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Compactness Property for the Dunkl-Weyl Transforms
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Abstract We define and study the Fourier-Wigner transform associated with the Dunkl
operators, and we prove for this transform an inversion formula. Next, we introduce and
study the Weyl transforms W, associated with the Dunkl operators, where o is a symbol in
the Schwartz space S (Rd X Rd). An integral relation between the precedent Weyl and Wigner
transforms is given. At last, we give criteria in terms of o for boundedness and compactness
of the transform W,.
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1. Introduction

In this paper, we consider R? with the Euclidean inner product (.,.) and norm |y| := /(y, y).
For o € R4\ {0}, let o, be the reflection in the hyperplane H, C R orthogonal to a:

2(, )
a2

Oy =Y —

A finite set ® € R?\{0} is called a root system, if RN R.a = {—a,a} and o, = R for
all « € R. We assume that it is normalized by |a|?> = 2 for all @ € R. For a root system R,
the reflections o, a € R, generate a finite group G. The Coxeter group G is a subgroup of the
orthogonal group O(d). All reflections in G, correspond to suitable pairs of roots. For a given
B € RN\, cp Ha, we fix the positive subsystem R, := {a € R : (o, 8) > 0}. Then for each
a € RN either a € Ry or —a € Ny

Let k : R — C be a multiplicity function on R (a function which is constant on the orbits
k(o).

Throughout this paper, we will assume that k(a) > 0 for all @ € R. Moreover, let wy
|2k(a)

under the action of G). As an abbreviation, we introduce the index v = v, := Ea@h

denote the weight function wy(y) := H(xé?R+ [{cr,y) , for all y € R%, which is G-invariant and
homogeneous of degree 2.
Let ¢ be the Mehta-type constant given by c¢x := ([ga e“y‘z/ka(y)dy)_l. We denote by

i, the measure on R? given by dus(y) := cpwi(y)dy; and by LP(uz), 1 < p < oo, the space of
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measurable functions f on R?, such that

1/p
s = ([ 15@Pamw) " <o, 1<p <o,
]Rd
Il fllLoe (ur) = ess sup [f(y)| < oo,

y€ERT
and by L? | (pux) the subspace of LP(yuy,) consisting of radial functions.
For f € L'(uy) the Dunkl transform of f is defined by [3]
FiN@) = | Ex(=iny)fW)du(y), =€ R?,
where Fy(—iz,y) denotes the Dunkl kernel (For more details see the next section).

The Dunkl translation operators 7., z € R%, [10] are defined on L?(uy) by

Fi(m: ) (w) = Ex(iz, ) Fi(f)(y), y€R™

Using these results, we define the Dunkl-Wigner transform V', by

V(f,9)(z,y) = /Rd F)eg(—t) B (—iy, t)dur(t), f,g € L*(ur).

Next, we study some of its properties, and we prove an inversion formula for this transform.

Next, we introduce the Dunkl-Weyl transform W, by
Wo£)@= [ | [ o) Buin2)m fdi)din). £ € 12u),

with o in the Schwartz space S(RY x R9), and we give its connection with the Dunkl-Wigner
transform V. Furthermore, we prove that for o in S(R? x R9), the transform W, is a compact
operator from L?(uy) into itself. At last, we define W, for o in the spaces LP(uy ® u), with
p € [1,2], and we establish that W, is again a compact operator.

In the classical case, the Fourier-Wigner transform and the Weyl transform were studied by
Weyl [12] and Wong [13]. In the Bessel-Kingman hypergroups, these operators were studied by
Dachraoui [1].

This paper is organized as follows. In Section 2, we recall some properties of harmonic
analysis for the Dunkl operators. In Section 3, we define the Fourier-Wigner transform V in the
Dunkl setting, and we have established for it an inversion formula. In Section 4, we introduce and
study the Dunkl-Weyl transforms W, for ¢ in S(R? x R%); and we prove that these transforms
are compact operators from L?(uy) into itself. In Section 5, we define W, for o in LP(uy ® ),
with p € [1,2], and we prove the boundedness and compactness of these transforms on these
spaces. In Section 6, we define W, for o in &’(R? x R?).

