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On Jordan Biderivations of Triangular Matrix Rings
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Abstract Let R and S be rings with identity, M be a unitary (R, S)-bimodule and T =

R M
( 0 s ) be the upper triangular matrix ring determined by R, S and M. In this paper

we prove that under certain conditions a Jordan biderivation of an upper triangular matrix
ring T is a biderivation of T.
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1. Introduction

Let R be a ring and Z(R) be the center of R. For each z,y in R, denote the commutator
of z,y by [z,y] = vy — yx. An additive mapping d from R into R is said to be a derivation of
R if d(ab) = d(a)b+ ad () for all a,b € R. If a derivation d is of the form d(z) = [z, a], where
a € R, then d is said to be an inner derivation.

A biadditive mapping ¢ from R x R into R is called a biderivation if it is a derivation with

respect to both components, meaning that

e(ry, 2) = p(z,2)y + 2oy, 2) and p(z,yz) = ¢(2,y)z + yp(z, 2)

for all x,y,z € R.

If R is a non commutative ring, then the map ¢(z,y) = A[z,y] for all z,y € R, where
A € Z(R), is a biderivation, which is called an inner biderivation.

We say that the mapping ¢ : R x R — R is an extremal biderivation if ¢ (z,y) = [z, [y, a]|
for all x,y € R, where a € R and a ¢ Z(R) such that [[R, R],a] = 0.

Let ¢ be the biadditive mapping from R X R into R. ¢ is called a Jordan biderivation if it

is a Jordan biderivation with respect to both components, meaning that

e(x*,y) = p(z,y)z + zp(z,y) and o(z,y?) = o(z,y)y + ye(z,y)

for all z,y € R.
Let R, S be rings with identity and M be a unitary (R, S)-bimodule. Let f: M x M — M
be a biadditive mapping. We say that f is an (R, .S)-bimodule homomorphism if it is a bimodule
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homomorphism in each argument; namely,

flrms,m") =rf(m,m")sand f(m,r'm's") =r"f (m,m') s,

forall m,7" € R, s, € S, and m,m' € M.
R M
Let R, S and M be as above. In the sequel, we denote by T = 0 g ) the upper

triangular matrix ring determined by R, S and M with the usual addition and multiplication of
matrices.

In 1993, Bresar et al. [1] proved that all biderivations of noncommutative prime rings are
inner. Somewhat later, Bresar [2] investigated biderivations of semiprime rings. More details
about biderivations and their generalizations can be found in [3, Section 3] where applications
of biderivations to other fields are also described.

In 2009, Benkovic¢ [4] obtained a description of biderivations for a certain class of triangular
algebras, which in fact generalized some results on biderivations of nest algebras and upper
triangular matrix algebras [5,6].

In 2013, Ghosseiri [7], obtained interesting results on biderivations of upper triangular matrix
rings.

In 2013, Du and Wang [8], gave a description of biderivations for a certain class of generalized
matrix algebras.

The aim of the paper is to give a description of Jordan biderivations for an upper triangular
matrix ring. We prove that under certain conditions a Jordan biderivation of an upper triangular

matrix ring is a biderivation.

2. Main results and proofs

This section is dedicated to the treatment of Jordan biderivations of the upper triangular
matrix ring. The central question of this section is when Jordan biderivations of the upper
triangular matrix ring are biderivations.

Let 1z and 1g be identities of the ring R and S, respectively, and let 1 be the identity
of the upper triangular matrix ring 7. Throughout this paper we shall use following notation
1—( lr 0 ),e—(lR 0>,andf—1—e—<0 0 )

0 1g 0 0 0 1g

We immediately notice that e and f are orthogonal idempotents of T" and so T" may be
represented as T'=1T1 = (e+ f)T(e+ f) = eTe+ T f + fTf.

Here eTe is a subring of T isomorphic to R, fT'f is a subring of T isomorphic to S and
eT'f is an (eTe, fT f)-bimodule isomorphic to the bimodule M. To simplify notation we will use
the following convention: r =ere € R=¢€Te, s= fsf € S= fTfandm=emf e M =¢eTf.

