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1. Introduction

Let F be a Finsler metric on manifold M . The geodesics of F are characterized locally by

the equation d2xi

dt2 + 2Gi(x, dx
dt ) = 0, where Gi are coefficients of a spray defined on M denoted

by G(x, y) = yi ∂
∂xi − 2Gi ∂

∂yi . A Finsler metric F is called Berwald metric if Gi = 1
2Γ

i
jky

jyk

are quadratic in y ∈ TxM for any x ∈ M . Taking a trace of Berwald curvature yields mean

Berwald curvature or E-curvature. The E-curvature is an important quantity defined using the

spray of F . It is a kind of non-Riemann quantities [1,2]. Chen and Shen obtained an equivalent

condition for a Randers metric to be E-curvature and S-curvature [3]. Then, they studied the

relationship between isotropic E-curvature and relatively isotropic Landsberg curvature on a

Douglas manifold [4]. Lungu got a condition for Randers spaces to be simultaneously with scalar

flag curvature and with constant E-curvature [5]. For (α, β)-metrics in the form F = α+εβ+kα2

β ,

D. Tang obtained an equivalent condition about E-curvature and S-curvature [6]. Tayebi, Nankali

and Peyghan proved that every m-root Cartan space of E-curvature reduces to weakly Berwald

spaces [7].

On the other hand, a Finsler metric F is said to be spherically symmetric (orthogonally

invariant in an alternative terminology in [8]) if F satisfies

F (Ax,Ay) = F (x, y) (1.1)
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for all A ∈ O(n), equivalently, if the orthogonal group O(n) acts as isometrics of F . Such metrics

were first introduced by Rutz [9]. Spherically symmetric Finsler metrics are the simplest and

most important general (α, β)-metrics [10]. It was pointed out in [8] that a Finsler metric F on

Bn(µ) is a spherically symmetric if and only if there is a function ϕ : [0, µ)× R → R such that

F (x, y) = |y|ϕ
(
|x|, ⟨x, y⟩

|y|
)

(1.2)

where (x, y) ∈ TRn(µ)\{0}, | · | and ⟨·, ·⟩ denote the standard Euclidean norm and inner prod-

uct, respectively. The geodesic coefficients of a spherically symmetric Finsler metric F (x, y) =

|y|ϕ(|x|, ⟨x,y⟩
|y| ) are given by

Gi = uPyi + u2Qxi (1.3)

where

Q :=
1

2r

rϕss − ϕr + sϕrs

ϕ− sϕs + (r2 − s2)ϕss
, u := |y|, r := |x|, s :=

⟨x, y⟩
|y|

(1.4)

and

P :=
rϕs + sϕr

2rϕ
− Q

ϕ
[sϕ+ (r2 − s2)ϕs]. (1.5)

Many known Finsler metrics are spherically symmetric [8,11]. Such metrics have many good

properties [12,16]. Mo, Zhou and Zhu classified the projective spherically symmetric Finsler

metrics with constant flag curvature in [13–15]. In [8], Huang and Mo found a PDE to describe

a spherically symmetric Finsler metric to be projectively flat. Projectively flat is an important

definition in Finsler geometry. Hilbert’s 4th Problem is to characterize the distance functions on

an open subset in Rn such that straight lines are geodesics [17,18]. Regular distance functions

with straight geodesics are projectively flat Finsler metrics. If a Finsler metric F = F (x, y) on

an open subset U ⊂ Rn is projectively flat, the geodesics of F are straight lines if and only if the

spray coefficients of F satisfy Gi = Pyi, namely Q in (1.4) is zero.

In this paper, we will study E-curvature of spherically symmetric Finsler metrics. Firstly,

we obtain a differential equation which characterizes a spherically symmetric Finsler metric with

isotropic E-curvature. Then, we discuss a projectively flat spherically symmetric Finsler metric

with isotropic E-curvature using the differential equation we get. We introduce the notation

u := |y|, r := |x|, s :=
⟨x, y⟩
|y|

, Bn(µ) := {x ∈ Rn(µ); |x| < µ}.

In Section 4, we prove the following

Theorem 1.1 On Bn(µ), a spherically symmetric Finsler metric F (x, y) = uϕ(r, s) has isotropic

E-curvature if and only if

(P − sPs)(n+ 1) + (r2 − s2)(Qs − sQss) = (n+ 1)(ϕ− sϕs)c(x)

where c = c(x) is a scalar function on M .