2. The Dunkl analysis on R?

The Dunkl operators D;; j = 1,...,d, on R? associated with the finite reflection group G

and multiplicity function k are given, for a function f of class C! on R?, by

Djf(y) = aayjf(y)Jr > k;(a)ajJW.

aeR
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For y € R? the initial problem Dju(.,y)(z) = yu(z,y), 7 = 1,...,d, with u(0,y) = 1
admits a unique analytic solution on R?, which will be denoted by Ej(x,y) and called Dunkl
kernel [2,5]. This kernel has a unique analytic extension to C? x C?. The Dunkl kernel has the

Laplace-type representation [6]
Ey(x,y) = / eWAdr,(z), =eR?, yeCl, (2.1)
Rd

where (y,z) = Zle y;z; and ', is a probability measure on R?, such that supp(T,) C {z €
R? : |z| < |z|}. In our case,

|Ep(iz,y)| <1, z,y € RL (2.2)

The Dunkl kernel gives rise to an integral transform, which is called Dunkl transform on

R?, and was introduced by Dunkl in [3], where already many basic properties were established.

Dunkl’s results were completed and extended later by De Jeu [5]. The Dunkl transform of a
function f in L!(uy), is defined by

Fi(f)(x) := » Ey(—iz,y) f(y)dur(y), =R

We notice that Fy agrees with the Fourier transform F that is given by

F(f)(@) = (2m)~9/2 / =i f)dy, € RY

Rd

Some of the properties of Dunkl transform Fj, are collected bellow [3,5].
Theorem 2.1 (i) L' — L°°-boundedness. For all f € L'(uy), Fi(f) € L>®(ux), and

1w (A oo oy < 1122 G-

(ii) The Dunkl transform Fy, is a topological isomorphism from S(R?) onto itself.
(iii) Inversion theorem. Let f € L'(uy), such that Fi(f) € L*(pux). Then

f(z) = F(Fu(f)(-z), ae xecRL (2.3)

(iv) Plancherel theorem. The Dunkl transform Fj, extends uniquely to an isometric iso-

morphism of L?(u) onto itself. In particular,

112 ey = IFR (L2 ) - (2.4)

The Dunkl transform Fj allows us to define a generalized translation operators on L?(ju)

by setting
Fi(raf)(y) = Ex(iz, y) Fr(f)(y), y R (2.5)

It is the definition of Thangavelu and Xu given in [10]. It plays the role of the ordinary translation
7.f = f(z +.) in RY, since the Euclidean Fourier transform satisfies 7 (7, f)(y) = e F(f)(y).
Note that from (2.2) and (2.4), the definition (2.5) makes sense, and

I7efllz2quny < 1fllz2guys f € L2 (ir)- (2.6)
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Rosler [7] introduced the Dunkl translation operators for radial functions. If f are radial
functions, f(x) = F(|x|), then

ref) = [ P(VEPFP #2003 Jr ) oy R

where T'; is the representing measure given by (2.1).

This formula allows us to establish the following results [10,11].

Proposition 2.2 (i) For all p € [1,2] and for all z € R?, the Dunkl translation 7, : L? (u) —
LP(uy) is a bounded operator, and for f € L? \(ux),

7 fllzeua) < 11 f] L7y (ur) (2.7)
(ii) Let f € LY 4(ux). Then, for all x € R%,
/ 7o f (y)dpe(y / fy)dpe(y (2.8)

3. The Dunkl-Wigner transform
The Fourier-Wigner transform associated to the Dunkl operators, is the mapping V' defined
on S(RY) x S(R?) by
V(o)) = [ FOma(-0 B =in (o), 2.y € R (3.1)
The transform V' can also be written in the form
V(f,9)(@y) = Fr(fm9) ), [le) = f(-2). (3.2)

Proposition 3.1 (i) The Dunkl-Wigner transform V' is a bilinear, continuous mapping from
S(RY) x S(RY) into S(RY x RY).
(ii) For f,g € L*(ux), then V(f,g) € L™ N L?(ux @ py), and

IV, Dl Lo (o) < N2z 19122 () (3.3)

V(£ Dle2guen) < N1 le2olgllzegu)- (3-4)

(iii) Let p € [1,2] and q such that % +% = 1. For (f,g) € L%ux) x L? ,(ur), then
V(f,9) € L (pk @ i), and

IV 9) o ey < Il gl oo

Proof (i) Let f,g € S(R?), and let F' be the function defined on R? x R? by

F(z,y) = f(y)m=9(—y)-

Then V(f, 9)(z,y) = (I @ F)(F)(x,y), where I is the identity operator. This with Theorem 2.1
(ii) gives (i).

