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Abstract The higher-order attraction of pullback attractors for non-autonomous parabolic
equations involving Grushin operators is considered. Firstly, the maximum principle is studied.
Next, the higher-order integrability of the difference of weak solutions is established. Finally,
the higher-order attraction is proved.
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1. Introduction

The long time behaviour of dynamical systems is one of the most important problems of
modern mathematical physics. By the study of attractor, we can reduce the original system and
capture more information implied in systems. For autonomous system, global attractor is usually
used to study the long time behaviour of dynamical systems [1]. As extension of the concept of
global attractor, in 1986, Haraux [2] provided uniform attractor apt to the asymptotic behaviour
of non-autonomous systems. It is remarkable that the conditions ensuring the existence of the
uniform attractor parallel those for autonomous case. However, one drawback of the uniform
attractor is that it need not be invariant. Moreover, it is well-known that the trajectories may
be unbounded for many non-autonomous systems when time tends to infinity and there does
not exist the uniform attractor for these systems. In order to overcome this drawback, pulback
attractor has been introduced for non-autonomous case. In the recent years, the existence of
pullback attractors has been proved for some partial differential equations [3-5]. Meanwhile,
with new problems and different force terms, pullback Z-attractor has been introduced [6].

One of the class of degenerate equations ([7—11]) that has been studied widely in recent

years is the class of equations involving an operator of Grushin type
Gou= Ngu+ |z [P Apyu, (21,22) €O C RN xRNz >0,

which was introduced firstly in [12]. As r = 0, then Gy = A and (1) reduces to a semilin-

ear reaction-diffusion equation, and G,., when r > 0, is not elliptic in domains in RM x RM2
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intersecting with the hyperplane {z; = 0}.

For autonomous system with Grushin operators, that is, the force term is independent of
time, [9,11] considered the long time behaviour of solution. For non-autonomous system, Anh
[8] considered the existence of pullback Z-attractor in L?*(O) for non-autonomous parabolic
equations involving Grushin operators. Later, Binh [10] proved the regularity and exponential
growth of pullback attractor in the space S¢(O) N L?**~2(0) with force term f € W,-?(R; L*(0))
satisfying

t
| @B+ 17 s) s < o,
— o0

But as f € L2 (R; L*(O)) with

loc .
[ i < o,
—o0

it is impossible that the weak solution belongs to Si(O) N L?P~2(0), furthermore, we cannot
prove the existence of pullback attractor in St(O) N L*~2(0). Then, can we study the higher-
order attraction for non-autonomous parabolic equations? Sun and Yuan [13], Xiao and Sun [14]
considered the results for semi-linear reaction-diffusion equations in non-cylindrical domains. But
for degenerate parabolic equation involving Grushin operators, higher-order attraction remains
open.

In this paper, we consider the following initial boundary value problem for a non-autonomous

parabolic equation involving Grushin operators

ou .
i Gru+g(u)=f(t) in Q
u=0 onX,, (1)

u(r,x) =ur(x), €0,

where 7 € R, u, : O; = R and f: Q, — R are given, and g € C*(R,R) is also a given function,

for which there exist nonnegative constants «aq, as, 8 and [, and p > 2, such that
—B+afs]” < g(s)s < B+ anls]’, VseR (2)

and

g(s)=>-l, VseR. (3)
We obtain the following main result:

Theorem 1.1 Under the assumptions (2), (3). Let f € L2 (R; L?(0)) satisfy

loc
t
[ elseds < . ()
Let U(t, ) be the process generated by the weak solutions of (1) and o/ = {</(t) : t € R} be the
pullback Py-attractor of U(t, ) in L2(O). Then for any § € [0,00), any D = {D(t) : t € R} € P,
the following properties hold:
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(i) o is L2+3-pullback P-attracting, that is,

lim diStL2+5(o)(U(f, T)D(T),,Q{(t)) =0 forallteR; (5)

T——00

(ii) There exist two sequences T(t,d,f),ﬁf) (which depends only on t,0, D and sz) and
M (t) (which depends only on t,d, N(r) and f:oo e |f(s)|3ds), such that

/ U, 7)s — v(8) 2 de < My(t) for any t— 7 > T(t,6,D, ), (6)
O

where v(1) € &/ (1) (7 € R) is a (arbitrary) fixed complete trajectory of U(t,T).

