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Multi-Symplectic Geometry and Explicit Multi-symplectic
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Abstract In the paper, we derive a multi-symplectic Fourier pseudospectral method for
Zhiber-Shabat equation. The Zhiber-Shabat equation, which describes many important phys-
ical phenomena, has been investigated widely in last several decades. The multi-symplectic
geometry and multi-symplectic Fourier pseudospectral method for the Zhiber-Shabat equation
is presented. The numerical experiments are given, showing that the multi-symplectic Fourier
pseudospectral method is an efficient algorithm with excellent long-time numerical behaviors.
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1. Introduction

In the paper, we consider the following Zhiber-Shabat equation
Upe + €™ 4 BeT ™ 4 ye M = (), (1.1)

where «, 3, v are three non-zero real numbers, m is a positive integer. The equation (1.1)
contains Liouville equation, Sinh-Gordon equation and Dodd-Bullouh-Mikhailov equation.
When 8 # 0, v = 0, equation (1.1) becomes Sinh-Gordon equation. When g = 0, v = 0,
equation (1.1) becomes Liouville equation. When 8 = 0, v # 0, equation (1.1) becomes Dodd-
Bullouh-Mikhailov equation. Recently, Wazwaz [1] obtained some solitary wave and periodic
wave solutions for special Dodd-Bullough-Mikhailov equation by using the tanh method. Fan
and Hon [2] obtained some exact explicit parametric representations of the traveling solutions
for the generalized Dodd-Bullough-Mikhailov equation by using the proposed extended tanh
method. Tang [3] obtained some explicit parametric representations of the traveling solutions
for special Dodd-Bullough-Mikhailov equation by using the method of bifurcation theory of
dynamical systems. Rui [4] obtained some explicit parametric representations of the traveling
solutions for equation (1.1) by using the method of bifurcation theory of dynamical systems.
However, to our knowledge, no much work has been done to construct the numerical solutions

for equation (1.1) till now.
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In the paper we consider numerical method to study Zhiber-Shabat equation (1.1). However,
since the common numerical methods are not conservative, all the qualitative behavior such as
norm conservation of the system has been lost in the discretization. In recent years, there has
been an increasing emphasis on constructing numerical methods to preserve certain invariant
quantities in the continuous dynamical systems. Feng [5] proposed a new approach to computing
Hamiltonian systems from the view point of symplectic geometry in 1984. The disadvantage of
this approach is that it is global. To overcome this limitation, Bridge and Reich [6,7] presented
a multi-symplectic integrator based on a multi-symplectic structure of some Hamiltonian PDEs.

An outline of the paper is as follows. In Section 2, we present the multi-symplectic geometry
for the Zhiber-Shabat equation. In Section 3, the multi-symplectic Hamilton formulations for
equation (1.1) are established and three local conservation laws are obtained. Section 4 involves
the construction of multi-symplectic Fourier pseudospectral method and error estimates of energy

conservation law. In Section 5, numerical experiments are given.

2. Multi-symplectic geometry for the Zhiber-Shabat equation

In the section, we consider the multi-symplectic geometry for Zhiber-Shabat equation (1.1).
The covariant configuration space for Zhiber-Shabat equation is X x U. We define the first-order
prolongation of X x U as
UMD =X x U x Uy,

where X = (z,t) represents the space of independent variables, U = (u) represents the space of
dependent variables, U; = (u,,u:) represents the space consisting of first-order partial deriva-
tives.

Let ¢ : X — U be a section and we denote first prolongation of ¢ by
prlgo = ($7 t7 Uy Uy, ut)-

The Lagrangian density for theZhiber-Shabat equation (1.1) is

£(pri(p)) = Llprt ())dz Adt, (2.1)
where 3
1 « o omu
Lipr'(¢)) = —Funty + ™ = Semmr - L, (2.2)

We define the action functional by

S(p) = / L(prt(p)), M is an open set of X. (2.3)
M
Let V be a vector filed on X x U with the form

0 0 0

V= T(.I‘,t)a + f(:c,t)a—x + oz(sc,t,v)%.

