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Abstract In this paper, we give a local Hamilton’s gradient estimate for a nonlinear parabol-
ic equation on Riemannian manifolds. As its application, a Harnack-type inequality and a
Liouville-type theorem are obtained.
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1. Introduction

Let (M™,g) be a complete Riemannian manifold. We consider the following equation on
(M™, g),
ovP~t
ot

where div and V are, respectively, the divergence operator and the gradient operator of the

= (p— V)P~ tdiv(|VoP~2Vv), p>1, (1.1)

metric g.
In 2006, Souplet and Zhang [7] got a local Hamilton’s gradient estimate for heat equation

on Riemannian manifolds. That is,

Theorem 1.1 ([7]) Let M be a Riemannian manifold with dimension n > 2, Ricci > —k, k > 0.
Suppose v is any positive solution to the heat equation in Qryr = B(zo,R) X [to — T, o] C
M x (—o00,+00). Suppose also v < A in Qg r. Then there exists a dimensional constant ¢ such
that

[Vu(z,t)] < (1 n 1 )
O - (=
v(z,t) — "R T2 v(z,t)”

in QRry2,r/2- Moreover, if M has nonnegative Ricci curvature and v is any positive solution of

+VE)(1+1n

the heat equation on M X (0,00), then there exist dimensional constants ¢y, ce such that

[Vo(z,t)]| v(zx, 2t)
v(z,t) 1517(62 i v(z,t) )
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for allz € M and t > 0.

Hamilton firstly got this gradient estimates for the heat equation on compact manifold in [2].
Recently, there are some interesting results on the Hamilton’s gradient estimates for nonlinear
parabolic equation on Riemannian manifold in [5,8,10-12] and references therein.

As we know the heat equation is p = 2 in (1.1). When 1 < p < 2 in (1.1), Hamilton’s
gradient estimates for positive continuous weak solutions to the equation (1.1) have been obtained
by Wang in [8] (see also [9]). In this paper, we consider the positive smoothing solution to the

equation (1.1) and p > 2. We derive a similar Hamilton’s gradient estimate, when 2 < p <

1++/2n+3
2+ 2n+2

Theorem 1.2 Let M™ be a Riemannian manifold and sectional curvature Ky > —k%, k > 0.

. .. . . 1++/2n+3
Suppose that v is a positive and bounded solution to the equation (1.1) and 2 < p < 2+ sz,

that is, 0 < v < A, in Qrr = B(xo, R) X [to — T, to] C M x (—00,+00). Then we obtain

[Vou(z,t)| 1 1 A ) (12)

(@, 1) < C(mp)(ﬁ + s +Ek)(1+(p—-1)ln (1)

in Qry2,1/2, Wwhere C(n,p) depends on n and p.
Using the theorem, we get two corollaries. The first application is the following Harnack-

type inequality:

Corollary 1.3 Let M be a complete noncompact Riemannian manifold and sectional curvature
Ky > —k%k > 0. Suppose that v is a positive and bounded solution to the equation (1.1)
and 2 < p < 2+ 1+27 ﬁ;—%? that is, 0 < v(z,t) < A, (z,t) € M x (0,400). Then for any
x1,x9 € M,t € (0,400) there exists

v(xy,t) < 0 (20, t)er-17Y)

wherea = 14+ (p—1)In A, v = exp {—C(mp)p(tl% + k)}, and p = p(x1,z2) denotes the geodesic
distance between x1 and x.

The second application is the following Liouville-type theorem:

Corollary 1.4 Let M be a complete noncompact Riemannian manifold and nonnegative
sectional curvature, that is, Kj; > 0. Suppose that v is a positive solution to the equation
(1.1),2 <p < 2+ H27 ;j_”;r?’, and v = exp{o(d(zo,x) + |t|%)} And also suppose |Vv| > 0 in
M x (—00,0). Then the equation (1.1) does not have a positive ancient solution.

The equation (1.1) on Riemannian manifold has been studied in [3], where Li-Yau type
gradient estimates and an entropy formula were obtained.

