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Abstract A type of nonlinear expressions of Lucas sequences are established inspired by
Hsu [A nonlinear expression for Fibonacci numbers and its consequences. J. Math. Res.
Appl., 2012, 32(6): 654-658]. Using the relationships between the Lucas sequence and other
linear recurring sequences satisfying the same recurrence relation of order 2, i.e., the Horadam
sequences, we may transfer the identities of Lucas sequences to the latter.
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1. Introduction

Many number and polynomial sequences can be defined, characterized, evaluated, and clas-
sified by linear recurrence relations with certain orders. A number sequence {a,} is called a

sequence of order 2 or a Horadam sequence if it satisfies the linear recurrence relation of order 2
An = P1Gn-1 + P2an—2, N > 2, (1)

for some constants p; (j = 1,2,...,7), po # 0, with initial vector (ag,a;). Linear recurrence
relations with constant coefficients are important in subjects including combinatorics, pseudo-
random number generation, circuit design, and cryptography, and they have been studied ex-
tensively. To construct an explicit formula of the general term of a number sequence of order r,
one may use generating functions, characteristic equations, or matrix method [4,8,11-13]. Re-
cently, Shiue and the author give a reduction order method in [6]. Let Ay be the set of all linear
recurring sequences defined by the homogeneous linear recurrence relation (1) with coefficient
set By = {p1,p2}. To study the structure of Ay with respect to Es, we make use of the Lucas
sequence F, and its conjugate L, in Ay, which are particular sequences in Ay with initials ag = 0
and a; = 1 and the initials ag = 2 and a; = p;.

In next section, we will give the generating function and the expression of the Lucas se-
quences F, and L, and find out the relationships between them and the sequences in the set Ag

with the same Es. In Section 3, by using the symbolic method shown in [9], we derive a type of

Received April 28, 2015; Accepted July 8, 2015
E-mail address: the@iwu.edu



474 Tianxiao HE

identities of Lucas sequences in A, including a type of nonlinear expressions. The relationship
between the Lucas sequences and other linear recurring sequences in the same set is used to
transfer the identities of Lucas sequences to those of the linear recurring sequences in the same

set.

2. Impulse response sequences

Among all the homogeneous linear recurring sequences satisfying second order homogeneous
linear recurrence relation (1) with a nonzero p; and arbitrary initials {ag, a1 }, the Lucas sequence
with respect to Ey = {p1,p2} is the sequence satisfying (1) with initials ag = 0 and a; = 1 or the
initial vector (ag,a1) = (0,1). For instance, Fibonacci sequence {F,},>0 is the Lucas sequence
with respect to {1,1}, Pell number sequence {P,},>0 is the Lucas sequence with respect to
{2,1}, and Jacobathal number sequence {J,},>0 is the Lucas sequence with respect to {1,2}.
For this reason, we may consider a Lucas sequence with respect to F as an extension of Fibonacci
number sequence and denote it by {F,},>0, namely, F,, satisfies (1) with initials 7 = 0 and
F =1

In the following, we will present the structure of the linear recurring sequences defined by
(1) using their characteristic polynomial. Then, we may find the relationship of those sequences

with their corresponding Lucas sequences.
Proposition 2.1 Let {a,} € Ao, i.e., let {a,} be the linear recurring sequence defined by (1).
Then its generating function Py(t) can be written as

ag + (a1 — prao)t
1 —pit — pot?

Po(t) = (2)

Hence, the generating function for the Lucas sequence with respect to {p1,p2} is

tr—l

Po(t) 3)

T 1 pit— pat®
Proof (2) is easily to be checked by multiplying 1 — pit — pat? on its both sides and noting
(L=pit —pat®) Y ant™ =Y ant™ = > pragat” =Y an ot"
n>0 n>0 n>1 n>2

= ap + a1t — p1aot + Z(an = P1an-1 — P2an—2)t" = ag + (a1 — prao)t.
n>2
By substituting ap = 0 and a; = 1 into (2), we obtain (3). O
We now give the explicit expression of F, in terms of the roots of the characteristic polyno-
mial of recurrence relation shown in (1) as well as the relationships between the Lucas sequence

and the recurring sequences in the set As with the same FEs.

Proposition 2.2 Let A be the set of all linear recurring sequences defined by the homoge-
neous linear recurrence relation (1) with coefficient set Ey = {py,ps}, and let {F,,} be the Lucas

sequence of As. Suppose « and 3 are two roots of the characteristic polynomial of Ay, which do
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not need to be distinct. Then

F, = '
na™ 1, if a=p.