The flow exp(AV) of the vector V is a one-parameter transformation group of X x U and
transforms a section ¢ : M — U to a family of sections ¢ : M — U, which depend on the

parameter .
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By direct calculation, we can obtain the variation of the action functional (2.3) as follows

d d 1. . (@ Tt 5 —mu Y —oma g Iy
5S:a|A:oS( Q) = d)\\A o/M[ *Ut”uiJrE@ € — 5 e AT AdE

2 2m
:/ Ida:/\dtJr/ B, (2.4)
M oM
where
& B v - 1
I:(Dt(—ae Lu“r*@ mu‘i‘%e 2mu)+D ( §Ut>)vt
1 ﬁ - B s
D, (—= D _ M —mu M~ mu Vac
(Di(—5u2) + Dy~ eme 4 Lmmu L gm2muy)
(uwt +aemu +6e—mu +,ye—2mu)vu’ (25)
B :((_E + —e + e muydg iufdt)Vt—I—
(—§u§dx - (§uf + (o™ e e 2mu))qt) Vo4
1 1
(—§utdt + iuxda:)V“. (2.6)
Chen [8] have proved that the variation 7 yields the local energy conservation law
1 5 - B s
D.(——= D ma Rt muy _ 9.
the variation £ yields the local momentum conservation law
1 B B
Di(—5 D, M —eT M e = 2.
o 2u)+ (— me +me +2me ) =0, (2.8)
the variation « yields the Euler-Lagrange equation
oL d,60L d 6 0L 9
(=Y — . mu —mu e — ), 2.9
ou dt(aut) dm(aux) Uzt €™ 4 fe toe (2.9)

If we define the Cartan form

Op = —§utdu Adt + ug;du Adz + (Qutum + %em“ — %e_m“ — %e‘zmu)dx Adt, (2.10)

then multi-symplectic form is Qg = dOg, and the multi-symplectic form formula is

/ (prie)*(pr'V Qe = 0.
oM

3. Multi-symplectic structure for the Zhiber-Shabat equation

With the multi-symplectic theory [9-11], many partial differential equations can be written

as multi-symplectic system
Mz 4+ Kz, =V.5(2), z€ R, (z,t) € R?, (3.1)

where M, K € R¥™? are the skew-symmetric matrices, S : R* — R is a smooth function, V,.5(%)
denotes the gradient of the function S = S(z) with respect to variable z.
The multi-symplectic system (3.1) has multi-symplectic conservation law (MSCL)

Ows Iy (3.2)
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where
w=dz AM;idz, k=dzA K dz. (3.3)

The multi-symplectic system (3.1) satisfies the local energy conservation law (LECL)
0] 0

—EF+ —F=0, 3.4
o "o (34
where E = S(2) + 2K 2, F = —2' K, 2, and local momentum conservation law( LMCL)

0 0

—I+—G=0 3.5

o s T (3.5)

where
I=—2"Mi 2 G=85(2)+zI M,z

M, and K satisfy
M=M,-M!, K=K, -K{.

By introducing a pair of conjugate momenta u; = v, u, = ¢, the Zhiber-Shabat equation
(1.1) can be written as the first-order PDEs

%spt —|— %ww = —aemu _ ﬁe—mu _ ,Ye—Q’m,u’
1 _ 1

—3Uz = —3¥, (36)
Ly, =1

*iut = S .

If we define the state variable z = (u,v, )T, the PDEs (3.6) is equivalent to the multi-

symplectic system (3.1), where the skew-symmetric matrices are

0 0 3 0 3
M = o 0 0], K= —% 0 ,
1
-5 0 0 0 0
and the smooth Hamiltonian is
_ _g mu ﬁ —mu l —2mu 1
S(z) = e + — + 5777 € + 21/190. (3.7

The system (3.6) satisfies the multi-symplectic conservation law (3.2), where
1 1
w:dz/\M+dz:§du/\d<p, k:dz/\K+dz:§du/\dw.

