theorem 2.5, the global dimension of kI'/(p) is n — 1.

On the other hand, if the global dimension of kI'/(p) is n — 1, then by Theorem 2.5 there is
an ultimately perfectly successive set of (p) the cardinal number of which is n — 2. In this case,
(p) has to be generated by asay, azas, ..., ap_10,_o. O

We treat with general cases in the following theorem.

Theorem 2.8 If A is an A,-type finite dimensional k-algebra that is Morita equivalent to
kA/{p) for an A,-type quiver A and an admissible ideal (p) of kA. Then the global dimension
of A is the maximal of {|R;| + 1,i € I} where R;,i € I are all ultimately perfectly successive

relation subsets of minimal generators {p;|i € I} of the ideal {(p) consisting of relations on A.

Proof The special vertexes of the quiver A which are different from the quiver I'’s are those like
i1+1 and j1+1 by comparing (x) and (*x). Since i1+1 is a sink vertex, S;, +1 is clearly a projective

kA/{p)-module. So we only need to consider j; + 1. Since j; +1 is a source vertex, the relations
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where j; + 1 is involved can be divided into two successive sets. One is pj, = aj,+ -+ 5,10y,
Pia = ot iy 1y vy P = Qg+ 0 10, With jp, < jm_1 < --- < ji. The other is
Pl = Oyt O 420G 41, Ply = Qo Qo 10y, - Pl, = Oy -0, 410q, With j; +1 <y <
-+ < l. So a minimal projective presentation of S;, 1 can be expressed in several cases. One is
0—P; 1 — Py — ot () ‘Plgt ‘>le D Pj1+2 %leJrl*) Sj1+1ﬁ> 0

where d = jps if m>u>1,d=1,, if u>m>1.

If m = u, then a minimal projective presentation of S;, 41 can be expressed as
B, ® B,

—> Pt © Pyy —Pj, @ Pjj 42 Pj 11 Sh+1—= 0

So we draw a conclusion that the projective dimension of S}, 41 is max{m + 1,u + 1}. We

0 Pj'mt*l ® Plut+1

can treat with other vertexes except i1 + 1s and j; + 1s similarly as Theorem 2.5. This completes
the proof. [

Corollary 2.9 {1,2,...,n—1} are exactly all global dimensions of all A, -type finite dimensional
k-algebras for n > 1. So the maximal global dimension of all A, -type finite dimension algebras

is n — 1, and the minimum one is 1.

Proof Since {0,1,...,n — 2} are all possible lengths of perfectly successive subsets in A,-type
quivers, and it is easy to see that any of these lengths can actually occur in an A,-type quiver,

the assertion follows from Theorem 2.8. OJ
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