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G-Inner Actions Equivalence of G-Crossed Products
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Abstract We give the definition of G-inner action of two semilattice graded weak Hopf
algebras with the same semilattice Y, and the necessary and sufficient conditions for two
G-crossed products to be isomorphic.
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1. Introduction

Because of the important role of Hopf algebras in the theory of quantum groups and related
notions in mathematical physics, along with the deepening of the research, the meanings of some
weaker concepts within Hopf-algebra theory have come under closer attention and are becoming
better understood. A well-known example is the weak Hopf algebra, which was introduced in
[1] in studying the non-invertible solution of the Yang-Baxter Equation based on this class of
bialgebras. One has only two ways to produce examples, through semigroup algebras of regular
monoids (in particular, Clifford monoids) and the weak quantum algebras wsl,(2) and vsl,(2) (see
[2]). The term “weak Hopf algebra” was also used as another generalization of Hopf algebras in
[3-5] where comultiplication is no longer required to preserve the unit (equivalently, the counit is
not required to be an algebra homomorphism). We must point out that these two generalizations
are completely distinct as the only common subclass just consists of Hopf algebras [6]. The initial
motivation of the latter was its connection with the theory of algebra extensions.

Semilattice graded weak Hopf algebras were introduced in [7] and a singular solution of the
quantum Yang-Baxter equation has been obtained by the quantum G-double. The necessary
and sufficient conditions for two crossed products to be isomorphic was shown by Doi in [8]. Our
focus here is to characterize the isomorphism of G-crossed products, which were introduced in

[9]. To do this, we first need some definitions.

Definition 1.1 ([7]) A weak Hopf algebra H with weak antipode T is called a semilattice graded
weak Hopf algebra if H = @, .y
of H with antipodes T'|p for all € Y and there are Hopf-algebra homomorphisms ¢, g from

H,, is a semilattice grading sum where H, are Hopf subalgebras
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H, to Hg if a8 = 3, such that for any a € H, and b € Hg, the multiplication a * b in H can be
given by a* b = ¢4 ap(a)ps,q3(D).

Similarly to the discussion on semilattice graded weak Hopf algebras, we obtain the following
results for semilattice graded algebras A:

(1) {1a,}aey C C(A), the center of A;

(2) A is a semilattice graded algebra if and only if A = @,y Aa and A,As C Ayp for
any o, 5 €Y.

Definition 1.2 ([9]) Let H = @, oy Ha be a semilattice graded weak Hopf algebra and
A = @D, cy Ao be a semilattice graded algebra with the same semilattice Y. Then B =
Docy (Aa#oHy) is called a G-crossed product if it satisfies:

(1) There is a k-linear map H ® A — A, given by h ® a — h - a, such that for any h € H,,
a€ Ag, b€ Ay, hra€ Aag, hola, =e(h)la,, and h-(ab) =35, (h"-a)(h"b) € AapAay € Aapy,
where A(h) =37, h' ®h", and a map o from H ® H to A which satisfies o(h, k) € Aap for any
he H, and k € Hg;

(2) For any a € Y, H, measures A, and o|g_ g, is a (convolution) invertible map from
H, ® H, to A,; for any a € Y, A, is a twisted H,-module and o|g,gm., is a cocycle.

Definition 1.3 ([9]) Let A = @,y Aa C B = @P,cy Ba be semilattice graded k-algebras
and H = @,y Ha a semilattice graded weak Hopf algebra with the same semilattice Y.

(1) A C B isa (right) H-G-extension if B is a right H-comodule algebra with p : B — B H
such that B, is a right H,-comodule algebra with p|p., = pa : Bo = Ba ® H,, and BgOH“ = A,
for any a € Y.

(2) The H-G-extension A C B is an H-G-cleft if there exists a right H-comodule graded map
v : H — B which is regular (convolution) invertible with y~' : H — B satisfies: v(H,) C Bq
and vo = Y|u, : Ho — Ba is an invertible right H,-comodule map with inverse y;' =7 1|y. .