_{ OB i a# B

In addition, every {a,} € Ay can be written as
n — CLIFH - aBGOFn—la (5)

and a,, reduces to a1 F,, — a?aoF,,_1 when a = 3.

Conversely, there holds an expression of Fn in terms of {a,} as

F, =ciapq41 + c2ap_1, (6)
where
a; — agp1 ey — aip2
2 2 » L2 — 7 2 2 )
p1(ai — apaip1 — agp2) p1(ai — apaipr — agp2)

provided that p; # 0, and a3 — agaip1 — aipz # 0.

C1 =

Proof Recall that [6] presented the following result in its Proposition 2.1:
{ (a1 Bao) _(a1 an)ﬁn if a+p;
Qp =

8
naja™t — (n —1apa™, if a=p, (®)

for every {a,} C As. By substituting ap = 0 and a; = 1 into (8), one may obtain (4).

Denote by L : Z x Z +— Z the operator L(an—1,0n—2) := P1Gn—1 + P2dn—2 = a,. It is
obvious that L is linear, and the sequence {a, } is uniquely determined by L from a given initial
vector (ag, a1). Define a_1 = (a1 — p1ag)/p2, then (a_1,ap) is the initial vector that generates
{an—1}n>0 by L. Similarly, the vector (a1, piai + peag) generates sequence {an11}n> by using
L. Note the initial vector of E, is (0,1). Thus (6) holds if and only if the initial vectors on the
two sides are equal:

al — a
171)107(10)7 (9)
b2

which yields the solutions (7) for ¢; and ¢z and completes the proof of the corollary. [J

(0,1) = c1(a1, pra1 + p2ag) + ca

Proposition 2.2 presents the interrelationship between a linear recurring sequence with re-
spect to Ey = {p1,p2) and its Lucas sequence, which can be used to establish the identities of

one sequence from the identities of other sequences in the same set.

Example 2.3 Let us consider A,, the set of all linear recurring sequences defined by the homo-
geneous linear recurrence relation (1) with coefficient set Fy = {p1,p2}. If E5 = {1, 1}, then the
corresponding characteristic polynomial has roots o = (1 +v/5)/2 and 8 = (1 — v/5)/2, and (6)
gives the expression of the ISR of A, which is Fibonacci sequence {F,}:
LAy (L=
=71 2 '

The sequence in Ay with the initial vector (2,1) is Lucas sequence {L, }. From (5) and (6) and

noting a5 = —1, we have the well-known formulas [10]:

1 1
Ly=F,+2F, :Fn+l+Fn—1a F, = gLn+l+gLn—1~ (10)
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By using the above formulas, one may transfer identities of Fibonacci number sequence to those
of Lucas number sequence and vice verse. For instance, the above relationship can be used to

prove that the following two identities are equivalent:
Fn+1Fn+2 - Fn—an - F2n+17 L’I?L—ﬁ-l + Li = L2n + L2n+2-

It is clear that both of the identities are equivalent to the Carlitz identity, Fy1+1Lpyo — Fryol, =
F5p41, shown in [3].

Example 2.4 Let us consider Ao, the set of all linear recurring sequences defined by the
homogeneous linear recurrence relation (1) with coefficient set 5 = {p; = p,p2 = 1}. Then (8)
tell us that {a,} € As satisfies

_ 2a1 — (p — \/4+p2)a0an B 2a1 — (p + \/4+p2)a0(_ 1)n

2/4+ p? 2/4 + p? o
where « is defined by
4 2 1 — /4 2
oo P vatpy \/2+P and g:_fzf%. (12)
e

Similarly, let E5 = {1,¢}. Then

201 —(1—v1+4q)ao . n _ 2a1—(++1+4q)ao . n . 1.