In Section 5, we prove

Corollary 1.2 Let F (x, y) = |y|ϕ(|x|, ⟨x,y⟩
|y| ) be a projectively flat spherically symmetric Finsler

metric with isotropic E-curvature on Bn(µ). Then F = F (x, y) is a Randers metric.
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2. Preliminaries

In this section, we will give some definitions that will be used in the proof of our main

results. Let M be a manifold and let TM = ∪x∈MTxM be the tangent bundle of M , where

TxM is the tangent space at x ∈ M . A Finsler metric is a Riemannian metric without quadratic

restriction. Precisely, a function F (x, y) on TM is called a Finsler metric on a manifold M if it

has the following properties:

(i) Regularity: F (x, y) is C∞ on TM\{0};
(ii) Positive homogeneity: F (x, λy) = λF (x, y), ∀λ > 0, y ∈ TxM ;

(iii) Strong convexity: The n× n matrix gij =
1
2 [F

2]yiyj (y ̸= 0) is positive definite.

For a Finsler metric F = F (x, y) on a manifold M , the the spray coefficients Gi = Gi(x, y)

are defined by

Gi =
gil

4
{[F 2]xkylyk − [F 2]xl}

where gij = 1
2 [F

2]yiyi and (gij) = (gij)
−1. The Riemann curvature is a family of linear maps

Ry = Ri
k

∂
∂xi

⊗
dxk : TxM → TxM defined by

Ri
k = 2

∂Gi

∂xk
− yj

∂2Gi

∂xj∂yk
+ 2Gj ∂2Gi

∂yj∂yk
− ∂Gi

∂yj
∂Gj

∂yk
.

It is natural to study the rate of change of the distortion along geodesics. For a vector

y ∈ TxM\{0}, let σ = σ(t) be the geodesic with σ(0) = x and σ′(0) = y. Set

S(x, y) :=
d

dt
[τ(σ(t), σ′(t))]|t=0.

S is called the S-curvature. The S-curvature is introduced by Shen when he studied volume

comparison in Riemann-Finsler geometry [1,5]. It is a scalar function S : TM → R defined by

S =
∂Gm

∂ym
− ym

∂(lnσF )

∂ym

where

σF =
Vol(Bm)

Vol{(yi) ∈ Rm|F (x, yi ∂
∂xi ) < 1}

.

A Finsler metric F on an n-dimensional manifold M is said to have almost isotropic S-curvature

if there is a scalar function c = c(x) on M such that

S = (n+ 1){cF + η}

where η = ηi(x)y
i is a closed 1-form. F is said to have isotropic S-curvature if η = 0. F is said

to have constant S-curvature if η = 0 and c=constant. There is another quantity associated with

S-curvature. The E-tensor ξ := Eijdx
i
⊗

dxj is defined by

Eij :=
1

2
Syiyj (x, y) =

1

2

∂2

∂yi∂yj
(
∂Gm

∂ym
) (2.1)

in local coordinates x1, . . . , xn and y =
∑

i y
i ∂
∂xi . F is said to have isotropic E-curvature if there

is a scalar function c = c(x) on M such that

E =
1

2
(n+ 1)cF−1h. (2.2)
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Here h is a family of bilinear forms hy = hij(x, y)dx
i
⊗

dxj on TxM , which are defined by

hij := FFyiyj .

3. E-curvature of spherically symmetric Finsler metrics

For a spherically symmetric Finsler metric F (x, y) = |y|ϕ(|x|, ⟨x,y⟩
|y| ), we have already known

its geodesic spray coefficients can be written as (1.3). Plugging it into the definition of E-tensor

(2.1), we obtain the following proposition.