The paper is organized as follows. In Section 2 we establish some lemmas for p > 1. In
Section 3, for 2 < p <2+ 1+27 Vni”;?’, and using maximum principle, we prove Theorem 1.2. And
using Theorem 1.2, we prove Corollaries 1.3 and 1.4.

2. Preliminaires

Let v be a positive and bounded solution to the equation (1.1), and let w = (p — 1) Inwv. It
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is easy to see that u satisfies

0
a—u = div(|Vu[P~2Vu) + |Vul?. (2.1)
Let f = |Vul?, and assume that f > 0 over some region of M. Similarly to [3] or [4], we

use the linearized operator on right-hand side of the nonlinear equation (2.1).

Lemma 2.1 Let u be a solution to (2.1) and f = |Vu|?, and also assume that f > 0 over some
region of M. Then the linearized operator on right-hand side of the nonlinear equation (2.1) at

u is

L) =2 (0 - 2)(p — 4)F53 (Vu, V)V f, Vuy +

2
(0~ 2572 (V(V0, V0), V) + 3 (0~ 2153V f, V) +
(p =252V, Vi) Du + f57 D¢ + pf 571 (Va, Vi), (2:2)

Proof Using variational method, we can get

CT‘ {div[|V (u+ ) P72V (u+ )] + [V (u+ ei))[P)
=S| (@94 )T V()] + (9t ) )
=div [(p —2)|VulP~H(Vu, Vi) Vu + [VulP72Vy| + p|VulP~*(Vu, Vi)

=5 (0= 2)(p — 475 (Vu, V)V, V) +

(0~ D FE V(T V), Vu) + 5 (0~ VS, Vi)

(p—2)f2*(Vu, V) Au+ f5 7 Ap + pf 5= (Vu, V). O

Let u, f be as above, 0 <v < A, a=1+(p—1)lnAd and w = |[V(a —u)|? = (LV_’;I;. Now

we will derive w; — L(w). Firstly, we need the following two lemmas.

Lemma 2.2 Letw = (Lv_ull;. Then

L(w) :%(p =2)(p — 4) (@ — w)?*|Vul " ((Vu, Vw))? + (p = 2)[Vul" " (V(Vu, Vw), Vu)+

1
—(p—2)(a — u)2|Vu|p74|ch|2 +(p- 2)|Vu|p74<Vu Vw)Au+

2
2|VulP=2 ,  2|VuP~2 |Vu|P~2
(@ —u)

(o — u)? Yij (0 —u)?
+ p|VulP~2(Vu, Vw). (2.3)

uuij; — (p° — 5p +2) (Vu, Vw)+
P p+2
2|Vul Au— 2 |Vul?
(v —u)3 (o —u)?

Proof Using Lemma 2.1, we obtain

L) =5(p = Db~ )5V, V) (TS, V) + (p = 2) 1573V (Va, Vo), Va)
%(p—2)f§‘2<w,w> +(p—2)f2*(Vu, Vw)Au

5 D+ pfETH (Y, Vi) = T4 I TI4 IV 4 V 4 VL 24
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Firstly, f = w(a —u)?,

2|Vul?
— (v — )2 _ _ — (v — u)? _
Vi=(a—u)*Vw—-2(a—uwwVu = (o —u)*Vw a—u
2|Vul*
2
(e a 2.
(V1,90 = (o~ (V0 V) = 2, (25)
2 2
(Vw, V) = (o — u)?|Vew|? — (O[V“')w V), (2.6)
o — 2uiuij + 2|VU‘2 s
T la—u? (a—up
2u; Quiuii;  Sugujug;  2|Vul? 6|Vu|*
o ij iUijj iU Ui . 9.
A T P £ P G P s e
For the first term on the right-hand side of (2.4), using (2.5) and f = |Vu|?, we can get
1 _ 2|Vult
=—(p— _ p—6 a2 _
[=5(p = 2)(p = YIVul"(Vu, Vw)(a = u)*(Vu, Vo) (a_u)]
=5 (p = 2)(p —~ )IVuP (0 — w)?(Va, Vi)

u|P—2
(-2 )'(V' (V0. v)

For the second term on the right-hand side of (2.4), using f = |Vu|?, we obtain
1= (p—2)|VulP~HV(Vu, Vw), Vu).