0 — 2v/1+4q @ 2v/1+4q ay, it g# —3;
n 1 : 1
57 (2nay — (n —1)ag), if ¢=—7,

where a = 1(1+ /T +4q) and 3 = 1(1 — /T + 4q) are solutions of equation % —z — ¢ = 0. The
first special case (11) was studied by Falbo in [5]. If p = 1, the sequence is clearly the Fibonacci
sequence. If p = 2 (¢ = 1), the corresponding sequence is the sequence of numerators (when
two initial conditions are 1 and 3) or denominators (when two initial conditions are 1 and 2)
of the convergent of a continued fraction to v/2 : {3, 3 7 17 4L 1 called the closest rational
approximation sequence to /2. The second special case is for the case of ¢ = 2 (p = 1), the
resulting {a,} is the Jacobsthal type sequences [2].
From Proposition 2.2, for E5 = {p, 1}, the Lucas sequence of A, with respect to Es is

p+ \/4+p2)n B (p— 4+p2)n}

2 2

~ 1
b= T

In particular, the Lucas sequence for E5 = {2,1} is the well-known Pell number sequence {P,,} =
{0,1,2,5,12,29,...} with the expression

P, (1+vV2)" - (1-V2)"}.

1
= Tﬂ{
The Pell-Lucas number sequence, denoted by {¢y, } n>0, is the sequence in Ay with respect to Ey =
{2,1} and initial vector (go,q1) = (2,1), which has the first few elements as {2,1,4,9,22,...}.

From (6) and (7), we obtain

3 1
qn+1 + —qn-1, M > 1. (13)

Pnzi =
14 14



Construction of nonlinear expression for recursive number sequences 477

Similarly, for Fs = {1, g}, the Lucas sequence of Ay with respect to Es is
P {(1+\/1+4q)n - (1—,/1+4*q)n}
" /T+4q 2 2 ’
In particular, the ISR for Fy = {1,2} is the well-known Jacobsthal number sequence {J,} =
{0,1,1,3,5,11,21,...} with the expression

=52 = (1),

The Jacobsthal-Lucas number {j,} in Ay with respect to Ey = {1,2} satisfying jo = 2 and
j1 = 1 has the first few elements as {2,1,5,7,17,31,...}. From (5), one may have

o= Jp + ATy = 2+ (=1)"

In addition, the above formula can transform all identities of Jacobsthal-Lucas number sequence

to those of Jacobsthal number sequence. For example, we have

J72l +4Jn—1Jn = J2n7 JmJn—l - JnJm—l = (_1)n2n_1=]m—na
JmJn + 2J7an—1 + 2Jn<]m—1 = Jm+n

from
Jndn = Jony Jmjn = Jnjm = (=1)"2" o,
Imdn — Jnjm = 2Imtn,
respectively. Similarly, we can show that the following two identities are equivalent:
In = Jdn+1 +2Jn1, Jny1 = JIn + 201,

Furthermore, using (6) and (7), one may have
1 2
Jn =7 .n a .n— y > 17 14
gJn+1 + gJn-1 M (14)
which can be used to transform all identities of Jacobsthal number sequence to those of Jacobsthal-

Lucas number sequence.

Remark 2.5 Proposition 2.2 can be extended to the linear nonhomogeneous recurrence rela-
tions of order 2 with the form: a, = pan,_1 + qa,_o + £ for p + g # 1. It can be seen that the
above recurrence relation is equivalent to the homogeneous form (1) b,, = pb,—1 + gb,,—2, where

b, =a, —k and k = 1_£_q. More details can be found in [6].

Example 2.6 An obvious example of Remark 2.5 is the Mersenne number M,, = 2" —1 (n > 0),
which satisfies the linear recurrence relation of order 2 : M,, = 3M,,_1 — 2M,,_o (with My =0
and M; = 1) and the non-homogeneous recurrence relation of order 1: M,, = 2M,,_1 + 1 (with
My = 0). It is easy to check that sequence M,, = (k™ — 1)/(k — 1) satisfies both the homoge-
neous recurrence relation of order 2, M,, = (k + 1)M,,_1 — kM,,_», and the non-homogeneous
recurrence relation of order 1, M,, = kM,,_1 + 1, where My = 0 and M; = 1. Here, M,, is the
Lucas sequence with respect to Fy = {3, —2}. Another example is Pell number sequence that
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satisfies both homogeneous recurrence relation P, = 2P,,_; + P,_o and the non-homogeneous
relation P, = 2P, | + P, o+ 1, where P, = P, +1/2.