The system (3.6) has a local energy conservation law (3.4), where

1 1 1
E=8()+ K 2= —Zemi g Bommuy D pmomu Ly Ly Loy
m m 2m 2 4 4

1 1
F = —thKJrz = _ZwUt + Zuwt'

The system (3.6) also has local momentum conservation law (3.5), where

a 58 _ Y _omu L 1 1
G:S(z)+sz+z=—Eem“+Ee m“—l—%e Zm +§1/J<P—Z<Put+iu%0t-
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4. Multi-symplectic Fourier pseudospectral method for the Zhiber-
Shabat equation

In this section, we will apply Fourier pseudospectral method to the Zhiber-Shabat equation
(1.1). Bridges and Reich [11] proposed multi-symplectic spectral discretization on Fourier space.
Based on their theory, many authors proposed multi-symplectic Fourier pseudospectral method
for Hamiltonian PDEs with periodic boundary conditions.

The discretization of the multi-symplectic system (3.1) and the multi-symplectic conserva-
tion law (3.2) can be solved numerically by

MoP™ 2l + Kol = V., S(21), (4.1)
o Wl + 01"k} =0, (4.2)
where ) )
wi = idz]" AMdz}, kP = idzjn A Kdz?,
&)™ and 9J™ are discretizations of the partial derivatives d; and d,, respectively.
Definition 4.1 The numerical scheme (4.1) of multi-symplectic system (3.1) is said to be
multi-symplectic if equation (4.2) is a discrete conservation law of equation (3.1).

We consider Zhiber-Shabat equation (1.1) with the periodic boundary condition u(L1,t) =
u(La,t). We approximate u(x,t) by Inu(z,t) which interpolates u(z,t) at the following set of
collocation points z; = L; + %, j=0,1,2,...,N — 1, where N is an even number, L is the

period. We approximate u(z,t) by Iyu(z,t)
N-1
Invu(z,t) = Z u;jg;(z), (4.3)
3=0

where u; = u(z;,t), g;(zk) = 5;-“. g;(z) is a trigonometric polynomial of degree & given explicitly
by

1 dp(x—x;
gi@) =5 D e, (4.4)

where C) = 1(|l| 75 %), O% =C
of Iyu(z,t) gives

N
T g N ‘
Iyu(z,t) = —e”’wﬁ Z uje” i (4.5)
=x ! =0
EN 1=
w; = Iyu(z;,t) = — el _ uje T (4.6)
N N i—
=z 7=0

For u, v, we can define the bilinear form
N-1

(w,v) N =h Z u(z;, t)v(z,,t),

Jj=
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(Inu(zs,t), v(z;,t)n = (u(x;, t), v(xj,t))N.
The crucial step here is to obtain values for the derivative %I ~n(z,t) at the collocation
points x; in terms of the values u;. The resulting expression at the points x; is
N~ dbgi(@)

IN(l'l,t) = — UjT = (Dku)“
7=0

dk
dak

where Dy, represents Fourier pseudospectral differential matrix with the elements

1 S Ti— Ty . .
—p(=1)" cot(p . iA
(D) 2 (1) ( )
0, i =],
1 2 y y 1 1 . .
SHE(=1)7T 2, wi—a;y U # Js
(D2)ig§ 2 sin® (u=5)
_/142 N1;_27 i=7.
Definition 4.2 Let u = (ug,u1, us,...,un_1) and v = (vg,v1,v2,...,vn_1)%. We define the
Hadamard product of vectors by
wov = (Upvy, U1V, U2V2, . . ., UN_1UN—1)" -
Theorem 4.3 Let u = (ug,uy,us,...,uny_1)7 and v = (vo,v1,v2,...,vn_1)7, where u; =

u(xg, t),v; = v(x, t),i=0,1,2,..., N — 1. We can obtain
Dy(uov)=Dyuov+ Dyvou.

From the above analysis, we can obtain a semi-discrete system for (3.6)

1d90 1 mu; —mu —2mu;

—5(D1w); = —5¢;, (4.7)
ldu]' 1

Toa T 2

where ¢; = p(x;,t), ¥; = ¥(z;,t), u; = u(x;,t).

