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Abstract Consider the partly linear model Y = x8 + ¢(t) + e where the explanatory x is
erroneously measured, and both ¢ and the response Y are measured exactly, the random error
e is a martingale difference sequence. Let T be a surrogate variable observed instead of the true
z in the primary survey data. Assume that in addition to the primary data set containing N

observations of {(Y;,Z;, tj);lié\;_l}, the independent validation data containing n observations

of {(T;,x;,t;)7=1} is available. In this paper, a semiparametric method with the primary data
is employed to obtain the estimator of 8 and g(-) based on the least squares criterion with the
help of validation data. The proposed estimators are proved to be strongly consistent. Finite
sample behavior of the estimators is investigated via simulations too.
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1. Introduction

Consider the partial linear regression model:
Y =28+ g(t) + e, (1.1)

where (z,t) € R x [0, 1] are the nonrandom design points, 8 is an unknown parameter and g(-)
is an unknown smooth function defined on [0,1] and e =Y — 23 — g(¢) are the random errors.
Model (1.1) was first introduced by Engle et al. in [6] and has been widely studied in the
literature and the majority of the work was done so far assuming that the random errors are
independent and identically distributed (i.i.d), see [4,10,12,20] and the monograph of Hadle et
al. in [11]. However, the independence assumption for the errors is not always appropriate in

applications, many authors investigated the model (1.1) when the errors are dependent, such
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as, when the errors are assumed to be negatively associated random variable, the investigation
related to the model (1.1) can be found in [13,14]. Among other works [1,8,9,22]. When the
error is a sequence of martingale difference [5,7,16]. Heteroscedasticity also has been applied to

the model (1.1) by many researchers [15,25].

In many research settings, the exact measurement of some important variable is difficult,
time consuming, or expensive, and can only be performed for a few items in a large scale study.
Thus, they are usually replaced by surrogate observations, which are available by some relative
simple measuring methods. Some statisticians developed statistical inference techniques based
on surrogate data [17,18,23,24]. However, there are few studies for the statistical inference based

on surrogate data when the errors are dependent.

For model (1.1), if the x is mismeasured, it is well known that ignoring the measurement
error and naively performing a usual regression analysis may lead to incorrect conclusions. Let
T be a surrogate variable observed instead of the true x in the primary survey data. Assume
that in addition to the primary data set containing N observations of {(Yj,fc'j,tj)?iﬁl}, an
independent validation data containing n observations of {(z;,7;,t;)7_;} is available. Cai [2]
gave a consistent estimator in model (1.1) when there are measurement errors in variables with

p-mixing random errors.

The main purpose of this paper is to show how we can obtain a consistent estimator when
there are measurement errors in variables with martingale difference errors, that is, the x is
mismeasured and the random errors {e;} in (1.1) is a martingale difference sequence with respect
to an increase sequence of o-fields {F;}; i.e., e; is F;-measurable and E(e;|F;—1) = 0. Further,

assume that E(e?|F;_1) = 02 and 0 < 0% < oo is unknown.
2. Methodology and main results

By employing the validation data, the estimator of the true x; can be defined as

i K (v —vi) /bn)

un (Vi) = ~ , i=n+1,...,n+ N, (2.1)
> =1 Ka((vj = vi) /bn)
where v; = (Z;,t;), 7 = 1,...,n+ N, Ki(-) is a two-dimensional kernel function and b,, is a
bandwith tending to zero as n — oo. Let
Ko((t—t;)/h )
wni(t) = n+N2(( )/h) i=n+1,...,n+ N, (2.2)

Zi:n—i—l K2((t - ti)/hN)
where K5(+) is also a kernel function and hy is a bandwith tending to zero as N — co.