Remark 2.7 In [11], Niven, Zuckerman, and Montgomery studied some properties of {G,, }n>0

and {H,,},>0 defined respectively by the linear recurrence relations of order 2:
Gn = panl + an72 and Hn = panl + an72

with initial conditions Gy = 0 and G; = 1 and Hy = 2 and H; = p, respectively. Clearly,
G, = F,, the Lucas sequence of A, with respect to Ey = {p1 = p,p2 = q}. Using Proposition
2.2, we may rebuild the relationship between the sequences {G,} and {H,}:

1

H, = Gn+2Gn—7 Gn S A
p q 1 P2+ 4q

n—1 Hn+1-

-7
p®+4q
3. A type of identities of Lucas sequence in A,

Let Az be the set of all linear recurring sequences defined by the homogeneous linear recur-
rence relation (1) with coefficient set Ey = {p; = p, p2 = ¢}, and let F Dbe the Lucas sequence of
As. Inspired by [9], we give a nonlinear combinatorial expression involving F and a numerous
identities based on the expression. Using the interrelationship between the Lucas sequence and a
linear recurring sequence in A,, one may obtain many identities involving sequences in A;. More
precisely, let us consider the following extension of the results in [9] for the Fibonacci numbers
to the general number sequences in Ay. Suppose {a, }nen is a nonzero sequence defined by the

recurrence relation

A = P1n_1 + P2an_2, N >2,p1,p2 # 0, (15)

with the initial conditions ayp = 0 and any nonzero a;. Here, a; must be nonzero, otherwise
a, = 0. Hence, we may normalize a; to be a; = 1 by defining a new sequence g, = a,/a;
satisfying the same recurrence relation (15). Thus, under the assumption, our sequence {ay}
is the Lucas sequence {F,} of Ay with respect to Fy = {p1,p2}. We now give a nonlinear
combinatorial expression involving Fn Our result will extend to the case of ag # 0 and a; = p1ag
later. In addition, sequence {Fn}neN can be extended to the the case of {FT}TGZ by using the

same recurrence relation for r > 1 and Fr+1 = plﬁ’r +p2FT_1 while » < —3.

Lemma 3.1 For any m € N and r € Z there holds
Z;:‘m+r = FmFr+1 +p2Fm,—1Fr- (16)

Proof For an arbitrary r € Z, we have Fr+1 = Flﬁr+1 +p2F0FT, because Fo =0 and Fl =1.

Assume (16) is true for n € N, n > 1, and an arbitrary r € Z, namely,
Fr—i—n = FTLFT+1 +p2Fn—1Fr7 r €Z.
Then, Fr+n+1 = Fnﬁ‘r+2 +p2ﬁ'n,1ﬁ'r+1. On the other hand,

Fn+1Fr+1 +p2FnF = (pan +p2Fn—1)Fr+1 +p2FnFr = Fn r4+2 +p2ﬁn—1Fr+17
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which implies Fr+n+1 = Fn+1ﬁr+1 + ngnFT and completes the proof with the mathematical
induction. [J

A direct proof of (16) can also be given. Actually, every le*:’rﬂ +p21*:’m_115r can be reduced
to FyFyypm + poFoF, = F,y,, by using the recurrence relation (15).

Theorem 3.2 For any given m,n € Ny and r € Z there holds

R%mn:;;(?)@aywﬂ%/n”ﬁﬁ%f (17)

Proof Let F(t) = Fy4pm:. Then from Lemma 3.1
AFt)=F(t+1) = F(t) = Frpmiem — Frime = FoFrimes1 + 02Fm—1 — D E .
Thus, there holds symbolically
(A- (p2Fm—1 - 1)I)Fr+mt = Fmﬁr+mt+1~
Using the operator A — (poF,,_; — 1)I defined above j times, we find
(A= (p2Fre1 = VIV Frt = (B Frgomergs j €N

Furthermore, noting the symbolic relation £ = I + A and the last symbolical expression, one

may find

F(n) = Fr+mn = EnFr+mt

I+ A)"Eryp,
(I+A4A) +mt| o

t=0 -
= (pQFm—lj + (A - (pQFm—l - I)I)nFr+mt =0

(Qmmnwm—%%AJWWMt
(?) (p2Fim—1)""7 (F) Fr

t=0

n
7=0
n
=0

completing the proof of the theorem. [
Remark 3.3 The nonlinear expression for the case of {a,} with ag = 0 and a1 # 0 can be
specialized to the case ag # 0 and a; = p1ag. We may normalize ay = 1 and define a_; = 0 from
the recurrence relation a; = pi1ag + p2a_1. Hence, the sequence {Fn = a,_1} satisfies recurrence
relation (15) for n > 1 with the initials ;, = 0 and F; = 1. Hence, from (17) we have the
nonlinear expression for F), as
" /n
Fr+mn - Z < .)F::L_l(qu—2)n_]Fr+k
— \J
7=0
for m > 1 and r > 0.
Similar to the last section and Remark 3.3, we may use the extension technique to define F,

for negative integer index n. For example, substituting n = 1 into (15) yields Fy = p1 Fy+paFoq,
which defines F_; = 1/¢q. With r = —mn — 1, r = —mn, and r = —mn + 1 in (17), a class of
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identities for F,, with negative indices can be obtained as follows.