The paper is organized as follows. In Section 2, we recall some concepts and results about
pullback Z-attractor, and introduce the function spaces, weak solution and known results. To
make the test function used later meaningful, in Section 3, we establish the maximum principle
(Theorem 3.3). Finally, in Section 4, we establish the higher-order integrability of the difference

of weak solutions (Theorem 4.2) and obtain higher-order attraction (Theorem 1.1).

2. Preliminaries

In this section, we recall the notations and related results about pullback attractor, and

introduce the function spaces used later and weak solution of problem (1).
e Pullback Z-attractor
We consider a process (also called a two-parameter semigroup) U on a Banach space X,
i.e., a family {U(t,7); —0o < 7 < t < 400} of continuous mappings U (¢,7) : X — X, such that
U(r,T)x =2 and U(t,7) =U(t,r)U(r,7) forall 7 <r <t
Suppose Z is a nonempty class of parameterized sets D = {D(t) : t € R} C P(X), where

P(X) denotes the family of all nonempty subsets of X.

Definition 2.1 The process U(-,-) is said to be pullback Z-asymptotically compact if for any
t € R, any D € 2, any sequence 7, — —oo and any sequence x, € D(r,), the sequence
{U(t, Tn)xn}32 is precompact in X.

Definition 2.2 It is said that B € 9 is pullback @-absorbing for the process U(-,-) if for any
t € R and any D € 9, there exists a 1o = To(t, 15) < t such that

U(t,7)D(r) € B(t) for all 7 < 7o(t, D).

Definition 2.3 The family o = {</(t) : @ (t) € P(X),t € R} is said to be a pullback
P-attractor for the process U(-,-), if:

(1) &/ (t) is compact in X for all t € R;

(2) < is pullback P-attracting, i.e.,

lim distx (U(t,7)D(7), & (t)) =0 for all D € 9 and all t € R;

T——00

(3) < is invariant, i.e., U(t,7)/ (7) = & (t) for any —oco < 7 <t < c0.
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The following abstract result is important to deduce our main result:

Theorem 2.4 ([13]) Let X,Y, Z be three Banach spaces satisfying Z — Y — X with continuous
embeddings, respectively. Let U(-,-) be a process defined on X and W (t,7) (—oo < 7 < t < 00)
be a family operators defined on X satisfying

U(t,7)-=v(t)+ W(t,7)(-—v(r)) forall T <t

Moreover, assume further that

(a) U(-,-) has a pullback P-attractor o/ = {</(t)| t € R} in X, and o/ € J;

(b) ©={v(t):t € R} € Z is a complete trajectory of U(t,T);

(c) there exists By = {By(t)| t € R} with By(t) bounded in Z for each t € R, satisfying
that for any t € R and any D € @, there exists a 7o = 10(t, D) <t such that

W(t,7)(D(r) —v(r)) C Bo(t) for all 7 < 7. (7)

Then, the following hold:

(i) B = {v(t)}ier + Bo := {B(t) = v(t) + Bo(t)| t € R} is a P-absorbing set in X for the
process U(+,+);

(i) distx (<7, B) =0, ie.,

distx (@ (t), v(t) + Bo(t)) = distx (7 (t) — v(t), Bo(t)) =0 for allt € R; (8)
(iii) if By(t) is closed in X for all t € R, then
o (t) —v(t) C Bo(t) forallt € R; (9)

moreover, if assume further that the space Y satisfies || - |y < C||- %] - |5 % for some 6 € (0,1]

and constant C, then for any D e 9 and any t € R,
disty (U(t, 7)D(7), @ (t)) = 0 as T — —o0. (10)
e Function spaces
Let O be a bounded domain in RVt x R™¥2 (N, Ny > 1) with smooth boundary 9O,