For the third term on the right-hand side of (2.4), using (2.6) and f = |Vu|?, we can get

’lL2
I = 5~ DITup (e — [Vl = T (T, V)
1 p—4 2 |VulP~ >
= 5= Do WPVl IVGP - (- DT (7, v,

For the fourth term on the right-hand side of (2.4), using f = |Vu|?, we obtain
IV = (p — 2)|Vu|’*(Vu, Vw) Au.

For the fifth term on the right-hand side of (2.4), using (2.7) and f = |Vu|?, we can get

2u?,; QUi W5 SUi Ui Us 5 2|Vul? 6|Vul*
— p—2 ] 171)) 1) ) A
e e I s o oy P R o ]
2|Vul|P—2 2|VulP—2 4|V u|P—2 2|VulP 6|Vu|Pt?2
o T+ (o Ve + 2 e T
C2[VuPm? , 2|VulP? 4|Vu|P=2 2|Vul? 2|Vu|Pt2
= (o) ug; (@ —uf? U; m—l—i( — ) (Vu, Vw) + (a—u)3Au T

For the sixth term on the right-hand side of (2.4), using f = |Vu|?, we obtain
= p|Vu[P~2(Vu, Vw).

Combining the equations above and (2.4), we obtain (2.3). O



Hamilton’s gradient estimate for a nonlinear parabolic equation on Riemannian manifolds

[Vul?

Lemma 2.3 Letw = - Then
ow 1 2 p—6 2
3 —5 @~ 2 —4)(a - Vul T (Vu, Vw))“+
_ Vu|PT2
(b= DIVl V(70,0 V) + 201 = )t
2|VulP—2
(p — 2)|VulP~*(Vu, Vw) Au — (LELL)QRijuiuj—i—
2|VulP—2 VulP~?2
(|a_|u)2u¢uijj — (2p2 — 7p + 6) |(Oé _| u) <V’LL, Vw>+
[Vul? o | VulPt?
2(3 — A 2(p—2
3 p)(afu)g, u+2(p—2) (a—u)i
p|VulP~2(Vu, Vw).
Proof Firstly, we calculate
ow Uil 2| Vul?u,

ot (a—u)?  (a—u)’
Using
Ou
5 =
= P22 s Yy + £ A £,

div(|Vul|P~2Vu) + |VulP = div[f"= Vu] + f%

and (Vf,Vu) = (o — u)*(Vu, Vw) — 2Vull o have

(a—u)”
2u,uy; 2 p—

(a—u)? (« —u)QUi( 2

oo (f0 =20 - DIV (T v

2PV V) £ £ st fh),

-2 1
E IVl (Vu, V(Y V) + (0 - 2)|Vul ) (Vu, V) Dt

2
Vel 2V, V Ay + £V (Ve V) )

2 {0 - D - 919 (0 = (Vs V) - AL
?le“"‘%vu, V((a - w)?*(Va, Vo) - Z'MV_US)
2 (0= DIVl (o~ 0)*(V, V) ~ fav_ug) At
91T, 70 + 9010 (o 0,90 ST
o= 2o~ DIV (0 — (Ve V)2
2~ 12T g vy 42 -2 -7

|V |(P+2)

(p — 2)|Vu| P~ (Vu, V(Vu, Vw)) + 6(p — S P

439
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(p — 2)|Vu| P~ (Vu, V) Au — 2(p — 2)(07_“';3Au+
2(21”(;22) (Vu, VAu) + p|Vu| P~ (Vu, V) — 2p|(Vau|(p;;) ; (2.9)
and
—(p—2 m[(a — W)V, V) — f(lv_u:)]+
(ZJYU;L; Au+ QLZlil(;?
~p-2) T v - 2 - 2)
ELT T o
Using (2.8), (2.9), (2.10) and uj;; — u;;; = —R;ju;, we can obtain the result.
Proposition 2.4 Let w = (‘av_"ul;. Then
%“: — L(w)=[2(p—2)*+2] m+
2(1 —]))(|Zqi|[:_;3 +2(2- p)mAu—
(p* —2p + 4)|(Zu_p;)2<Vu, Vw) — qujRij—
30— 20— upivulrvel - 22 211