Corollary 3.4 For m > 1 and n > 0 there hold the identities
it (MY (B ViR i -
sz . (Fm) (mel) ijmnfl - ]-7
i=0 J
n n_ilM ~ .o~ i
50 (1) (B (Bt o =0,
i=0 J

n

Zpgij (?) (Fm)j<ﬁ‘mfl)n_jﬁ‘jfmn+l =1. (18)

j=0
Similarly, substituting m = 2,3, and 4 into (17) and noting F» = p, F3 = p* + ¢, and
Fy = p(p? + 2q), we have

Corollary 3.5 For n > 0, there hold identities

; n
Zplp 7"+] - r+2na
n

. (n\ = B
Z(P% + p2)’ (p1p2)" ™’ <]~)Fr+j = Fri3n,

j:O
i (T £ ~
Zplp (P} + 2p2) (P} + p2) j<j)Fr+j - (19)

With an application of Proposition 2.2, one may transfer the nonlinear expression (17) and
its consequent identities shown in Corollaries 3.4 and 3.5 to any linear recurring sequence defined

by (1). For instance, from Corollary 3.5, we immediately have

Corollary 3.6 Let us consider As, the set of all linear recurring sequences defined by the
homogeneous linear recurrence relation (1) with coefficient set Eo = {p,q}. Then, for any
{an} € As, there hold

n
Zplpn J( ) Car+j 1 +dar+j 2) = CQr42n—1 +dar+2n 2

n

. neifT
Z(pf + p2)’ (p1p2)" ™7 (]) (caryj—1+daryj2) = caryzn—1+ dari3n_2,
j—O

) neilm
Zplp" 7(pF + 2p2) (p} + p2)" (]> (Caryj—1+daryj—2)

= Clry4n—1 + dar+4n727

for n > 0, where c and d are given by
o= aj] — aop1 d=_ ai1p2
p1(F1 — agaipr — Fops)’ p1(Fy — aparpr — Fop2)’
provided that p; # 0, and F - apai1pr — ngg #0.
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The nonlinear expression (17) can be used to obtain a congruence relations involving prod-

ucts of the Lucas sequences as modules.
Corollary 3.7 Forr € Z, m > 1, and n > 0, there holds a congruence relation of the form
Fm7z+7’ = (pQFm—l)nFr + (Fm)nFn+r (mOd Fm—lpm)' (20)

In particular, for r = 0 and gcd(ﬁm, Fn) =1,

Fon=0 (mod Fmﬁ’n) (21)

In general, if le,ﬁ’mz, . .7Fms are relatively prime to each other with each my > 1 (k =
1,2,...,s), then there holds

Frymoeom, =0 (mod Fy, Fyyy -+ Epy ). (22)

Proof (20) comes from (17) straightforward. By setting r = 0, we have
Frn = (Fn)"F, (mod E,,,_1F,,) =0 (mod F,,).

Similarly, Fy,,, = 0 (mod Fn) Thus, if gcd(ﬁ'm,ﬁ’n) =1, i.e., F,, and F, are relatively prime,
then we obtain (21), which implies (22). O

Example 3.8 For F> = {1,1},{1,2}, and {2, 1}, formula (17) in Theorem 3.2 leads the following

three non-linear identities for Fibonacci, Pell, and Jacobsthal number sequences, respectively:
Frnntr = Z <j)F7jnF:z]1Fr+j’
§=0

Pmn+r = Z (n) PyjnP:,LLijlpr—&-]a
=0 \J

n n . .
Jmn r = . Jrjn 2Jm7 nijc]r j s
+ j;) (g) ( 1) +i

where the first one is given in the main theorem of [9].