If /3 is known to be the true parameter in (1.1), then Y; — ;8 = g(t;) +e;. Hence, the natural
estimator of g(+) is

n+N

gnn(t,8) = Y wni(t)(Yi — un(13)B) =t gin (t) — gan (1) . (2.3)

i=n+1
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The least square estimator, say 8,n, of 3 is defined by
n+N
> (Vi — un(v:)B = gin (i) + gan (t;)B)* = min.
i=n+1
Solving the equation
n+N
D [un () = gan (t)) (Vi = g () — [un(vi) — gan ()] B)] = 0,
i=n+1
we have
n+N
Ban = Z ﬂn(Vi)Yi/SZN» (2.4)
i=n—+1
where
n+N
U (i) = un(vi) = Y wnj(ta)un(v) = un(vi) = gan (t:),
j=n+1
n+N
Yi=Yi— > wn(t)Y;=Yi—gin(ti),
j=n+1
n+j
S2= Y @)’ j=1,...,N.
1=n—+1
(2.3), (2.4) together then yield the final estimator of g(-), as follows
gnN (t) =t g1n(t) — gan (t)Bun- (2.5)
Now the model (1.1) can be rewritten as
Yi =un(vi)B+g(ti) + €in i = xiB + e; — un(v3)B, (2.6)
where i = n+1,...,n+ N. e; =Y, —x;6 — g(t;) is a martingale difference sequence errors,

E; — E(5i|fi—1) = €; and E[(&‘z - E(Ei|]:i—1))2‘-/—"i—l] = E(€Z2|J—"Z_1) = 0'2 < +o00.

Throughout this paper, C and Cy,k = 1,2,... will represent positive constants. Let v =

(@, 1), [l v 1= 12 + [¢].

In order to obtain the main results in this section, we shall need the following assumptions:

Al) CiI([|v £ C) < Ki(v) < Cp, G3I([t] < C) < Ka(t) < Ca.
hm”,juﬁoo Kl(V) = 0, lim|t\%oo Kg(t) =0.
nT S el < O, NS [E| < C

(
(A2)
(A3)
(A4) SN (@ ()] < O XN ().
(A5)
(A6)
(A7)

2
ANy, as N > Ny, Cs < 525 < G
g(t) satisfies the Lipschitz condition of order 1 on the interval [0, 1].

3\ > 1, such that N/n — A.

Remark 2.1 By assumption (A1) and (A3), it is easy to obtain that

. . < N_l
1 X, lwns (b)) < ONT
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n+N
xS ()] <G,
j=n+1

n
y
max |, (v)| <C E 2l < Cr.
n+1<i<n+N — n

]:

Theorem 2.2 ([2]) Under the conditions (A1)—(A6), if there exists o > 2 such that

Sl>lp | E(lei|*|Fiz1)]| < C < o0,
i>1

then
lim B, ny=p0 as (2.7)
n,N—
lim sup |gnn(t) —g(t)| =0 aus (2.8)

3. Simulation study

In this section, we carry out some simulations to show the finite sample performance of the
proposed method. The surrogate variable T was generated such that x = 1.15z + d¢, where the
design points x; = ®71(i/n + 1) and € is N(0,1) distributed, and J is the standard deviation
of the measurement error. Results for 6 = 0.2 and 6§ = 0.4 are reported. Simulations were
run with validation and primary data size (n, N) = (30,90), (60, 180), (100, 300) and (n,N) =
(30, 150), (60, 300), (100, 500). The kernel function K;(-) was taken to be the product kernel
Ky (x1,22) = Ko(x1)Ko(22), where Ky(z) and the kernel function Ks(-) were taken to be the
Gaussian kernels and the bandwidth b, =n=/°, hy = N71/5.

On the other hand, the design points ¢; = i/N, the function g(-) is chosen to be g(t) = sin2wt.
Since {e;, F;,1 € Z} is a sequence of martingale differences, we first take the martingale sequence
{&,0(&),i > 1}, and let e; = &1 — &;. We generate the first random number & ~ N(0, 1), then
take the following &, . .., &,41 according to the conditional distribution &;41|& ~ N(&;,0.22),i =
1,...,n.

For each sample size (n, N) and selected value of §, we calculated the estimator £, of
B = 0.5, which is given by (2.4). In each case the number of simulated realization is 500. We
calculate the sample means and the average square error (ASE) of §,n, The simulation results
are summarized in Table 1. Moreover, we also display a set of the corresponding nonparametric

component estimator g, (t;) given by (2.5) in Figures 1 and 2.