Theorem 4.4 The scheme (4.7) satisfies semi-discrete multi-symplectic conservation laws,
d N-1
it ;(Dl)id—kid =0, i=1,2,...,N—1, (4.8)

and satisfies the total symplecticity in time % Zf\:()l w; = 0, where

w; = 3du; A de;,
ki’j = %duz A\ d’L/Jj
In order to derive the algorithms conveniently, we give some operators definition. Define

the finite difference operator
Wit — i

D’ =
tu At )
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and averaging operator

It
A = % (4.10)

From the above analysis, applying the midpoint symplectic integration in time, we can

obtain a fully discrete system for (3.6)

1 1 n n n
§Dt30? + §(D1Atwn)] _ _aemAtuj _ /Be—mAtuj _ 76—2mAtuj ,
1 1
f§(D1Atun)j = 7§At¢;}, (4.11)

1 1

Theorem 4.5 The scheme (4.11) satisfies fully discrete multi-symplectic conservation laws,

N—1
Dyw! + 3 (D1)ixAskl, =0, i=1,2,...,N -1, (4.12)
k=0
and satisfies the total symplecticity in time ZZ o w]'H Efv 01 w!, where
1. ,
= Qduf Adel,
; 1
ki, = 5du;? A dipk.
To evaluate the local conservation laws of energy, we use the discretizations of the form
where

n n 1 n n
E} =S(Z7) - 5(Zj VYK (DyZ™);,

J

n 1 n n
AF] = 5(Atzj V' K(D:Z}),

(Rg)7} is called the residual of LECL.

Under periodic boundary condition, we can define the discrete energy as follows
n—1
=Az Y E. (4.14)
§=0

Theorem 4.6 For the multi-symplectic Hamiltonian system (4.11), the residual of LECL of

equation (3.6) satisfies the following expression

1 « n+1 n+1 n
(RE);H-Q — mAt( oMUy ) + 2At( n+1 _ u;})(emuj 4 My )_~_
m%t —mu n+1 B eimu?) + QLM( n+l u;})(efmu;“rl I efmu;w,)+
_9 —2mu” Y +1 —2mau ! —2mu”
2mAt< ’mu —e TYLUJ ) + E "I]’L _ /U/;L)(e ’muJ + e 7YLUJ )’

(u
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and global discrete energy of equation (4.11) satisfies the following expression

n—1n-—1
" =0 4 Ax Z Z[_%(emu;‘*l . emu;l) + %(u;ﬂrl _ u?)(em“?H n emu;})_’_
n=0 j=0
ﬁ(e—mu;+1 _ e—mu?) + g(u;}-‘rl _ u?)(e—mu;L+l + e—mu;)_‘_
%(672mu?+1 _ e—2mu;) + %(ugﬂrl _ u;})(672mu;’+1 + e—Qmu;‘)].
Proof We rewrite equation (4.11) in a compact form as
N—1
MDy2} + K Y (D1)jrAz) = V.S(Az]). (4.15)
k=0

It follows from Wang [10] that the residual of LECL of equation (4.15) satisfies

(R); "% = DuS(Z1) — (D27, N 28(AZY)). (4.16)

Substituting equation (3.7) into equation (4.16), we can derive that the residual of LECL of

equation (4.11) satisfies the following expression

(Re); - —mam (5™ e 4 st e e+
77+1 _mu n+1 n 7mu‘;7+1 _muj,
m%t —2mu"+1 72m)u+ QAtgy n+1uj )(: —Qmu::f 72;:1”
2mAt —e J)—|—2At(u u)(e i +e 7).
By Wang [10], the discrete energy of equation (4.11) satisfies
n—1n-1
=0+ Axd D S(Zpth) - S(zy) - (Zp - Z) TSz (4.17)

n=0 j=0

Substituting equation (3.7) into equation (4.17), we can derive that the discrete energy of equa-
tion (4.11) satisfies the following expression

n—1n—1
n+1

= Ar Yy Y- (@ ) S ) (e e )+

n=0 j=0
_ e—mu;}) + g(u;}+1 _ u?)(e—mu;‘+l + e—mugf)_i_
% (672mu;”+1 . ef2mu;”) + l(un—&-l o n)(672mu;+1 + 672mu?)].

+1

é(e—mu;
2m g\t T
Assume At is sufficiently small, then there exist two constants C7,Cy independent of At
1
and Az, such that |(RE);L+2| < C1AE et — e < Co AL,

5. Numerical experiments

In this section, the numerical experiments are presented to illustrate the theoretical results

in the previous sections by using the multi-symplectic Fourier pseudospectral method.