Proof Using Lemmas 2.2 and 2.3, we can get (2.11). O

3. Proofs of Theorem 1.2 and Corollaries 1.3 and 1.4

Let ¢ = ¢(x,t) be a smooth cut-off function supported in Qg r, satisfying the following
properties:

(1) ¢ =p(d(z,20),t) = p(r,t);p(x,t) =1 in Qrjor/2 and dr =0in Qr/op; 0 < < 1.

2) ¢ is decreasing as a radial function in the spatial variables.

(2)
2
(3) gl < Co 1%l < Gy when0<a<1.
(4) 2 <

QP

SIQ

Lemma 3.1 Ifp > 1, and let V(pw) = 0, also Ric(M) > —(n — 1)k?, then

[%j — L)) <[2n+2)(p—2)? + 1T pla —u)P "2 +2(1 — plw’s pla —u)P '+

pt2

[Bew 2 o+ C(n, p, )kPT2 + C(p,¢)

1 -
Rp+2](a — )=
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Vu|P~2
Ve, (3.1)
2(a — u)? ”

441

where ¢ Is a positive constant and will be chosen later, and C(n,p,¢), C(p,€) are positive con-
stants, depending on n,p, €.

Proof Using Proposition 2.4 and f = |Vu|?, we can get

22 rw)e = 2p - 202 + 2] VU
ot (o — )t

[VulPt [Vul?

p+

2(1-p) (a_ )3<p+2(2 p)i( _u)?,soﬁu—
Vul|P—2 2|VulP—2
(p? — 2p +4)|(|)<V , Vw)p (||u)2ulujR”<p
1 2 —4 2 [Vu[P—2 [VulP—2
3P = 2@ =) [Vul Vel — s e — -
Using (Vu, Vw) 2(72%73” + (2‘21')43 and
|VulP—? VP2 [Vau[P+2
LIl B Lt P o<
Tla—wE P T A ap e T g <O
we obtain
Ow 2 | |p+2
e < _ et
[(% £(w)}<p_[2(p 2) —&-1} (O[fu)él(p—i_
p+2 Yu|P
2(1 - )(|a Y )390+2(2 p)<|_L)3wAu
Vul|P—2 2|VulP—2
(p —2 +3)|( | )<V V > (|a_|u)2uzuij]§0
1 [VulP~2

u2 |VulP~ ?
20— w2 %7 2(a —u)? iy
I+ I+ I+ IV + V + VI + VII + VIIL

5 (P = 2)(a = w?|Vul" | Vulp -

(3.2)

For the first and the second term on the right-hand side of (3.2), using w = (vaﬂ;, we obtain

I=[2(p—2)*+1] WPTH(,O(CY —u)P72, I =2(1 - p)w¥<p(a —u)P~ L,

For the third and the seventh term on the right-hand side of (3.2), using Schwarz’s inequality
and —z? + br < %, we get

|VulP |Vu|P—2
111 II=22—-p) —-—pA e
+V ( p)(a—u)3<’0 u— 2 — ) ”go
|VulP~—2 o | 4n|2 —pl[Vul?
< —————[—(A — A
= 271(0( — u)g[ ( u) + (Oé — u) | ul](p

p+2 2
< 202 = PP = (2 = ) - 0

For the fourth term on the right-hand side of (3.2), using Young’s inequality and Schwarz’s



442 Xinrong JIANG and Caisheng LIAO

inequality, and 0 = V(wy) = pVw + wV, we get

Vu|P~2 |Vau|PHt
IV=—(p?—2 | < (p?—-2 —_—
V=—(p"-2p+3) o—u) (Vu, Vw)p < (p p+3)(a_u)3|VsOI
_ e (AT )T Ve
(o —u)? =
pt2 v pF2 —
<l g+ Ol )bl - wp?
pt2 1 _
< lew = o+ Clp, 5)@](04—11)’) % (3.3)