Proposition 3.1 Let F (x, y) = |y|ϕ(|x|, ⟨x,y⟩
|y| ) be a spherically symmetric Finsler metric on

Bn(µ) ⊆ Rn. Let u := |y|, r := |x|, s := ⟨x,y⟩
|y| . Then the E-curvature of F is given by

Eij =[
Pss

u
(n+ 1) + 2(

Qs

u
− s

u
Qss)−

Qsss

u
(s2 − r2)]xixj+

[− s

u2
(n+ 1)Pss − 2s

Qs

u2
+ 2

s2

u2
Qss +

s

u2
Qsss(s

2 − r2)]xiyj+

[− s

u2
(n+ 1)Pss − 2s

Qs

u2
+ 2

s2

u2
Qss +

s

u2
Qsss(s

2 − r2)]xjyi+

[−(n+ 1)
P

u3
+ (n+ 1)

s

u3
Ps + (n+ 1)

s2

u3
Pss + (3s2 − r2)

Qs

u3
+

Qss

u3
(r2 − 3s2)s+

s2Qsss

u3
(r2 − s2)]yiyj+

(
P

u
− s

u
Ps)(n+ 1) + (

Qs

u
− s

u
Qss)r

2 + (
s3

u
Qss −

s2

u
Qs). (3.1)

Proof Let F be a spherically symmetric Finsler metric. By a direct computation, we know

uyi =
yi

u
, (3.2)

uyiyj =
u2δij − yiyj

u3
, (3.3)

syi =
uxi − syi

u2
, (3.4)

syiyj =
3syiyj − uxiyj − uyixj − su2δij

u4
. (3.5)

From (1.3), (3.2) and (3.4) we have∑
m

∂Gm

∂ym
=

∑
m

uymPym + uPs

∑
m

symym + nuP + 2Q⟨x, y⟩+ u2Qs

∑
m

symxm

= u[(n+ 1)P + 2sQ+ (r2 − s2)Qs]. (3.6)

By (3.6), we get

∂

∂yi
(
∑
m

∂Gm

∂ym
) =(n+ 1)uyiP + (n+ 1)uPssyi + 2Qu+ 2sQssyiu+ 2sQuyi − 2ssyiuQs+

(r2 − s2)uyiQs + (r2 − s2)usyiQss (3.7)
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where we have used ∂r
∂yi = 0. Differentiating (3.7), we have

∂

∂yj
∂

∂yi
(
∑
m

∂Gm

∂ym
)

= [(n+ 1)uPss + (r2 − s2)uQsss − 2suQss]syisyj+

[(r2 − s2)uQss + (n+ 1)uPs]syiyj + [(n+ 1)P + 2sQ+ (r2 − s2)Qs]uyiyj+

[(n+ 1)Ps + 2Q+ (r2 − s2)Qss]uyisyj + [(n+ 1)Ps + (r2 − s2)Qss]uyjsyi+

2Qssyju+ 2Quyj . (3.8)

Substituting (3.2)–(3.5) into (3.8), we conclude the proof. �

4. Isotropic E-curvature of spherically symmetric Finsler metrics

In this section, we are going to discuss necessary and sufficient condition for a spherically

symmetric Finsler metric with isotropic E-curvature. Let F (x, y) = uϕ(r, s) be a spherically

symmetric Finsler metric on Bn(µ) ⊆ Rn, where u = |y|, r = |x|, s = ⟨x,y⟩
|y| . By a direct

computation, we know

Fyi = uyiϕ+ uϕssyi . (4.1)

Differentiating (4.1), we get

Fyiyj = uyiyjϕ+ (uyjsyi + uyisyj )ϕs + usyisyjϕss + usyiyjϕs. (4.2)

Substituting (3.2)–(3.5) into (4.2), we obtain

Fyiyj =
1

u
(ϕ− ϕs)δij +

1

u
ϕssx

ixj − 1

u2
ϕss(x

iyj + xjyi)s− 1

u3
(ϕ− sϕs − s2ϕss)y

iyj . (4.3)

Suppose that F (x, y) = uϕ(r, s) has isotropic E-curvature, (2.2) holds. Thus

∂

∂yj
∂

∂yi
(
∑
m

∂Gm

∂ym
) = (n+ 1)cFyiyj (4.4)

where c = c(x) is a scalar function on M . Putting together (3.8), (4.3) and (4.4), the following

equations can be obtained,

Pss(n+ 1) + 2(Qs − sQss) + (r2 − s2)Qsss = ϕssc(n+ 1), (4.5)

(P − sPs)(n+ 1) + (r2 − s2)(Qs − sQss) = (n+ 1)(ϕ− sϕs)c, (4.6)