Then each element x € T can be represented in the form
r=exetexrf+ fxf=r+m+s,

where r € R, s € S, me€ M.
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Lemma 2.1 Let ¢ : R X R — R be a Jordan biderivation. Then, for all a;b;c;xz;y € R, the
following statements hold:
w(ab + ba, x) = p(a, )b+ ap(b,z) + p(b,x)a + by(a, ),
pla, 2y +yx) = p(a, )y + 2¢(a, y) + pla, y)x + yp(a, ). (1)
p(aba, z) = ¢(a,z)ba + ap(b, x)a + abp(a, x),
p(a, xyx) = ¢(a, v)yr + xvp(a, y)z + zyp(a, ). (2)
p(abc + cba, ) = p(a, z)bc + ap(b, z)c + abp(c, x) + ¢(c, x)ba + cp(b, x)a + cbp(a, ),
pla, xyz + 2yx) = (e, 2)yz + xp(a, y)z + zye(a, 2) + (a, 2)yz + 2¢(a, y)x + zyp(a, ). (3)
Proposition 2.2 Let ¢ : R x R — R be a Jordan biderivation. Then
[p(a, ), [y, 0] + [p(a,y), [, 0] + [la, =], (b, 9)] + [la, y] , o (b, 2)] = 0
for all x,y,a,b € R.
Proof Consider ¢(ab + ba,zy + yz) for arbitrary z,y,a,b € R. Since ¢ is a Jordan derivation
in the first argument, we have
p(ab + ba, xy + yz) =¢(a, vy + yx)b + ap(b, zy + yz) + (b, zy + yx)a + bp(a, zy + yz)
= (pla, 2)y + zp(a, y) + p(a, y)x + yp(a, x)) b+
a(p(b,2)y + xp(b,y) + (b, y)x + ye(b,z)) +
(p(b, 2)y + 2 (b, y) + (b, y)z + yp(b, x)) at
b(p(a, )y +zp(a,y) + (e, y)r + yp(a, ).
Also, since ¢ is a derivation in the second argument, we then have
o(ab+ ba, zy + yx) =p(ab + ba, x)y + xp(ab + ba,y) + ¢(ab + ba, y)x + yp(ab + ba, x)
= (p(a, )b + ap(b, x) + (b, x)a + bp(a, x)) y+
z (p(a,y)b + ap(b, y) + (b, y)a + by(a,y)) +
(p(a,9)b + ap(b, y) + ¢(b; y)a + bp(a, y)) -+
y (p(a, 2)b+ ap(b, ) + (b, x)a + by(a, )) .
Comparing both relations, we obtain
[p(a,2), [y, bl] + [p(a, y), [, b]] + [[a, 2], o (b, y)] + [[a, y] , (b, 2)] = 0. T
Lemma 2.3 Let ¢ : T xT — T be a Jordan biderivation. Then
(i) o(1,2) = p(x,1) =0 for all x € A;
(ii) @(x,0) =0 = ¢(0,z) for all x € A,
(iii) ple.e) = —ple, f) = —p(fe) = @(f, f)-
Proof The identity ¢(1,z) = 0 follows from

p(liz) = (1 x 1 x L;2) = p(1;2) + (1;7) + (15 7).



On Jordan biderivations of triangular matriz rings 165
Similarly, p(x,1) = 0, while ¢(x,0) = 0 = ¢(0, x) is obvious.
To prove (iii), we use (i) and the equality e + f = 1. Then we may write
90(676) = @(67 1- f) = QD(@, 1) - (,0(6, f) = _(P(eaf)‘

Similarly, ¢(f,e) = —p(e, e). It is also true that

So(fv f) = 410(1 -6 1- 6) = 90(]-7 1) - 80(17 6) - @(67 1) + 30(67 6) = 30(6,6).
Thus we conclude that (e, e) = —p(e, f) = —p(f,e) = o(f, ). O
Lemma 2.4 Let T be the upper triangular matrix ring and let ¢ : T x T — T be a Jordan

biderivation. If p(e,e) # 0, then ¢ = ¢ + 0, where (x,y) = [z, [y, p(e,e)]] is an extremal

biderivation and @ is a Jordan biderivation that satisfies 6(e,e) = 0.