For the fifth term on the right-hand side of (3.2), using Young’s inequality and Ric(M) >
—(n — 1)k?, we get

2|Vu|P—2 o |VuP
=2 Rovusio < An— DE2
\Y% e Rijuiujo < 2(n— 1)k = u)2<p
_ _ 2 |V’LL|2 z . \p—2
- 2(” 1)k ((Oé _ u)g) (p(a u)

p+2

< [ew = ¢+ Cln,p, )k ?)(a — u)P 2.

For the sixth term on the right-hand side of (3.2), using Young’s inequality and 0 = V(wp) =
pVw 4+ wVe, we get

VI =~ (- 2)a — 0P Tup Tl < p— 2l L VAL
- 32 e e
< [ o+ Cp, €) 'Vwﬁ'ﬁ o —up
< [5wp22 v+ C(p, 5)#](& — )P, (3.4)

In inequalities (3.3) and (3.4), we have used ¢’s properties. Combining the estimates above and
equation (3.2), we get (3.1), where e will be chosen later and C(n,p,¢),C(p,e) are constants. [J

Lemma 3.2 Ifp > 1, and we assume V(pw) = 0, and sectional curvature Ky; > —k* k > 0,
then

c'?cp pt2 1 pi2 Cc\p, € —
(57 — L@ Sew™ o+ — + o™ o + }(zp+z)](0‘*“)p +
p
pt2 cn,p,e -
(10w ¢+%+C(n,p,5)k’”2](aw>? “+
[Vulf—2

2(a — u)zuij% (35)

where ¢ is a positive constant and will be chosen later, C(p,e),C(n,p,e) are positive constants,

depending on n,p, €.
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Proof Using Lemma 2.1 and f = |Vul|?, we get

Op 0 1 |Vau|p—*
[a — L(p)]w =Y 5(17 -2)(p— 4)m<vu7 Vo) (Vu, V f)—
|VulP—2 1 |VulP—2
S A e _ (p—9y _
(0 =2 (VT V), V) = 50— 2) s (V1.V9)
[VulP~? [Vul?
-2)—— Ay — ——=Np—
(p )(a ) (Vu, V) Au a—url?
p|VulP
(OJ_J)QWU,V@
=I+1I+1I1+1V+ V4 VI+ VIL (3.6)
For the first term on the right-hand side of (3.6), using Young’s inequality and ¢’s properties,
we obtain
2 2 p+2 prQ
= o < 4 5P ol ew'T o+ C(p,e) ol
(04 - u) T2 pr

1
< qu%@ +C(pe)—7=-
T,i

P
For the second term on the right-hand side of (3.6), using Young’s inequality and ¢'s properties,
and the following two equalities

2 2|Vul*
(V4,90 = (@ =P (Va, V) = 200 0= Vi) = ¥+ ¥
we obtain
1 |Vau|p—4
M=—~(p—2)(p—4) 1
5P =2)(p )(a — )P (Vu, Vo) (Vu, V f)

1 [VulP_ [Ve|? |[VulP*
<|(p—2)(p — 4)] ~2 — ) (p — 4)|
<310 =20 =+ = 20— s Ve

2 Yoo|Pt+2
<o+ Clp. ) o~
px2 Vp|PT2 _
™+ Clp. &) e~
P2 _
<[2ew™> ¢+ Clp, 5)@](04 —u)P
For the third term on the right-hand side of (3.6), using
2|Vul?
(V£.V¢) = (o~ (Yo, V) ~ (9 o)
(a—wu)
we obtain
[VulP~2
M=-(p—-2)————=
(p )(a e (V(Vu, Vi), Vu)
2 —p |VulP~2 |VulP—2
D ol Bt B (o= 0
2 (O[ _ 'LL)2 <vf7 VSD> (p ) (0[ _ u)zulu‘jgplj
2— _ Vul|P
=2 T2V, V) 4 (0 2) (Y, V)