(n,N) (30,90) | (60,180) | (100,300) | (30,150) | (60,300) | (100,500)
§=02 Mean(B,y) | 0.4426 | 0.4749 | 0.5194 | 0.4365 | 0.4647 | 0.5158
BonASE 0.0684 | 0.0231 | 0.0185 | 0.0748 | 0.0439 | 0.0318
§=04 Mean(B,y) | 04377 | 04678 | 0.5226 | 0.4351 | 0.4632 | 0.5213
BnnASE 0.0691 | 0.0380 | 0.0335 | 0.0788 | 0.0535 | 0.0353

Table 1 Sample means and ASE for 8,n with 8 = 0.5
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Moreover, we also display a set of the corresponding nonparametric component estimator
gnn (t;) given by (2.5). Figures 1 and 2 show the curves of g(z) and its semiparametric estimator
gnn(z) under the two types of models, respectively. The solid line is the regression function

g(x), the broken line is the estimator g,y ().

1 1

1//—»\\ B 1/?&\\\
:// \ : \

Figure 1 (n,N) = (60,180),6 = 0.2 Figure 2 (n, N) = (60, 180),5 = 0.4

4. The proofs
In order to prove our results, we need the following lemmas.

Lemma 4.1 Let {§;, F;,i > 1} be a martingale difference sequence |&;| < b a.s. ¢ = 1,2,....
Then, for Ve > 0, we have

2

P(|Z§i|>€)§26xp{—2 °

s o
P (252 + be)

where o2 = >0, || E(&|Fi—1) || -

Proof of Lemma 4.1 The proof of Lemma 4.1 is similar to the proof of Inference 3.1 by Li
and Liu in [16]. O

Lemma 4.2 Let {S,, = Y1, &,n > 1} be a random sequence, and {F,,n > 1} be a non-
decreasing o-fields such that S,, € F,,n > 1. If

(i) iy P& > ClFim1) < o0;

(i) 3oimy B(GI(&] < C)|Fim1) < oo

(iii) Y AEE (&) < O)Fim1) — (B&GI(I&] < O)|Fim1))?} < o0,
then {S,,n > 1} converges a.s..

Proof of Theorem 2.2 It is easy to see

57171\7 - ﬁ
n+N n+N
= 5,3 S0 W) [(wn (B + g0) <) = D o b) (un ()6 + (ty) + )] — 5
i=n+1 I=n—+1
n+N n+N J7L+N

i=n-+1 1=n-+1 j=n+1
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n+N n+N
Sod 2 ) (9t = Y wwstety)+
i=n+1 j=n+1
n+N n+N
Sode 2 ) (un)B = Y wns(tua(v)B) 8
i=n-+1 j=n+1
n+N n+N n+N n+N
=S5 Y (W) = Y wnit)un0)s + S5 3w (9t) = Y wns(tglts))
Jj=n+1 i=n—+1 1=n—+1 Jj=n-+1
n+N n+N
=S5 > (ﬂn(Vj)— > wNj(tz‘)ﬂn(Vi))(ﬁj—E(Ej\fj—l)H
Jj=n+1 i=n+1
n+N n+N
Sode D0 (@) = D wngt)Ta(w) ) (w5 — unlv)) B+
j=n+1 i=n+1
n+N n+N
Sod 3wl (9(t) = Y wnslte(t)
i=n+1 j=n+1
= I1+IQ+13.