2. (G-inner actions

Before looking at the general case of isomorphism of G-crossed products, we consider the
special case of the so-called G-inner actions. In this situation the G-crossed product can be

replaced by another one in which the action becomes trivial but the cocycle has been changed.

Definition 2.1 Let H = @,y
Pocy Ba €A =P, cy Ao be semilattice graded algebras with the same semilattice Y. Con-
sider an action H ® B — A given by h ® b — h - b which satisfies:

(1) h-(ab) =3 (h" -a)(h"-b) for h € H, a,b € B;

(2) ha-la, =e(h)la,, forh€ Hy, a €Y.

Then this action is called G-inner if there exists a convolution regular invertible map u €
Hom(H, A) and p|g,, € Hom(H,, Ay) is invertible for any o € Y, such that for allh € H, b € B,

heb= (Wb (h"),
(h)

is the unique regular inverse of .

H, be a semilattice graded weak Hopf algebra and B =

where p~!
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Proposition 2.2 Let @,y (Aa#osHa) be a G-crossed product such that the action of H on
A is G-inner via some regular invertible y € Hom(H7 A). Define 7 € Hom(H ® H, A) by

Z L 1 —1 h/) (h”, k//)ﬂ(hmkm)
(h),(k)
forany h € Hy, k € Hg. Then 7 is a cocycle for any Hy, and @, cy (Aa#oHa) = D oey Aar[Hal
and A#,H = A.[H], a twist product with trivial action, via an algebra isomorphism which is

also a left A-module and right H-comodule map.

Proof For any h € H,, k € Hg, p= (k') € Ag, p= (W) € Aq, o(h" k") € Anp and pu(h'k") €
Aq, hence 7(h, k) € Ayg. Moreover, if a = 3, then 7(h, k) € A,, that is 7|y, gn, € Hom(H, ®
H,, Ay).

Define ¢ : @ ,cy (Ada#oHa) = Ducy Aar[Ha] by adth = 37, ap(h')@h". Then ¢ has an
inverse 1 : @, ey Aar[Ha] = Doy (AaFtoHa) by a @ h 30, ap™ ()##h" for any a € A,
and h € H, with o € Y. It is straightforward to check that ¢ and 1 are inverse. For any a € A,
and h € H, with a € Y,

Za,u YH#n") = Zau YYu(h') @ b
(h) (h)
= Zae(h')lAa @h" =ala, ®h=a®@h
(h)

and

a#h Zau h” Za'u —1 h” #h///
(h)

_Zas Va, #h"—a#h

Then, ¢ and ¢ are inverses and ¢(A,#,Hs) C Aar[He|, that is, ¢ is a semilattice graded
isomorphism.

Next, we check that ¢ is an algebra map: for a#h € A,#,H,., b#k € Ag#,Hp with
a,BeEY,

o((ath)(b#k)) = ¢( Y a(h' - b)o(h" K)#H"E") = > a(h' - b)o (", K)u(h"K") @ hh"
(h),(k) (h),(k)
= > aph)bu (W)Yo (K" K ) u(h k") @ KOk
(), (k)
= Y ap(W)bla,u= (W)oK )p(h k") @ BOE”
(), (k)
= Y ap®)buk ) E ) (o (0 K u(h D EW) @ BOTEE)
(), (k)
= > ap(K)bu(k)r(h" k") @ b K"
(), (k)
= O apr) @ ") (O bu(k') @ k') = ¢(a#h)p(b#k).
(k)
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Since, @, Aar[Hal = D ,cy (Aa#oHa) as algebras, and P, Aq,[H,] is an associative algebra,
thus 7 is a cocycle.

Next, we define the left A-module action on @, ¢y (Aa#oHo) via a-(b#h) = (a#1n, )(b#h)
for any a € A, and b#h € Ag#Hp with o, 8 € Y, the left A-module action on @,y Aa-[Ha]
can be defined similarly. It is clear that ¢ is a left A-module, right H-comodule map since for
any a € A, and b#h € Ag#Hg with o, €Y,

¢(a- (b#h)) = ¢((a#ln,)(b#h)) = ¢(a#ln,)o(0#h) = (ap(ln,) @ 1u,)o(b#h)
= (a®1p,)o(b#h) = a- ¢(bith)

and

d(a#h)) Z ap(W) @ ") =Y "ap(h) @ 1" @ h" = (¢ @id)(D_ a#th’ @ ")
h (h)
= (¢ @ ld) (id ® A)(a#h). O

The converse of this proposition is also true: that is, if @, ¢y (Aa#oHa) = Aa,[Hq for
some as semilattice graded algebras by an isomorphism ¢ which is a left A-module and right
H-comodule map, then the original action must have been G-inner via some p € Hom(H, A)
such that ¢ is given by the above proposition.