2 (v — )
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[Vu[P~2
(p— 2)@’%“3‘%]’
11, + I, + I, (3.7)

For the first and the second term on the right-hand side of (3.7), using Young’s inequality,
Schwarz’s inequality and 0 = V(wy) = oVw + wV, we can get

lp—2| [VuPP |Vy|?
2 (a—u)? ¢

2 —
111, :Tp|Vu|p_2<Vw7Vg0> <

=2 [ Vel 1 Ve
) (o — u)? pre @2::—22 (o —u)
2 Yoo|Pt+2 B
<[ew™ ¢+ C( 7€)| (pfﬂ—l J(o = u)P=?
<[ew™> @+ C(p, 5)@](‘1 —u)P?,
VulP Vu|Pt!
Iy =(p — 2)(O|(_1|L)3<VU>V<P> <lp- 2(|a_|u)3|V90
VP e s [Vl L
=172 P2 —u)P
b2l gl T e
2 Yoo|Pt+2 B
<lew o+ o) L0 - w2
pt2 1 p—2
<[ew™ <p+C’(p,6)W](a—u) :

For the fourth term on the right-hand side of (3.6), using
B 2|Vul?
(@ —u)

and Schwarz’s inequality and Young’s inequality, we obtain

(Vf, Vo) = (a —u)*(Vp, Vw)

(Vi,Vu) and 0 = V(wp) = pVw + wVy,

V= Jo-2 0wy
- 2T - w290 99) - 27 (90, 94
<[ew™ o + C(p,e) 'Z‘ﬁ'ff o — w2t
o™+ Ol 0) oL -2

p+2 1 _
<[2ew™> 90+C(p»€)w](a_u)p %

For the fifth term on the right-hand side of (3.6), using Young’s inequality and Schwarz’s in-

equality, we obtain

o |Vu|P—2
V=—(p-2) CEE (Vu, Vo) Au
n [VulP  [Vel? 1 [Vup?
< —(p—2)* — A
_2(p ) (a—u)? o 2n(a—u)2| ule
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n VulP Vol Va2
s 2(]9 ) (a_u)g © Q(Q_U)Q@uu
pi2 1 [VulP~?
< [ew 2 <p+C’(n,p,€)rp+2](Oé*U) er‘»o 123

For the seventh term on the right-hand side of (3.6), using Schwarz’s inequality and Young’s
inequality, we can get

p|Vul?
(@ —u)?
Choose a local orthonormal frame {e;} near any such given point such that Vu = |Vule;. As in
1+ r

VIl =——7—

— u)p—l'

5V, V) < w0 + C(p, ) g

[3], using the Hessian Comparison Theorem [1,6], which states that r;; <
|Vr| <1, and ¢} = 0 if r < &, we have that

gij, noting that

Ao+ (p— 2)|v |2<sz Ap+(p—2)en

2+R

—(n+p-2) |0rp| — max{p — 1,1}|9Z¢|. (3.8)

Using the inequality (3.8), for the sixth term on the rlght—hand side of (3.6) and the third term
on the right-hand side of (3.7), we can get

[Vul? [VufP—2
I+1ll3 = ———=-Ap — 271--1--
V + 3 (Oé—U)Q ® ( )( _u)guu]w]
[VulP 2—H<:R
< -2 -11
< et (4 p =2 2 0l max(p - 1,1)i52)
p+2 1 12 9
<tBew 2z ¢+ C(n,p,e )Rp+2+0(n p, &) kP (a0 — u)P™ 2.