By the uniform continuity of the function g(-) on the interval [0, 1], (2.2), and the conditions
(A1), (A2) and (A4), similarly to the proof of Theorem 2 in [2], we have, as N — oo,

n+N n+N

Iy =83 3wl (ot = Y wnste(ty) = o(). (4.1)

i=n+1 j=n+1

Clearly, I; can be decomposed as

n+N n+N
L=573% ) (ﬂn(%‘)— > WNj(ti)ﬂn(Vi))(Ej—E(5j|fj—1))
j=n-+1 i=n-+1
n+N n+N
=523 2 () = Y2 wni(t)maw) )e;
j=n+1 1=n+1
n+N n+N n+N
= > S AU()e — Y [Sﬁv( > wNj(ti)ﬂn(Vi))]ej
j=n+1 j=n+1 i=n+1
=:I11 — Iho.
n+N n+N
6L = Z S;Evﬂn(vj)ej = Z bj(ij.
Jj=n-+1 j=n+1
By assumptions (A1), (A3) and (Ab), it follows that
n+N n+N _o
2 U‘n(y) 1 —1
doM= Y = =00,
j=n+1 j=n+1 “nN n,N
@ (v; c
max |bj|=  max |u 2(1/])| < 27 =O(Nh).
n+1<j<n+N n+1<j<n+N Sn,N Sn)N

_ 1 _ /N / — 5. . 2 .1 "N Ll L
For UN = Toglog N’ let (SN = 203" eNj = €JI(|€J| g 6Nj2)7 eNj = €j eNj, ENj =
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bj(en; — E(ey;|Fi-1)), so {enj, Fj;n+1<j<n+ N} is a martingale difference sequence,

len;l <2 max \bj|512v(n+N)% = O(N_%(loglogN)_l),

n+1<g<n+N n+1<j<n+N
n+N n+N o2
Yo B 1F) I Y] b E@eR; |1 Fim) (1< @0 =O(NT).
j=n+1 j=n+1 nN

By Lemma 4.1, we have

n+N 2
P(‘ Z eN]’>uN)<2exp{ K T }
j=n+1 lg2 | R(AN)E
SN Son

<254 (n+N)F =O(N"?).

For Vi > 0, 9N, such that uy < u, then

P35 onf2n) <2 35 ] m) <o0v s,

by the Borel-Cantelli Lemmau7 it follows that
n+N
> enj—0 as, n,N — . (4.2)
Jj=n-+1
. Since e’l(,j = ejl- — /e/ﬁvj = e;I(le;| > (5N]2) = e;l(ej > 512Vj%) +e;l(e; < —512Vj%), let
eNy =e;l(ej > (5?\[]'5),61\,; =e;l(e; < —6%,j2).
For a fixed constant d > 0, we have
P(ley’;| > dIFj-1) = Plen; > max{d, 6342 }|Fj-1)
1 )
< Plen; > 0%j%|Fj-1) < Pllen;[* > 03l Fj-1)-

Then
n+N n+N
> Plleytl > dlFim) < Y Pllen;? > 0kl Fi-1)
j=n+1 j=n+1
n+N
SUp;>1 | Eles|*|Fj-1 |
<
< Z 5253 < 0. (4.3)
Jj=n+1
Let

(ext)a = extI(lext| < d) = ejI(e; > 0%5%)1(63j* < e; < d) = ;I(0%5% < e; < d).

Then
n+N n+N L
> E{(eyh)alFja} < D dE(I(0%4% <e; < d)|Fj1)

j=n+1 j=n+1

< > dBU(e > Rih)IFi-)

<d > P(lej* > 6xilFj-1) < oo (4.4)
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Note that
n+N ,
> {B{(enh)iFi1} — B {(eph)al Fi-1}}
j=n+1
n+N n+N
< D AE{(enilFiat = D B{eI(6357 < e; <d)|Fj1}
j=n+1 j=n+1
n+N n+N
1
<d® Y B(I(e;| > 0% Fim) <d* > Plej* > 03jlFjo1) < oo (45)
Jj=n+1 Jj=n+1
Using Lemma 4.2, together with (4.3), (4.4) and (4.5) gives
n+N
Z |eNer-\ <00 as. (4.6)
j=n+1
Similarly to the arguments used in the proof of (4.6), we can prove that Zyiﬁu |e;;,;| < 00 &.8..
So we have
n+N
Z len;| < oo as. (4.7
j=n-+1
From (4.7),
n+N n+N
| D biengl < max (B D lengl) = O(S,%), n, N — oo (4.8)
) n+1<j<n+N .
j=n+1 j=n+1
n+N n+N .
D0 BB Fel < max 0D ( DD Bllegl(es] > 854)1Fi-0))
j=n+1 j=n+1
n+N
- 9.1 1
<SOSR Do ONTHE(EG (e 2 03I Fi )
j=n+1
n+N . X
<CS % Z 62772 < CS, xNloglog N/(n+1)2
j=n+1
= O(N "= loglog N). (4.9)