Proof For every z,y,a,b € T, it follows from Lemma 2.1 that

[p(a, ), [y, b]] + [p(a,y), [z,b] + [[a, 2], p(b,y)] + [[a, y] , p(b, )] = 0.

If we substitute a = x = e, then we obtain that

[p(ese), [y, b]] + [p(e,y), e, b] + [[e,e] , o(b,y)] + [[e; y], (b, e)] = 0.

Let b,y € T. We have [e,b] = eb—be = ele,b] f, and ¢(e,y) = ep(e,y)e +ep(e,y)f + fole,y)f.
It follows from the fact e? = e that ¢(e;y) = (2, y) = p(e,y)e + ep(e,y). This implies

that ep(e, y)e = 0= fo(e,y)f. Thus, p(e,y) = ep(e,y) f.
Consequently, [¢(e,y), [e,b]] = 0. Similarly, [[e, y], ¢(b, e)] = 0. Hence

[@(ev 6), [ya b” =0= W(y, b) [6, 6] =0.

By [4, Remark 4.4], if g € T, x¢ ¢ Z(T) and suppose that [[z,y], zo] = 0 for all z,y € A.
Then the map ¢ : T x T — T defined by ¢(x,y) = [, [y, z¢]] for all z,y € T is a biderivation.
We see that p(e;e) = ep(e,e)f ¢ Z (T), and it satisfies [p(e, ), [y, b]] = 0.

Write 6 = p — 4. Clearly, 6 is also a Jordan biderivation of T satisfying 0(e,e) = 0. O

Proposition 2.5 Let T be the upper triangular matrix ring given above and let ¢ : T'xT — T
be a Jordan biderivation satisfying ¢(e,e) = 0. Then

<< rom > ( rom/ )) B < 6 (r,r") rg(m’) —g(m’)s +r'h(m) — h(m)s' + £(m;m’) >
P ) =
s s v (s,8")

for allr,rt € R, s,s' € S, and m,m’ € M where
(i) 0 is a Jordan biderivation of R and ~y is a Jordan biderivation of S.
(ii)) g: M — M an (R, S)-bimodule homomorphism such that

o (r,r")ym = [r,r']g(m); my(s,s') = g(m)]s,s]

for all r,r" € R,m € M, and s,s' € S.
(iii) h: M — M an (R, S)-bimodule homomorphism such that

(r,rYym = [r',r]h(m); my(s,8") = h(m)[s, 3]



166 Driss AIAT HADJ AHMED

for all 7,7 € R,m € M, and s,s' € S.
(iv) €: M x M — M an (R,S)-bimodule homomorphism such that for all m,m’ € M,

r,7" € R, and s,s" € S we have
[r, 71 £(m,m") = £(m, m") [s, 5] = 0.

Before characterizing the Jordan biderivations of the triangular ring T, let us begin with

the following lemma.

Lemma 2.6 Let T be the upper triangular matrix ring given above and let ¢ : T X T — T be

a Jordan biderivation satisfying p(e,e) = 0. For all r,7" € R, s,s' € S we have

p(re, f) =0; o(
o(f,r'e) =0; (e, r'e) =

(e, s'f)=0; o(f,s'f) =
o(sf,e) =0; @(sf, f)=0
o(re, S/f) =0. (5)

Proof Put o(re, f) = ( e )

Z22
Applying ¢ on both sides of (re, f) = (re, f?), one observes that x12 = z22 = 0.

Now applying, ¢ on both sides of (re, f) = (e (re)e, f), one observes that z1; = 0. Hence,
we have ¢(re,e) = 0.

In a similar manner we can prove that ¢(f,r'e) = 0; (e, r’e) =0, p(e, s’ f) =0; o(f,s'f) =
0; p(sf,e) =0; p(sf, ) =0.

To prove (2), put p(re,s'f) = ( yin Y12 )
Y22

Likewise, applying ¢ on both sides of (re, s’ f) = (e (re) e, s’ f) using the Lemma 2.1 (2), one
observes that y12 = y22 = 0.
Moreover, applying ¢ on both sides of (re,s'f) = (re, f (sf) f) using the Lemma 2.1 (2),

one observes that y1; = 0. [

Lemma 2.7 Let T be the upper triangular matrix ring given above and let ¢ : T x T — T be
a Jordan biderivation satisfying ¢(e,e) = 0.