Combining the estimates above and (3.6), we get (3.5), where € will be chosen later and C(n,p, €),
C(p,€) are constants. O

Proof of Theorem 1.2 If |Vu| = 0, the result is obvious. Now we assume |Vv| > 0, so
= |Vu|? > 0. Using the linear operation £, we can obtain

2ot =[5 ~ Ll + (57 = Ll ~ AT, Vo)~

2(p — 2)|VulP~*(Vw, Vu)(Vp, Vu). (3.9)

Suppose the maximum of wyp is reached at (x1,t1). By [6], we can assume, without loss of

generality that x; is not in the cut-locus of M. Then at this point, one has, L{wp) <0, (wp): >0

and V(wp) = 0.
Using Young’s inequality, Schwarz’s inequality and 0 = V(wy) = pVw + wVy, we obtain
2 |Vul? \V90|2 pi2 C(p;e) -2
—=2|VulP~*(Vw, Vi) < 2( o o S <lew™= o+ e (e —w)P==. (3.10)
Similarly, we obtain
P 2
—2(p — 2)|VulP~(Vw, Vu)(Ve, Vu) < 2|p — 2|(|VUL)2V5|
< [ew™ o+ C(p’g)](a—u)p_2. (3.11)
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Then, using Lemmas 3.1, 3.2 and Equation (3.9), Inequality (3.10) and (3.11), we obtain at

maximum point (21, ;)
0<[(2n+2)(p—2)* + 1]oJPT+2<p(a —u)P24+2(1—plw 2 pla—u)P 4
e 1 _
Bew™ 9+ Cn, p, W +Clp, €) gl — w2+

pt2 1 pi2 c(p, e) _
Ew 2 Sﬂ‘f‘@*’[gw Tyt Rp+2](a_u)p "+
pt2 c n7p7€) —
[10ew = g@—i-(RT—i—C(n,p,E)ka](a—u)p 24
pt2 C(pvs) —
2ew 2 o+ Ttz J(or — )2,

Usinga—u=1+(p—1)InA—(p—1)lnv>1,andlet B=2(p—1) — (2n+2)(p—2)* — 1, we

obtain
pt2 p+2

1
Bw' T p < 17ew = ¢+ C(n,p,e) +C(p,e)—5 + C(n,p,e)kP 2.
p=

P

Rp+2

If2<p<2+ 1-&-27 ﬁ’;?’, we can get 8 > 0. Taking ¢ = %, we can get

pt2 1
W™ o < C(n,p)(

+ + kP2

2 pt2
Rpr+ T”p

For all (z,t) in Qg T,

p+2 p+2 p+2 p+2 p+2

WT(x’t)@T(xvt) < T(xl’tl)QDT(mlatl) <w? (xl»tl)@(mlatl)

1

+2
Rp+2 + T2 + k).

P

Notice that ¢(z,t) =11in Qr/2,r/2 and w = [VIn(a — u)|?, we finally get

[Vou(z,t)] 1 1 A
owh) <C(n,p)(= + +k)(1+(p_1)lnv(x,t)

R T3
So we arrive at (2.2). O

Proof of Corollary 1.3 Let v(s) be a minimal geodesic joining z; and x2 in M, v(s) : [0,1] —
M, v(0) = z1,v(1) = 23. Using u(z,t) = (p — )Inv, a =1+ (p — 1)In A, and u(y(s),t), we

obtain

1 =
nafu(:cl,t) ds —(p—1)Inv) s

aouen) [ e 00y, [y, 20T
0 0 (ye’
1

< C(n,P)P(ffl»wz)(g + k).

Then,

m < exp {C(n,p)p(m,ﬂh)(ﬂ% +k)}. (3.12)

Let v = exp {—C(n,p)p(1i5 + k)}. Then (3.12) implies that

a—(p—1)Inv(zg,t)
a—(p—1)Inv(z,t)

IN
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Then, we get
v(x1,t) <07 (20, t)eT DI

1
tl/p

where v = exp {—C(n,p)p(-s5 + k)}, and p = p(x1,x2) denotes the geodesic distance between

T and ZI2. O

Proof of Corollary 1.4 Fixing (xq, tg) in space-time and using Theorem 1.2 for v on the cube
B(zg, R) x [to — RP, to], we obtain
[Vu(zo, to)| <
v(z,to)
Suppose that R — oo, it follows that |Vuv(zg,t9)| = 0. Since (zo,to) is arbitrary, we get v = c.
But |Vv| > 0, so it is a contradiction. [
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