More generally, one can give necessary and sufficient conditions for two G-crossed products

to be isomorphic.

Theorem 2.3 Let A = @,y Aa be a semilattice graded algebra and H = @,y Ha be a
semilattice graded weak Hopf algebra with the same semilattice Y, with two G-crossed product
actions h ® a — h -a and h ® a — h ' a with respect to two cocycles 0,0’ : H ® H — A,
respectively. Assume that
¢ P (Aa#oHa) = D (Aatty, Ha)
acY acy

is a semilattice graded algebra isomorphism, which is also a left A-module and right H-comodule
map. Then, there exists an regular invertible map p € Hom(H, A) and p|g., € Hom(H,, A,) for
any o € Y is invertible, such that for alla € Ay, h € Hy, and k € Hg with a, 3 €Y,

(1) dlatth) = ¥ an(h)#h";

(2) b a=3 0w ()R a)u(h™);

(3) o' (h k) = 3y, 7 ()R M (K)o (B K ) u(ROE™).

Conversely, given a map pu € Hom(H, A) with po, = p|g, € Hom(H,, A,) for any a € Y
such that (2) and (3) hold, then the map ¢ in (1) is a semilattice graded isomorphism.

Proof (1) Define u € Hom(H, A) by pu(h) = (id®e)p(la, #h) for all h € H, with o € Y, then
w € Hom(H, A) and po = plp, € Hom(H,, Ay). Since ¢ is a left A-module map, we have for
any a € A,

(a# 1z, )d(La, #h) = $((a#1a,)(La #h) = 63 a(ln, - 1a)o (L., W) #1u,h")

(R)
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Zas V1a, #R") = pla#th).

Then, (id ® €)p(a#th) = (id ® 5)[((1#’11% )o(La, #h)] = (id @ e)(a#'1y, ) (id @ €)(¢(Lnm, #h)) =
ag(1g,, )p(h). Since ¢ is a right H-comodule map, we have

(id®A)ogp=(p®id) o (id® A).

Apply id®e®id to both sides of the equation. The left side becomes (id®e®id)o(iId®A)od = ¢
and the right side becomes

([d®e®id)o (¢ @id) o (id @ A))(a#h) = (id®e @id) o (p@id)(>_ asth’ @ h”)
(h)
= (i[d@e@id)()_ dla#h) @ h") = (id@e)(a#th’) @ h" = Z ap(h)# n'"
(h) (h)
for any a#h € @ ey (Aa#oHa). Hence, ¢(a#th) =3 ap(h)#'h".
(2) Similarly, as o' : @,y (Aa#l Ha) = @ocy (Aa#toHa) is an isomorphism satisfying
the same hypothesis as ¢, we may set v(h) = (id®e)p~ (14, #'h) for all h € H, with any « € Y
and conclude as above that ¢~ (a#'h) = 2y av(h)#h" for any a € Ay and h € H, with
a €Y. We claim that v|g, = v, = pu; ' and v is a regular inverse of u. Since for any h € H,
with a €Y,

La, #h = (¢ 0 ¢)(1a,#h) = Zuu J#") = ¢ Zu )J#R")

— Z /J h// h///-

Applying id®e to both sides, we see that the left side becomes (id®e)(14_#h) = e(h)14,, and the

right side becomes (id ®@ €)(3_ ) w(h)v(R")#h") = 32 gy (W) v(R")e(h™) = 3_ ) (R )v(h"),

hence, } -,y u(h")v(R") = e(h)1a, forany h € Hy with o € Y. Similarly, we see 3, v(h")u(h") =
e(h)14,, and thus for any o € Y, v, = p,'. Moreover,