Q-= |J Oxt, .= ] 00xt,

te(r,00) te(r,00)
Q-ri= |J Oxt, S,r:= ] 00xt.
te(r,T) te(r,T)

For a fixed finite time interval [7,T7], let (X, ||-||x) (t € [, T
such that X C L} (O) for all ¢t € [r,T]. For any 1 < ¢ < oo, we denote by Li(7,T;X) the
u(-,t) € X ae., t € (7,T), and the

]) be a family of Banach spaces

vector space of all functions u € L (Q. r) such that u(t) =
function ||u(-)||x defined by ¢+ |Ju(t)| x, belongs to L(1,T).

By definition, we consider on L%(1,T; X) the norm given by

[ullLagrrixy == Gl x Loy
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The space St (O) is defined as the closure of C(O) with respect to the norm

1
Jull = [ (Pasul? + far 219 )a)
Then S3(0) is a Hilbert space w.r.t. the scalar product
((u,v)) := /O(Vxluvzlv + 21"V 4y uV 4, v)dar.

We denote by |- |2 (+,+) the norms and scalar products in L?(O) and by | - ||, ((*,-)) the norms
and scalar products in S} (O).

The following lemma is necessary in later work. We can refer to [7] for more details.

Lemma 2.5 Assume that O is a bounded domain in RNt x RN2(Ny, Ny > 1). Then the
following embeddings hold:

(i) SL(O) < L*(0) continuously,

(ii) S§(0) < LP(0) compactly for p € [1,2}), where 2 = 55, N(r) = Ny + (r + 1)Na.

It is known (see [11]) that there exists a complete orthonormal system of eigenvectors e;

corresponding to the eigenvalues A;, such that
—G,,ej :)\jej, J=12,...,and 0 < Ay < Ao < A3 < -0

where \; = inf{ lull” "y, SH(0), u #0}.

[ul3

e Weak solutions

For the readers’ convenience, we recall the definition of different solutions about equation

(1.

For each T' > 7, consider the auxiliary problem

0 .
S = Grutglu) = f()) i Qrr,
u=0 onX;r, (11)

u(r,z) =ur(z), z€O,

where 7 € R, u, : O = R.
Let

V= L3 (7, T; 85 (0) N LP(7,T; LP(0)), V* := L*(1,T;8 *(O)) + L¥ (r, T; L” (0)).
Definition 2.6 ([8]) A function w = u(z,t) defined in Q,r is said to be a weak solution of
(11) ifu € V, %7; € V* and for any ¢ € V,

T u T
[ ] (Grot VauVasp + 01 VstV + gup)ndt = [ [ sieyoduct
T @] T o

Definition 2.7 (Weak solution) A function u : Q; — R is called a weak solution of (1) if for

any T > 7, the restriction of u on Q, r is a weak solution of (11).

Theorem 2.8 ([8]) Assume that (2), (3) and (4) hold, for any T € R, u, € L?(O) given. Then
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problem (1) has a unique weak solution u.

Lemma 2.9 ([11]) Ifu € V and % € V*, then u € CO([r,T]; L*>(O)).
According to Theorem 2.8 and Lemma 2.9, we define the process U(t,7) : L*(O) — L?(0)
for any —oo < 7 <t < +00. And denote by R the set of p: R — [0, +00) such that

pA(1) = 0, T — —o0.

Denote by %y the family of set class D := {D(t)|D(t) C L*(O), Vt € R, D(t) # 0} such that for
each pp € Ry, D(t) C {u € L*(O) : |u(t)|2 < pp}-

Theorem 2.10 Assume that (2), (3) and (4) hold. Then the process corresponding to (1) has
a pullback Zy-attractor in L*(O).

3. Maximum principle

The main purpose of this section is to apply the Stampacchia’s truncation method to es-
tablish some L°° a priori estimates for the weak solution, which will guarantee the test functions

used in next section meaningful.
Throughout this section, let the initial data (u,, f) € (H§(O)NL>®(0), L=(Q~r)). Then,

for the regular data (u,, f), from Theorem 2.8, we know that there exists a unique weak solution.