Combining (4.2), (4.7), (4.8) and (4.9), we have

n+N
! 1"
(1] = | Z bj(en; +enj)l
j=n+1
n+N n+N n+N n+N
17 ! 17 17

=| > enj+ Y bien;+ Y biBlen; +eni|Fio1) — Y biE(en;|Fio1)|
j=n+1 j=n+1 j=n+1 j=n+1
n+N n+N n+N

<] Z enjl+ | Z bjen;l + | Z bjE(en;|Fj—1)| — 0 as., n,N — oc.
j=nt+1 j=n+1 j=n+1

It follows that
Ii1 — 0 a.s. TL,N — Q. (410)
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Since
n+N n+N n+N B
[12 = Z |:S1:3V( Z wNj(ti)ﬂn(l/i)>:|€j =: Z bjej,
Jj=n+1 i=n+1 j=n+1

from Remark 2.1, we have

n+N
b;| <S> (t; Un ()| = O(N ). .
Lomax b <85 max Z+ s (t)l | max [ ()] = O(N ™). (4.11)
j=n
n+N n+N n+N
72‘ < —4 (+.)]2 Uu. )12 = -1 . .
SRSk Y max fent)P Y WP 20N, (@12
j=n+1 j=n+1 i=n+1
Similarly to the proof of (4.10), we can prove that
Iis — 0 as. n,N — oc. (4.13)

With the definition of (2.1) and the conditions of (A1), (A2), (A3), (A5), similarly to the proof
of Theorem 2 in [2], we have, as n, N — o0,

n+N n+N

L=53 > (W)= Y wni(t)mm)) @ —u@)B =o(1).  (4.14)

j=n+1 1=n+1
(4.1), (4.10), (4.13) and (4.14) together imply (2.7) of Theorem 2.2.
Observe that

n+N n+N
Gan(t) = 9(t) = (8= Bum)gan(®) + (0 wni(Bglts) —9(0) + D wns(tle;
j=n+1 j=n+1

By (2.7) and supg<;<; [g2n(t)] < C it follows that

sup A,n(t) — 0 as., n,N — oco. (4.15)
0<t<1

Using the reasoning similar to the proof of (4.1), we have

sup B,ny(t) — 0, as N — . (4.16)
0<t<1
Since E(g|Fj-1) = (x; — un(v;))5, noting that
n+N n+N n+N
> wnibei= Y whi()e; — Bl F) + D wni(t) (@ —un(v))B
j=n+1 Jj=n+1 j=n+1
n+N n+N
= D wniBe+ Y wni(t) (@ — un(v;))B,
j=n+1 j=n+1

by the same arguments as in the proofs of (4.10) and (4.14), we can prove

n+N
Z wnj(t)e; — 0 as., n,N — oco. (4.17)
Jj=n+1
n+N
Z wn;(t)(xj; — un(vy))B — 0, as n, N — oc. (4.18)

j=n+1
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(4.17) and (4.18) show that

sup Cpn(t) — 0 a.s., n,N — oco. (4.19)
0<t<1

Hence, Theorem 2.2 is proved. [

Acknowledgements We thank the referees for their time and comments.