(ii) We get (3.3) from (3.1), Holder’s inequality and relation (2.6).
We obtain (3.4) from (3.2), (2.4), Minkowski’s inequality for integrals [4, p.186], and from (2.6).

(3.5)

Tad (kk)*
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(iii) We deduce (3.5) from (3.1), Holder’s inequality and relation (2.7). O
Proposition 3.2 Let f,g € S(R?). Then for all £, X € R,
Fie ® Fi  V(£,9)1(6 ) = Ex(—iA, ) f(N) Fi(9) ().

Proof Let f,g € S(RY). From (3.1

3.1), (3
Feo FA VN = [ [ Vs e nB-itn) B din@din )

.2) and Fubini’s theorem,

- /Rd [ Y 729) (1) B (A y)dpae () | B (~i€, 2)dpue ()
=f(A) /Rd 70 g(—\) Ex(—i€, z)dpuy ().

Then, by (2.5),
Fe @ F V96 A) = FNFu(m-29)(€) = Er(—iX, &) F (N Fr(9)(6),
which completes the proof. [

Corollary 3.3 Let f,g € S(R?). Then
(1) Joa Fr @ Fi IV (£ )NE N dpn(A) = Fulf)(€) Fi(g)(€), € € RY,
(i) Ja Fe @ F V(5 9))(E N dpr(€) = fF(N)g(=X), A € RY.

Theorem 3.4 Let g € L}, N L?(uy) such that ¢ = = Jgag(x)duk(x) # 0. Then for all f €
L'n Lz(uk):

FH) = 7 [ V(o) n)du o).
Proof Using (3.1), Fubini’s theorem and (2.8),
| vtraenam@ = [ Bu=innfo)] | mal-0dm@)]duo
= cFi(f)(y),
where ¢ = [p, g(z)dp(z). O

Corollary 3.5 Let g € L, 4 N L*(px) such that ¢ = [, g(x)dux(x), ¢ # 0. Then
(i) For all f € L* N L?(uy,) such that Fy(f) € L' (ux),

1) =7 [ Bt [ V0 @)]din).

(ii) For all f € L' N L?(ug),

2
1 =5 [, ] [ VG0 it

4. The Dunkl-Weyl transforms

In this section, we introduce and study the Weyl transform associated to the Dunkl opera-

tors. Let 0 € S(R? x RY), we define the Weyl transform W, associated to the Dunkl operators
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on S(RY), by

Woh@) = [ [ ol B mfndmmin), ceRL @)
Proposition 4.1 Let o € S(R? x R?). Then W, is continuous from S(R?) into itself.

Proof Let f € S(RY). From Theorem 2.1 (ii) and (2.3),

T2 f(—y) = » Ey(iz, t) Ex(—iy, ) Fe (f) () dpr(t), x,y € R%.

Then, by (4.1) and Fubini’s theorem,
W) = [ Bul=ia2)] [ Bt (00
{ [ o2 Buin ) e () a2

= [ Ep(—iz,2) [ By (iz, t) Fu(f)(1)
Rd R4

Fi(o(-2) (Odpn(t) | dui(2):

Now the function (t,2) — Fi(o(., 2))(t) belongs to S(R? x R?).
On the other hand, the mapping f — G, given by

Gy(t.2) = Fu(f) () Fi(o (., 2))(1), t,zeRY,

is continuous from S(R?) into S(R? x RY), and for all z € R,

W) = [ iz )] [ Bulin0Gt2)dmo]an)

We deduce the result from the fact that ' ® F, is an isomorphism from S(R? x RY) onto itself.
O