Lemma 3.1 For any k > 0 and any ¢ € S§(0) N L>(0), the following equality holds:
/o (Var Ve, (161°0) + [a1* V2,6V, (|6]79)) da

2 k+2 k+2
= (k+1)(m)2/0 IV 18] %) + 217 | Vi |6 5 ) d. (12)

Proof Since ¢ € Si(0)NL>(0), we know that |¢|*¢ and |¢|"=" also belongs to S¢(0). Hence,
the integrals in (12) make sense. Then, we need only to show

1

k _ k 2
1 | 9oV ol oo = [ 01V, 0 ds

=/ |¢|’“|vm¢|2dw+/
O(¢=0) O(¢<0

- / 165V, 62da + / &
O(¢=0) O(¢<0)

4 / kt2 9 / k2 9
= —0 Ve ¢ 2 |“de + Vi, (—9) 2 |“dx
(k+2)2( o V70 oy T )

4 ht2 2
- G Jp Telel e

Lemma 3.2 ([13]) Let f € L% _(R;L?(O)) and satisfy (4). Then, for each T € R, there is a

loc

family {fm} C LS (Q—co,1) Such that

| 65|V sy 02

E
2

Va, (—¢)dz

for any (fixed) T € (—00,T), fm — f in L*(1,T;L*(O)) (13)
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and for any t € (—oo, T),

t t
1
/ e[ fm(s)]3ds SQ/ e)‘s|f(s)|%ds+1 forallm=1,2,.... (14)

Recall Qo7 = Upe(—o0,1)O % {t}. The family {f,,} may depend on T
Fix a function J#(-) € C*(R) such that

(i) |'(s)| <M< oo, VseER,
(if) 2 is strictly increasing on (0, 00), (15)
(iii) A(s)=0, Vs<O0

s)z/o H(o)do. (16)

Theorem 3.3 (L*-estimate) Assume that g satisfies (2). Then, for any —co < 7 < T < o0
and any initial data (u,, f) € (H3(O7) N L>(0;), L=(Q+,r)), the unique weak solution u of
(11) belongs to L (Q-r).

and define

Proof From the assumption (2), we know that there is a positive constant My such that
g(s) >0 as s> My and g(s) <0 as s < —M,. (17)

Denote K’ := max{||u-||z=0), [|fllz>(q, )} From the assumption (2), we know that there

is a positive constant M depending on 3, a; and K’ such that
g(s) > K" ass>M and g(s) < —K' as s < —M. (18)

Define K := max{K’', M} + 1.
Since u € L*(1,T; S(O)) N LP(7,T; LP(0)), we have that

H(u(t) — K) € SE(O)NLP(O) ae., t € (1,T) (19)

and
H(u(t) — K) € L*(1,T; S;(O)) N LP (1, T; L*(0)), (20)

so, #(u(t) — K) can be selected as a test function.

Hence, from the definition of weak solution, we have

/ / (x,8) 7 (u(s) — dmds—/ /Gu u(s) — K)dzds
—/T /Og(u(x,s)) u(s) dxds—i—/ / f(z,8)7 (u(s) — K)dzds, (21)

where for any ¢ € L*(1,T; S§(O)) N LP(1,T; LP(O)

T
[ [ Gruto)pdads = / [ Vet [0,V pdads
T O T O

(recall that G,u = Ay u+ |21)*" Agyu), and from (20) we know that all of integrals above make
sense.