Example 5.1 When m = 1, the Zhiber-Shabat equation (1.1) has an analytic soliton solution

B 28 28

sec hQ(%é—Zx—wt)} (5.1)
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We consider the problem

Uy + e + e + ye 2% =0,
up = I[2UVE 9 gec p2(997 )], (5.2)
U(Ll, t) = U(L2, t),

wherea=1,8=1,vy=-1,w=1.

AL
AL
..'....:....'~..
S
L

AL

e
v,

Figure 1 The wave form of the numerical solution Figure 2 The wave form of the numerical solution

with 2 € [—20,20], ¢ € [0, 50]

We simulate the solution (5.2) with the initial condition and boundary condition using the
multi-symplectic Fourier pseudospectral method (4.11) with = € [—20,20], ¢t € [0, 50], At = 0.01,
and Az = 0.01. Figure 1 shows the wave form of the numerical solution, and shows that the
waves emerge without any changes in their shapes, which indicates that the proposed method

simulated the solitary wave well.

Example 5.2 When m = 1, the Zhiber-Shabat equation (1.1) has an analytic soliton solution

1-v3) 9

u = In| 25 25

sc hz(j;%x — wt)]. (5.3)

We consider the problem

Ugs + e + Be™ % + ye 2% =0,
3v(1 — /3
—7( V) N csc h?(

2 2
U(Ll, t) = U(Lg, t),

Yary

= In| o)

(5.4)

where a =1, =1, vy = =2, w = 1. We simulate the solution (5.4) with the initial conditions
and boundary conditions using the multi-symplectic Fourier pseudospectral method (4.11) with
x € [—20,20], t € [0,50], At = 0.01, and Az = 0.01. Figure 2 shows the wave form of the
numerical solution.

From the results above, we find that the wave-forms keep their amplitudes and velocities
invariable throughout the processes of the simulations, which implies that the multi-symplectic

Fourier pseudospectral method (4.11) can preserve the local properties of the periodic wave
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solution perfectly. The numerical error of the multi-symplectic Fourier pseudospectral method

is more regular.

References

[1] G. TZITZEICA. Géometric infinitésimale-sur une nouvelle classes de surfaces. Comptes Rendus, Acad. Sci.
Paris, 1907.
Engui FAN, Y. C. HON. Applications of extended tanh method to “special” types of nonlinear equations.
Appl. Math. Comput., 2003, 141(2-3): 351-358.
[3] Shenggiang TANG, Wentao HUANG. Bifurcations of travelling wave solutions for the generalized Dodd-
Bullough-Mikhailov equation. Appl. Math. J. Chinese Univ. Ser. B, 2007, 22(1): 21-28.
[4] Weiguo RUI. Exact traveling wave solutions for a nonlinear evolution equation of generalized Tzitz é ica-
Dodd-Bullough-Mikhailov type. J. Appl. Math. 2013, Art. ID 395628, 14 pp.
[5] Kang FENG. On Difference Schemes and Symplectic Geometry. Science Press, Beijing, 1985.
[6] T. BRIDGES, S. REICH. Numerical methods for Hamiltonian PDEs. J. Phys. A, 2006, 39(19): 5287-5320.
[7] S. REICH. Multi-symplectic Runge-Kutta collocation methods for Hamiltonian wave equations. J. Comput.
Phys., 2000, 157(2): 473-499.
[8] Jingbo CHEN. Multisymplectic geometry, local conservation laws and Fourier pseudospectral discretization
for the “good” Boussinesq equation. Appl. Math. Comput., 2005, 161(1): 55-67.
[9] Pingfu ZHAO, Mengzhao QIN. Multisymplectic geometry and multisymplectic Preissmann scheme for the
KdV equation. J. Phys. A, 2000, 33(18): 3613-3626.
[10] J. Wang, Multisymplectic forier pseudospectral method for the nonlinear schrodinger equation with wave
operator. J. Comput. Math., 2007, 25(1): 31-48.
[11] T. BRIDGE, S. REICH. Multi-symplectic spectral discretizations for the Zakharov-Kuznetsov and shallow
water equations. Advances in Nonlinear Mathematics and Science. Phys. D, 2001, 152/153: 491-504.

2