P (n+ 1)− Ps(n+ 1)s− Pss(n+ 1)s2 +Qs(r
2 − 3s2)−Qss(r

2 − 3s2)s− s2Qsss(r
2 − s2)

= ϕ(n+ 1)c− ϕs(n+ 1)sc− ϕss(n+ 1)s2c. (4.7)

Observing (4.5)–(4.7), we can easily deduce that differentiating (4.6), (4.5) is obtained and (4.7) =

(4.6)− (4.5)× s2. The equations above can attribute to (4.6). Moreover, c = c(x) is a function

of r := |x|. Conversely, if F satisfies (4.6), then (4.4) holds, namely F (x, y) = |y|ϕ(|x|, ⟨x,y⟩
|y| ) has

isotropic E-curvature. This proves Theorem 1.1. �

5. Projectively flat spherically symmetric Finsler metrics with isotropic
E-curvature
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Suppose that a projectively flat spherically symmetric Finsler metric F (x, y) = |y|ϕ(|x|, ⟨x,y⟩
|y| )

has isotropic E-curvature, then Q = 0, (4.6) can be written as:

P − sPs = (ϕ− sϕs)c(x). (5.1)

By solving (5.1), we get

P = σ(r)s+ c(x)ϕ (5.2)

where σ = σ(r) is a scalar function on M . From (1.5), we know

P =
1

2rϕ
(sϕr + rϕs). (5.3)

Thus if the projectively flat spherically symmetric Finsler metric F (x, y) = uϕ(r, s) has isotropic

E-curvature, ϕ satisfies
1

2rϕ
(sϕr + rϕs) = σ(r)s+ c(x)ϕ, (5.4)

−ϕr + sϕrs + rϕss = 0. (5.5)

Differentiating (5.4) with s, we get

ϕr + sϕrs + rϕss = 2rϕσ(r) + 2rϕsσ(r)s+ 4rϕϕsc(x). (5.6)

Plugging (5.5) into (5.6), we know

ϕr = rϕσ(r) + rϕsσ(r)s+ 2rϕϕsc(x). (5.7)

By (5.7)× s− (5.4), we have

(σ(r)s2 + 2ϕc(x)s+ 1)ϕs = ϕσ(r)s+ 2ϕ2c(x). (5.8)

For a fixed r, (5.8) is equivalent to the following equation

Mdϕ+Nds = 0 (5.9)

where M = σ(r)s2 + 2ϕc(x)s+ 1 and N = −ϕσ(r)s− 2ϕ2c(x). By a direct computation,

∂M

∂s
= 2σ(r)s+ 2ϕc(x),

∂N

∂ϕ
= −σ(r)s− 4ϕc(x).

Thus
1

N
(
∂M

∂s
− ∂N

∂ϕ
) = − 3

ϕ
. (5.10)

By (5.10), the integrating factor u(ϕ) of (5.9) can be easily obtained,

u(ϕ) =
1

ϕ3
. (5.11)

By (5.9)× u(ϕ), we have

1

ϕ3
(σ(r)s2 + 2ϕc(x)s+ 1)dϕ− 1

ϕ3
(ϕσ(r)s+ 2ϕ2c(x))ds = 0.

Then d( 1
ϕ2σ(r)s

2+ 4
ϕc(x)s+

1
2ϕ2 ) = 0. Suppose that X(r) = 1

ϕ2σ(r)s
2+ 4

ϕc(x)s+
1

2ϕ2 , we obtain

ϕ2X(r)− 4ϕc(x)s− (σ(r)s2 +
1

2
) = 0.
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Thus

ϕ(t, s) =
2c(x)s±

√
(4c(x)2 +X(r)σ(r))s2 + 1

2X(r)

X(r)
.

Due to F (x, y) ≥ 0, we have

ϕ(t, s) =
2c(x)s+

√
(4c(x)2 +X(r)σ(r))s2 + 1

2X(r)

X(r)
.

It follows that

F =
2c(x)⟨x, y⟩+

√
(4c(x)2 +X(r)σ(r))⟨x, y⟩2 + 1

2X(r)|y|2

X(r)
. (5.12)

This means F is a Randers metric. Conversely, if F satisfies (5.12), then (4.4) holds, namely

F (x, y) = |y|ϕ(|x|, ⟨x,y⟩
|y| ) has isotropic E-curvature. The proof of Corollary is completed. �
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