In the following, we will estimate each term in (21) one by one.
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From (19) and the properties of .7(-), we have

_ /T ! /O Gru(s) A (u(s) — K)dads

T
_ / /O A (u(s) — K)(|[Varu(s) 4+ |21V, u(s)[2)dads > 0. (22)

Secondly, from the definition of K’, (20) and the fact that (T'— 7) x mes(O) < oo, we know

that
/ / K' A (u K)dzds < oo,

which, combined with (17) and the definition of K, implies that

/ / ~ KA (uls) — K)dads < 0

Similarly, we can deduce that

T
/ /O (f(z,s) — K') A (u(s) — K)dzds < 0

Therefore, inserting the above estimates into (21), we obtain that

/TT /O u'(x, )7 (u(s) — K)dads < 0,

/H(u(x,t)—K)dw—/ H(u(z,7) — K)dz <0 ae., te][r,T].
o o

that is,

Consequently, from the definition of K and H(:), we have that

/ H(u(xz,7)— K)dz =0
O

and H(u(z,t) — K) =0 a.e.,on O, ae., t€[r, T
Hence,
u(z,t) < K ae.,on O, ae.,te]lrT|. (23)

Similarly, defining #(s) = #(—s) and replacing ¢ (u(s) — K) by 5 (u(s) + K) in (21),
we can deduce that
u(z,t) > —K a.e.,on O, ae.,te][r,T] (24)

Summarizing (23) and (24), we prove the solution is bounded.

4. Higher-order attraction of pullback Z,-attractors
Throughout this section, let
v:={v(t): teR} withov(t) € #(t), VteR (25)
denote a fixed complete trajectory of U(t, ), that is

U(t,7)v(r) =v(t) for any —oo <7 <t < o0.
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For any D = {D(t) : t € R} € Py and u, € D(7), set u(t) = U(t,7)u,. For any (fixed)
T € R, throughout this subsection, we choose and fix a family {f,,} C L{S.(Q—oo, 1) such that

loc

the family {f,,} satisfies the conditions (13) and (14) in Lemma 3.2. (26)
Then, for any 7 < T, there are two sequences {(trm, fm)} and {(Vrm, fm)} (i = 1,2)
satisfying
Urm, Vrm € S§(O)NL=(0) and frm € L®(Qr1), (27)
such that
Urm — Ury Vrm — Uy i L2(O) and f,, — f in L*(1,T; L*(0)) as m — oo, (28)

where u,, and v,,, are the unique weak solutions of (11) corresponding to (trm, fm) and (Vrm, fin),
respectively.

From (28), we can assume that

[Urm |3 < 20ur |34+ 1 and |v;n]3 <200 |3 +1 forallm=1,2,.... (29)
Denote
Wi (t) = U (t) — v () for any 7 <t < T, (30)
then w,,(t) (m =1,2,...) is the unique solution of the following equation:
Owp, .
W — Grwy, + g(um) - g(vm) =0, in QT,T7
W = O, on 27-7'1", (31)

Wi (T, ) = Urm, — Vrm, x € O.
Applying Theorem 3.3, we know that wm, v, € L>®(Q, 1) for each m =1,2,..., and so
Wy = Uy, — Uy, € L*(7,T;85(0)) N L>®(Qr.1)

and for any 0 < 6 < 00, |wy,|®w, € L2(7,T; S3(0))NL>¥(Q, ). Consequently, we can multiply
(31) by |wyn|?wy, for any 6 € [0,00), and then applying Lemma 3.1, we obtain that

1 d 0-+2 40 +1) 0422 2r 03212
s almlio + grae /O(lelwm@i L b |V o (0] [ )

= —/O (g(um) — g(vm))|wm|9wmdw < l|\wm(t)\|iﬁ2(o) ae., t e (r,T). (32)

The main purpose of this subsection is, based on (32), to deduce some pullback L?-type a

priori estimates about w,,. More precisely, we will prove the following main result of this section:

Theorem 4.1 Let D € 9y, ¢ be the fixed complete trajectory given in (25) and T be a fixed
time. Assume further that fp,, Urm, Vrm satisfy (26), (28) and (29). Then, for each t € (1,T)

and each k = 0,1,2,..., there exist two positive constant sequences Tk(t, D, 0) (which depends
only on k,t,\, D and ©) and My(t) (which depends only on t, k, X, N(r) and fjoo e | fm(s)|3ds),
such that for any m = 1,2, ..., the solution w,, of (31) satisfies

/ [ (1) 2502 Az < Ng(t) for any t — 7 > Ti(t, D, 0), (A)
O
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and
1 (NG yht1 Nlif?,gz - ~ .
/ (/ o ()22 dx) do < My(t) for any s — 7 > Tu(t, D,0).  (By)
s O