(g v o) ( Zu (W )u(h") = e(W)1a,uw(h") = u(h)
(R)
and
(v pxv)(h) = S v (W ") = S () Lav(h") = v(h).
(h) (h)
Hence, v * pu* v = v and p * v * ju = p, thus v is a regular inverse of y such that v, = p!.
Now for any a#'h € Ao#., Ho, b#'k € Ap#.,Hg with a, B € Y, the equation ¢~ ((a#'h) (b#'k))
= ¢~ (a#'h)p~ 1 (b#k) becomes
¢—1( Z a(h/ _/ b)o_/(hll7 kl)#lhll/k//) — Z a(h/ ./ b)O'/(h”, k/)V(h///k//)#h(4)k///
(h),(k) (h),(k)
_ Z al/(hl)(h” . (bl/(k/)))a(h///7k//)#h(4)k1//
(h),(k)

Z av(h)#h'")( Z bu(k")#E").

(h) (k)
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Setting a = 14,, b = 14, and applying id ® € to both sides yields
(id ® 6)( Z 1Aa (h/ N lAﬁ)U,(h”, k/)y(h///k//)#h(4)k///)
(h),(k)
Z 1A E 1Aa5 (h",k')u(h”’k”)#a(h(4))e(k’”)
(h),(k)
= Y oW K (WK #1n,,
(h),(k)
_ Z l/(hl)(h// . V(k/))o(h///7k//)#1}[aﬁ
(h),(k)
= D7 L W) R o K= (k)

(h), (k)
= ([ d®e)( > La,w(W)A" - (La,v(k)))o (" K" #RDE™).
(h),(k)
Hence,
Z o_l(h/’ k/)y(h//k//) — Z V(h/)(h// . V(k/))O'(h/”k//).
(h) (k) (h), (k)
Then

o'(hk) = > v(h )" v(k))o(h"” K ) (DK
(h),(k)
= S T T ) (KO K)
(h),(k)
by using v, = u; ' for any o € Y. This proves (3).
(3) Using the above equation again with a = 14_, k¥ = 1y, and applying id ® € to both
sides gives

(d@e)(Y 1, (W b)o’ (W' 1, )v(W"1x,))#h D1y,
(h)
= (W b)e(h")1a, v(h")He(h )1y
(h)
=> (W bu(h")#1g,
(h)

and
(id @ &) ( Z1A v(B)(W" - (v(La,))o (W La, )J#h D1,
_ZlA v(R) (R - b1y )e(h")1a, #e(h )1y
= Z YW b)#1y, .

Hence,

D0 o) =Y (k) (R -b),
”) ”)
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thus
h'b= Zy(h/)(h// . b)V_l(hm) — Z,u_l(h’)(h” . b)u(hm).
(h) (h)

The converse follows as in the proof of Proposition 2.2. [J

Corollary 2.4 Let H = @,y Ho be a semilattice graded weak Hopf algebra and A =
Docy Ao C B =D, cy Ba be aright H-G-extension which is H-G-cleft via~y,y' : H — B with
Y(1m,) = 7' (1u,) = 1a, for any a € Y. Let @,y (Aa#oHo) and @D, oy (Aat#, Ha) be the
two representations of B as G-crossed products over A and H with the two cocycles o, o' and
actions as defined in Proposition 2.4.5 and define 1 = v (7/)~! in Hom(H, B). Then the actions

and cocycles are related as in the above proposition (2) and (3).

Proof Let
O : P (Aa#oHa) = B by a#th— ay(h)

acY
and

D @(AQ#L,HQ) — B by a#'h+— ay/'(h).
acY

Since ® and ®’ are semilattice graded algebra isomorphisms, left A-module and right H-comodule

maps, so is

0= ()" : (P (Aatto Ho) = P (Aatt, He)

agY agY
a#th = > ap(h)#'h'.
(h)
Applying @’ to both sides, we see that avy(h) = Z(h) ap(h )y (R'"). Setting a = 14 gives
~v = px~". The result follows. OJ
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