Lemma 4.2 Let 0 € S(R? x R?). Then, the function h defined on R? x R? by

h(z,y) := » By (—iz, 2) [0 (., 2)](=y)dp(2) (4.2)

belongs to S(R? x R?).
Proof The function h can be written in the form

h(z,y) = 7a[F (G 2)](=y) = (I @ F7H(G) (L 2)](-y),

where G(t,z) = [pu Ex(—iz, z)Fr(o(., 2))(t)dur(z). Now the function (¢,z) — G(t,x) belongs
to S(R? x R?). Thus, by Theorem 2.1 (ii), we deduce that the function (I ® F, ')(G) belongs
to S(R? x R?). Then the result follows from the fact that for all g € S(R? x R?), the function
(z,y) = T2[9(., 2)](—y) belongs to S(R? x R?). O

Theorem 4.3 Let 0 € S(RY x R?).
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(i) For all f € S(RY),

WoP)@) = [ b f) i),

where h(z,y) is the kernel given by (4.2).
(ii) For all f € S(R?) and p,q € [1, 00| such that % + % =1,

IWo (N)lLauy < 1Pl Laue@p 11l 2e -

(iii) For p,q € [1,00[ such that zlv + % = 1, the operator W, can be extended to a bounded
operator from LP(uy) into L9(uy). In particular W, : L*(ug) — L?(u) is a Hilbert-Schmidt

operator, and consequently it is compact.
Proof (i) Let f € S(R?). From (4.1),

WP = [ Bulie )] [ mefcoot )] du(o).

Using Fubini’s theorem, and the equality

[ oot = [ f@ndot )i )

we deduce that

Wo(f)(x)= [ h(z,y)f(y)duk(y),

Rd
where h(z,y) = [zu Ex(—iz, 2)7: [0 (., 2)]|(—y)dpr(2).
(ii) Follows from (i), Holder’s inequality, and Lemma 4.2.
(iii) From (ii) and the fact that the space S(R?) is dense in LP(uy), p € [1, 00|, we deduce
that W, can be extended to a continuous mapping from LP(uy) into L7 ().
By Lemma 4.2, the kernel h belongs to L2 (@), hence W, is a Hilbert-Schmidt operator.

In particular, it is compact. [

5. The transforms W, with o € L”(u, ® ux), p € [1,2]

In this section, we prove that the Weyl transform with symbol in L?(u, ® px), p € [1,2], is
a compact operator.

We denote by B(L?(ux)) the C*-algebra of bounded operators ¥ from L?(py) into itself,
equipped with the norm

[Ef = sup  [[C(f)llL2(u)-
Hf”LQ(Hk):l

Let 0 € S(R? x R?). Define the operator H, on S(RY) x S(R?), by
H(1.9@) = [ [ ownB-imnV (. o)endu@duw. L 61
Rd JRA
Lemma 5.1 Let 0 € S(R? x RY). For all f,g € S(R?),

Ho (f,9)(0) = (Wo (@), )20

where (.,.)2(y,) is the inner product of L*(juy).
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Proof From (3.1) and (5.1),
[ oV 9 i) y)
Rd JRd
- /Rd /]Rd o(x,y) /Rd f(t)ng(—t)Ek(—z’y,t)duk(t)}duk(ﬂf)dﬂk(y)

From Fubini’s theorem, we get
110 = [ 10 [ [ onra=0Biv. 0dm (o) ]

Using the fact 7,g9(—t) = 7:g(—=x), then by (4.1) we obtain

/ FEOWo @) E)a() = (Wo @), T) 220,
which completes the proof. (I
Theorem 5.2 For p € [1,2], there exists a unique bounded operator

Q : LP (i @ pi) — B(L? (),

whose action is denoted by o — Q,, such that for all f,g € S(R%),

Qo) Dizy = [ [ ooV (3w el (n),
1Qcll < lloll o (i) -
Proof (i) The case p=2. Let 0 € S(R? x RY). For g € S(R?), we put
Qa(g) = Wa(g)' (52)
From Lemma 5.1, we obtain
<Q0’(g))?>L2(,uk) = <Wa(g)77>L2(uk) = Ha(fv g)(())
= [ [ ote VD))
Re JRe
On the other hand, from Holder’s inequality and (3.4),
Qo (9), Fr2un)| < lloll 22 (o 122 191 L2 -
This implies that Q, € B(L?(uy)) and
1Qall < llollL2(uegpn)- (5.3)