Proof At first, since u,, is a weak solution, by using of (2) we have that

d
&‘Um(s)g + Hum(S)HQ + 2a1HumHLP(O) |fm( )|§ +2p]0| ae., se (1,T),

where X is the first eigenvalue of —G, in S}(O). In paurtlcular7
4
ds
Then applying Gronwall lemma to (33), we obtain that

[ (5)[3 + Alum ()] + 201 [umll7 5 () < \fm( )3 +260| ae.,se(r,T).  (33)

1

e_’\t/te’\s|fm(s)|2d +7\c9|( _7), Vie ().

[um (B3 < e um (D + 5

Similarly, about v, we have
—A(t—7 L _ ! s
[om (8)3 < e |um (73 + e ”/ | fm(s)[3ds +*|0|( —-7), Vte(nT).

Therefore, for any t € (1,7T),

N 4 _ b 8
[win (£)]3 < 267 )(Ium(f)|3+lvm(f)|3)+xe At/ et Ifm(S)IﬁdHTIOI(T*T)-

For each t € R, we set M}(t) the positive number given by

_ 8 \ t \ G_At
w150 = Se [ Mirpas+ Llolr - + (34)
Then, from (26) and (29) we have that
() < 467 (ur -+ o3 + 1) + V(). (3)

Therefore, note that u, € D(7) with D = {D(t) : t € R} € Py and © € Py, for each t € R, from
(35) we know that there is a T"(t, D, ) such that

lwin (8)]3 < My(t) +1 for all t — 7 > T'(t, D, 0). (36)
Taking # = 0 in (32) and integrating with respect to time ¢, we obtain that
s+1
2 r 2 ~
[ L (Faaton @ + b P (Vb (0] Yot < @+ 00T 1) (37)
2N (r)

for all s — 7 > T'(t,D,?). On the other hand, from the embedding S}(O) < L¥®-2(0), we

know that there is a constant cy(,) such that

<enmllell, Vo€ S5(0). (38)
Hence, (37) implies that
s+1 - ~
/ | (1)) 2N dt < C?V(r)(l + 1)(M{(t) +1) forall s—7 > T'(t,D,0). (39)
s LNM=2(0)
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Set
Mo(t) = (14 e (L + 1) (Mj(t) +1) and Ty(t, D,5) =T'(t, D, d), (40)
from (36) and (39) we know that (Ag) and (Byp) hold.
By induction, we assume (Ay) and (By) hold for k > 0.
In the following, we will show that (Agy1) and (Bg+1) hold.
Taking 6 = 2(N12/7f;12)k+1 — 2 in (32), then we obtain that
1 N( ) k+1 d (N]E/;‘(;)Q)k+1
(7) lwmll "N e T
2 N(T) dt L~ m=z) (©)
k+1
2(NNT(TZ2) - N(r) yk+1 N(r) \k+1,9
) D / (Vs oo (ST P oy 279 e ()] 5072 )
(N(T)— )
2( NIX()Tiz)k+1
< lem(t)” 2N a.e., t e (7'7 T)7
w7 @=2"" o)
that is, we have
d R _yk+1 N(r N(r)—2
ol ™02 (e gy MO 2y,
dt L2(wm=2) () N(T) —2 N(T)
k1 N(r) k41
/ (Vs [wm (O] T 2 oy [2]9 o0 ()] K072 )
@)
N(T) k+1 2( leivﬂ()rl2)k+1
< QZ(W) ||wm(t)HL2(Nz(vT<)r12)k+1(o a.e., t € (,T) (41)
and so,
d (N() o)k N(r) k (N() o)k
ol N < 2l ) ¥ [ (¢ - e, te(r,T). 42
om0 <A T O T L westem D @)
Applying the uniform Gronwall lemma to (42) and (Bj), we obtain that
222" e < O f > Ty (t, D, ) + 1 43
O|wm(t)| T < Chp 1N fOrany t—7 2 k(t,D,0) + 1. (43)
And, for any s — 7 > Tj(t, D, ) 4+ 1, we integrate (41) over [s, s + 1] and obtain that
s+1 (M) N(T ) ,
/ lfeom e, )| S 2o < g )4 v (44)
On the other hand, from Theorem 3.3 and Lemma 3.1, we know that
(- 8)| T2 € SHO) for a. e, t € (1,T). (45)
. ( N(r) )k+1
Hence, applying (38) to |wp, (-, t)]'¥™=2"" " | we can deduce from (44) that
N(r) yrt1 %
/é / wn() P d2) YT o < By i (46)