Example 3.9 As what we have presented, one may extend Fibonacci, Pell, and Jacobsthal num-
bers to negative indices as { Fy, }nez = {...,2,—-1,1,0,1,1,2,3,5,.. .}, {Po}nez = {...,5,-2,1,0,
1,2,5,12,29,...}, and {Jp}nez = {...,3/8,-1/4.1/2,0,1, 1,3,5,11,...} by using the corre-
sponding linear recurrence relation with respect to Eo = {1,1, },{2,1}, and {1, 2}, respectively.
Thus, from the first formula of (18) in Corollary 3.4, there hold

n
Z <?>F7‘]7-1FSL:%F‘7_W7L_1 =1,

Jj=0

n
) W
Z <j>P7Jan—j1Pj—'ﬂm—1 =1,

Jj=0

Z gn I <T;) Jgrz‘]:rLL_—lej—mn—l =1

=0
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The identities generated by using the other formulas in (18) and the formulas in Corollaries

3.5-3.7 can be written similarly, which are omitted here.

Example 3.10 By using the transformation formulas (10), (13), and (14), we may transform
the nonlinear expressions shown in Examples 3.8 and 3.9 to those of the sequences in their sets
with the same Ey and initial vector (ag,a1) = (2,1), respectively. For instance, from Example
3.8, there hold

n

1 n , »
Lyntr+1 + Lingr—1 = En Z (]) (Lm+1 + Lin—1)? (L + Lin—2)""7 (Lr4j41 + Lrgj—1),

j=0
1 n n j n—j
Amn+r+1 + dmn+r—1 = 1771 Z ] (Sqm+1 + qul) (Sqm + mez) (3QT+j+1 + qT’Jrjfl)u
3=0
, , 2 = (n\ 1. , il , n—j .
Imn+r+1 T Imntr—1 = (5) j g(]erl + 2Jm71) (]m + 2Jm72) (Jr+j+1 + 2]r+j71)-
j=0

Similarly, from Example 3.9, we have

1 & /n ; i
5+l Z (J) (Lin+1 + Lin—1) (L + Lin—2)" J(Lj—mn + Lj—mn—2) =1,
=0
1 n n ; -
Tt Z j (Btm+1 + @m—1) Bqm + @m—2)"""(3¢j—mn + ¢j—mn—2) = 1,
=0

1 <« i ny, . . o . —i /- )
gn+1 Z 2nI (]) (Fmt1 + 29m—1)? (Jm + 2jm—2) ](Jj—mn + 2.7j—mn—2) =L
§=0

At the end of this section, we will mention a relationship, established in [7] (inspired by
Aharonov, Beardon, and Driver [1]) by Shiue, Weng and the author, between the recurring
numbers defined by (1) and the values of the Gegenbauer-Humbert polynomials including the
Chebyshev polynomials of the second kind, U,, (), and the Fibonacci polynomials, F},(x). From
Corollary 2.2 of [7], we have the relationships

Fo= (Vo G2, F= (VR R )

(V) Vsl ), = (V)T R,

In particular, for F5(1, 1), the above relationships present the expressions of Fibonacci numbers in

£,

term of the values of the Chebyshev polynomials of the second kind and the Fibonacci polynomials
as follows:

F, = z‘”*lUn_l(f%), F, = F,(1),

Fu= (=" Waaa(3), Fu=(-1)"" Fu(-1),

where the first formula can be seen in [1]. Similarly, for E5y = (2,1), we have

P, = inilUn—l (—Z) s P, = 7” (2) )



Construction of nonlinear expression for recursive number sequences 483

P,=(=)"""Up_1 (i), Po=(—1)"""E,(-2).

If F5 = (1,2), then the relationships between the Jacobsthal numbers and the values of the

Chebyshev polynomials of the second kind and the Fibonacci polynomials are

Jn = (ﬁi)”—lUnfl(—ﬁ)’ = 2(”_1)/215”(%)’
J, = (—\/ii)nilUn—l(QL\./i)’ Jn = (—\/ﬁ)nlen(%)

Example 3.11 Using the above relationships, we may change the non-linear expressions of F,
to the non-linear expressions for the values of the Chebyshev polynomials of the second kind and

the Fibonacci polynomials, respectively. For instance, from Example 3.8, there hold

i "L nN\ i i i
Umn+r—1(—§) = Z < -)Z 2 j)Umfl(_E)ij72(_§)n ]Ur+j—1(—§)»

. " n\ o N N .
Unnir—1(—1) = Z ( .>Z 200U, 1 (=Y U (=) " Uy 1 (=),

Unntra(=575) = 3 ()0 200 s 52 U a5 a5,

j=0
Other nonlinear expressions of the values of the Chebyshev polynomials of the second kind and
the Fibonacci polynomials can be constructed similarly from Examples 3.8 and 3.9, which we

omit here.
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