(i) There exists a Jordan biderivation 6 : R x R — R such that for all r,v’ € R, s,s' € S
we have p(re,r'e) = 6 (r,17).

(ii) There exists a Jordan biderivation v : S x S — S such that for all s,s’ € S we have

@ (sf,s'f) =~ (s f.
Proof Let r,7’ be in R. Using Lemma 2.1 (2), we have

o(re,r'e) =p(e(re) e,r'e) = p(e;r'e)re + ep(re;r'e)e + rep(e;r'e)

=ep(re;r'e)e =48 (r,r')e,
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where 0 : R x R — R is a mapping that satisfies ¢(re,r’e) = § (r,1’) e, since ¢ is biadditive, so
is 4.
Let 7,7’ € R. We have

o(r’e,r'e) =6 (r?*,r') e = o((re)?,1r'e) = ro(re,r'e)e + p(re, r'e)re

=r§ (r,r’)e+ 8 (r,r')re.

Hence 6 (r?,r") = 76 (r,r') e+ & (r,r’)r, and § is a Jordan derivation on the first component.
Similarly, one can show that J is also a Jordan derivation on the second component. Thus, J is

a Jordan biderivation of R. The proof of (ii) is similar, hence omitted. O

Lemma 2.8 Let T be the upper triangular matrix ring given above and let ¢ : T x T — T be
a Jordan biderivation satisfying (e, e) = 0.

(i) There exists an (R, S)-bimodule homomorphism g : M — M such that
p(re,me1z) = rg(m)erz; @(sf,merz) = —g(m)seis,
§(r,r"ym = [r,7'] g(m); my(s,s") = g(m)|s,s],

for allr,v’ € R,m € M, and s,s' € S.
(ii) There exists an (R, S)-bimodule homomorphism h : M — M such that

p(meqa, re) = rh(m)eis; w(meya, sf) = —h(m)se;a,
6 (ryr"ym = [, 7] h(m); my(s,s") = h(m)[s', 5],

forall ;" € R,m € M, and s,s' € S.

v v
Proof Let r € R and m € M. First assume that (e, meis) = ( e )
V22

Applying ¢ on both sides of (e, me12) = (€2, me12), one observes that vy; = vos = 0. Thus,
there exists a mapping ¢ from M to itself such that ¢(e, mej2) = g(m)ess.

Now, applying ¢ on both sides of (re, me12) = (e (re) e, me12), and using Lemma 2.1 (2), we
conclude that o(re, me12) = ep(re, meja)e + rg(m)ess.

Moreover, applying ¢ on both sides of (re,me12) = (re, e (me12) f + f (me12) €), and using
Lemma 2.1(2), we find that o(re,meja) = ep(re,meis)f, one observes that ¢(re,meis) =
rg(m)eis.

Let s € S and m € M. First note that, by Lemma 2.3 and the preceding result, ¢(f, mejs) =
—p(e,me1a) = — g(m)erz. Now, applying ¢ on both sides of (sf, mei2) = (f (sf) f,me12), and
using Lemma 2.1 (2), we conclude that ¢(sf, meia) = fo(sf,mei2)f — g(m)seia. Applying ¢ on
both sides of (sf,me12) = (sf,e(meiz) f + f (mei2)e), and using Lemma 2.1 (3), we conclude
that o(sf, me1a) = ep(sf,me12) f, we find that p(sf,me1a) = —g(m)sesa.

Since ¢ is additive on the second component, g is additive. Moreover, from ¢(e, rme;s) =
g(rm)eio and applying ¢ on both sides of (e, rme12) = (e, (re) (mei2) f+f (meiz) (re)), and using
Lemma 2.1 (3), we conclude that g(rm) = rg(m). We infer that ¢ is a left R-homomorphism.
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Likewise, applying ¢ on both sides of (f, mse12) = (f, e (me12) (sf) + (sf) (me12) €), we see that
g is also a right S-homomorphism.

Next, we show that 6 (r,7") m = [r, 7] g(m).

Applying ¢ on both sides of (re,r'meis) = (re, (r'e) (mei12) f + f (me12) (r'e)), and using
Lemma 2.1 (3), we conclude that p(re,'me1) = 6 (r,7") meis + r'rg(m)eis.