for any s — 7 > Ty, (t,D,ﬁ) + 1. Therefore, set
Tyt1(t, D,9) = Ti(t, D, 0) + 1 and Myy1(t) = max{Cly, )1 n(ryxr )

from (43) and (46) we know that (Agy1) and (Bgy1) hold.

Mk(t),l,N(r),k}’
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Based on the a priori estimates Theorem 4.1, we establish the following estimate for the

weak solution of equation (1):

Theorem 4.2 Let D = {D(7) : 7 € R} € Py and © be the fixed complete trajectory given in
(25). Then for each t € R and each k = 0,1,2..., there exist two positive constants Ty(t, D, D)
(which depends only on k,t, |D(t)|,; and |v(7)|,) and Mj(t) (which depends only on t,k, N(r)
and fioo e**|f(s)|3ds) such that

/ U, 7)ur — o(t) 27522 de < M (1)
for any t — 7 > Ty (t, D, ) and any u, € D().

Proof For each fixed t € R and k € {0,1,2,...}.

Take Ty(t, D,f)) = Tk(t, ﬁ,@) + 1, where Tk(t,ﬁ, ) is just the constant given in Theorem
4.1 corresponding to the pair ¢, k.

Set T =t + 1 and for any (fixed) 7 satisfying 7 < t — Ty(t, D, d).

For the interval [, T| defined above, choose two sequences (trm, fm) and (v, fm) satisfying
all of the conditions in (26), (29). Then, it follows from Theorem 4.1 (Ay) that

/o [t (t) = om ()22 da < Mk(1), (47)

where u,, and v, are the weak solutions of (11) corresponding to the regular data (U, fin)
and (Vrp, fm) on interval [r, T, respectively.

By Lemma 2.9, for weak solutions u(t),v(t) of equation (1), we know that there are two
subsequences {u,, (t)} C {um(t)} and {v,, (t)} C {vm(t)} satisfying that

Um, (t) = u(t) =U(t,T)u, and vp,(t) = v(t) a.e,on O as j— oo.

Hence, by taking M (t) = My(t) and applying the Fatou’s lemma, we have

(r) m \*
/ Ut m)un — o(t)2(7522) g < hmlnf/ i, (£) — v, (1) [2(7652) " d.
@) = Jo
< My (t).

We are now ready to prove our main result Theorem 1.1:

Proof For each 6 € [0,00), there is a unique k € {1,2,3,...} such that

N() ity NO)

2+6+1e(ﬂ3@7j§ ,(ngjéﬁ]

(48)

(r) “
Then, in Theorem 2.4, let X = L2(0), Y = L2*9(0) and Z = L*552)"(0), 2 = 9y, o be
the pullback Zj-attractor in L?(0O) obtained in Theorem 2.10, © € </ be the complete trajectory
given in (25), and for each t € R, define

N(r) 2( )k _
By(t) = {¢ € L*F=2)"(0) : |¢|| j%&j o < M (1)}, (49)

where the constant M (t) is given in Theorem 4.2.



Higher-order attraction of pullback attractors for parabolic equations involving Grushin operators — 671

We know that all of assumptions in Theorem 2.4 are satisfied, consequently, the L?*°-

pullback Zy-attraction follows from (10), and the a priori bound (6) follows from (49) with the
constants M;s(t) := My(t) and T(t,8,D, o) := Ty(t,D,d) (where the constant k is fixed by
(48)).
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