Now, we consider o € L?(ux ® uy). Let (0,)nen be a sequence in S(R? x R?Y) such that ||o,, —
ollz2(uroue) — 0 as n — 0. From (5.3) we have, for all m,n € N,

Qo = Qo [l < llom = onllL2(uuens) < lom = ll2(ueem) + 100 = ol L2 uepm)-

Thus (0, )nen is a Cauchy sequence in B(L?(uy)). Let it converge to Q,. Again by relation (5.3),

the limit @, is independent of the choice of (o,)nen and

1Qcll = lim [[Q, | < T flonllzzueenn) < 1022
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On the other hand, for f,g € S(RY),
<Qa(g)77>L2(uk) = nILIEO<Q0" (9)77>L2(/1.k)

= Jm [ ] e @V @)

n—oo

/ / o (2, y)V (£, 3) (@, ) dun (2)dpua(y)-

(ii) The case p = 1. For 0 € S(R% x RY), we consider the the operator Q, defined by (5.2).
Then from Holder’s inequality and (3.3), for f,g € S(R?),

|<Qa(g)a7>L2(Mk)| < ||0||L1(Mk®uk)||v(fv g)HLO"(uk@uk)

<llollzr e 1 22 o) 191 22 () -

This implies that Q, € B(L?(ux)) and [|Qol < [|o|| L1 (up@uy)- Using the same proof as of (i), we
obtain for all ¢ € L' (e @ i), |Qoll < loll 2t (ur@pn)-

(ili) Using the cases p = 1, p = 2, and the Riesz-Thorin theorem [8,9], we complete the
proof for all p € [1,2]. O

Remark 5.3 It is natural to denote Q, by W, for any o € LP(u ® ux), p € [1,2].

Theorem 5.4 For o € LP(u, @ pi), p € [1,2], the operator Q, from L?(uy) into itself is a

compact operator.

Proof Let o € LP(uy ® px), p € [1,2], and let (0,)nen be a sequence in S(R? x RY), such that
limy, 50 |on — ol Lo (uecp,) = 0. From Theorem 5.2, we have [|Qo, — Qoll < [|on — ol Lr (up2m)-
This implies that lim, 0 Q,, = Q,, in B(L?(ux)). But from Theorem 4.3 (iii), we know that
for all n € N, the operator W, is compact, then the result of the theorem follows from the fact
that the subspace K(L?(ux)) of B(L?(u)) consisting of compact operators is a closed ideal of
B(L*(y)). O

6. The transforms W, with o € §'(R? x R?)

We denote by

(i) S’(R?) the space of tempered distributions on R%. Tt is the topological dual of S(R?).

(i) S’(R? x RY) the space of tempered distributions on R? x R?. Tt is the topological dual
of S(R? x RY).

For 0 € S'(R? x R%) and g € S(R?), define the operator W, (g) on S(R?), by

W (9)l(f) = a(V(f,9)], feSRY, (6.1)

where V' is the mapping given by (3.1).
From Proposition 3.1 (i), it is clear that W, (g) given by (6.1) belongs to S'(R%).

For a slowly increasing function h on R? x R¢, we denote by o}, the element of S'(R? x R9)
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defined by
n(B)= [ [ Pamh @i m. (62)

Then, we have the following.

Proposition 6.1 Let o1 € S'(R? x R?), given by the function equal to 1. For g radial function
in S(RY), we have Wy, (g) = c6, where ¢ = [p, g(z)duy(x) and § is the Dirac distribution at 0.

Proof By relations (6.1) and (6.2), we have for all f € S(R9),

Wora) = Vis0l = [ [ [ Vi)

and by Theorem 3.4,

Wi a)f) = V()] = [ Al il
We complete the proof by using relation (2.3). O

Remark 6.2 From Proposition 6.1, we deduce that there exists o € S’(R? x R?) given by a func-
tion in L (pu,® k), such that for all g radial function in S(R?) satisfying ¢ = [5. g(@)dpx(z) # 0,
the distribution W, (g) is not given by a function of L?(uz).
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