References

[1] G. ANEIROS, A. QUINTELA. Modified cross-validation in semiparametric regression models with dependent
errors. Comm. Statist. Theory Methods, 2001, 30(2): 289-307.
[2] Guanghui CAI. Estimation of partial linear error-in-variables models for p~-mixing dependence data. J.
Math. Chem., 2008, 43(1): 375-385.
[3] R. J. CARROLL, M. P. WAND. Semiparametric estimation in logistic measurment error models. J. R.
Statist. Soc., 1991, 53: 653-653.
[4] H. CHEN. Convergence rates for parametric components in a partly linear model. Ann. Statist., 1988, 16(1):
136-146.
[5] Xia CHEN, Hengjian CUI. Empirical likelihood inference for partial linear models under martingale difference
sequence. Statist. Probab. Lett., 2008, 78(17): 2895-2901.
[6] R. ENGLE, C. GRANGER, J. RICE, et al. Nonparametric estimators of the relation between weather and
electricity sales. J. Amer. Statist. Assoc., 1986, 81: 310-320.
Guoliang FAN, Hanying LIANG. Empirical likelihood inference for semiparametric model with linear process
errors. J. Korean Statist. Soc., 2010, 39(1): 55-65.
Guoliang FAN, Hanying LIANG, Hongxia XU. Empirical likelihood for a heteroscedastic partial linear model.
Comm. Statist. Theory Methods, 2011, 40(8): 1396-1417.
[9] Jiti GAO, V. V. ANH. Semiparametric regression under long-range dependent errors. J. Statist. Plann.
Inference, 1999, 80(1-2): 37-57.
[10] Jiti GAO, Xiru CHEN, Lincheng ZHAO. Asymptotic normality of a class of estimators in partial linear
models. Acta Math. Sinica, 1994, 37(2): 256-268.
[11] W. HADLE, H. LIANG, J. GAO. Partial Linear Models. Heidelberg: Physica-Verlag, 2000.
[12] N. HECKMAN. Spline smoothing in partly linear models. J. Roy. Statist. Soc., 1986, 48: 244-248.
[13] Hanying LIANG, Guoliang FAN. Berry-Esseen type bounds of estimators in a semiparametric model with
linear process errors. J. Multivariate Anal., 2009, 100(1): 1-15.
[14] Hanying LIANG, V. MAMMITZSCH, J. STEINEBACH. On a semiparametric regression model whose errors
form a linear process with negatively associated innovations. Statistics, 2006, 40(3): 207—226.
[15] Hanying LIANG, B. Y. JING. Asmptotic normality in partial linear models based on dependent errors. J.
Statist. Plann. Infer., 2009, 139: 1357-1371.
[16] Guoliang LI, Luqgin LIU. Strong consistency of a class of estimators in partial linear model under martingle
difference sequence. Acta Meth. Sinica., 2007, 27(5): 788-801.
[17] M. S. PEPE. Inference using surrogate outcome data and a validation sample. Biometrika, 1992, 79(2):
355-365.
[18] M. S. PEPE, T. R. FLEMING. A general nonparametric method for dealing with errors in missing or
surrogate covariate data. J. Amer. Statist. Assoc., 1992, 86: 108-113.
[19] J. H. SEPANSKI, L. F. LEE. Semiparametric estimation of nonlinear errors-in-variables models with vali-
dation study. J. Nonparametr. Statist., 1995, 4(4): 365-394.
[20] P. SPECKMAN. Kernel smoothing in partial linear models. J. Roy. Statist. Soc. Ser. B, 1988, 50(3):
413-436.
[21] L. A. STEFANSKI, R. J. CARROLL. Covariate measurement error in generalized linear models. Biometrika,
1985, 72: 583-592.
[22] Xiaogian SUN, Jinhong YOU, Gemai CHEN. Convergence rates of estimators in partial linear regression
models with MA(oo) error process. Comm. Statist. Theory Methods, 2002, 31(12): 2251-2273.
[23] Qihua WANG. Estimation of partial linear error-in-variables models with validation data. J. Multivariate
Anal., 1999, 69(1): 30-64.
[24] Qihua WANG, J. N. K. RAO. Empirical likelihood-based inferenc in linear errors-in-covariables models with
validation data. Biometrika, 2002, 89(2): 345-357.
[25] Jinhong YOU, Gemai CHEN, Yong ZHOU. Statistical inference of partially linear regression models with
heteroscedastic errors. J. Multivariate Anal., 2007, 98(8): 1539-1557.

[7

8