Now, applying ¢ on both sides of (re, mei2) = (e (re) e,r’mess), and using Lemma 2.1 (2),
we conclude that o(re,meja) = ep(re,r’'mejs)e + rg(r'm)ejs, one observes that rg(r'm) =
§(ryr")ym + r'rg(m) = rr’'g(m). Hence 0 (r,7")m = [r,r'] g(m). Similarly, one can show that
mey (5, ) = g(m) s, ']

The proof of (2) is similar to that of (1), except for the coordinates, so it is omitted. O

Lemma 2.9 Let T be the upper triangular matrix ring given above and let ¢ : T xT — T
be a Jordan biderivation satisfying ¢(e,e) = 0. There exists an (R, S)-bimodule homomorphism
£: M x M — M such that for all m,m’ € M, r,v' € R, and s,s’ € S we have

© (me1a,m'e1z) = E(m,m)era, [r,7']E(m,m") = &(m,m’) [s,s’] = 0. (6)

Proof Applying ¢ on both sides of (mej2, m'e;2) = ((e) (me12) f + f (mei2) (e) ,m'e12), and
using Lemma 2.1 (3), we conclude that ¢ (meja,m’e1s) = ep(meia, m’ers)f, therefore, there
exists a mapping £ : M x M — M such that ¢ (meja, m’e13) = £(m, m’)ero. Biadditivity of £ is
inherited from .

To show that £ is a left R-homomorphism on the first component, let r € R, and m, m’ €
M. Applying ¢ on both sides of (rmeja, m'e;s) = ((re) (mei2) f + f (mei2) (re) ,m’e12), and
using Lemma 2.1(3), we conclude that o(rmeis, m'e1n) = r&(m,m’)ei2, that is, {(rm,m’) =
ré€(m,m’). Likewise, one can show that ¢ is also a right S-homomorphism on the first component,
and an (R, S)-bimodule homomorphism on the second component.

Next, we show that [r, '] £(m,m') = 0.

Applying ¢ on both sides of (rmejq,r'm’e12) = (rmeia, (r'e) (m'e12) f + f (m'e1s) (r'e)),
and using Lemma 2.1(3), we conclude that ¢(rmejs,7'm’e1s) = (r'e) p(rmeis, (m'e1s))f =
r'&(rm, m/)e12, and E(rm,r'm’) = r'€(rm,m’) = r'r{(m, m’). One observes that {(rm,r'm’) =
rr’'&(m,m') = r'r€(m, m’). Hence [r, '] £(m, m') = 0. Similarly, one can show that £(m,m’)[s,s’] =
0.0

Proof of Proposition 2.5 For all m,m’ € M, r,r’ € R, and s,s’ € S we have

r m rom/ , .
® , , =o(r+m+sr +m' +5)
s s

= p(re,r'e) + @(re,m'e1z) + @(re, s’ f)+
p(sf,r'e) + o(sf,m'erz) +(sf, s )+
o(meia,r'e) + p(meia, m'e1s) + p(mera, s’ f)+

=6 (r,r)e+v(s,8) f+E&m,m e+
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rg(m’)eia — g(m')seia + r'h(m)eirs — h(m)s'eqa,

(( rom ) < rm/ )) B < o (r,r") rg(m')—g(m’)s+r'h(m) — h(m)s" + &(m, m’) )
¥ ’ ’ - ’ )
S S 7(3’3)

Theorem 2.10 Let T be the upper triangular matrix ring given above and let ¢ : T x T — T
be a Jordan biderivation. Suppose that

(i) Every Jordan biderivation of R is a biderivation;

(ii) Every Jordan biderivation of S is a biderivation.

Then all the Jordan biderivation of T is a biderivation.

reom
Proof For all mi,mem’ € M, r,r2,r’ € R, and s1,82,8 € S, put X = < ! ! ) Y =

! !
r2ome and Z = rom , we have
S s’

P(XY,Z) — (X, 2)Y — Xo(Y, Z)

( 8 (rire,r’) — 6 (r1,7")re — r16 (ra,77) 0 )

v (s152,8") — 7 (51,5") 52 — 517 (52, 8")

and

< 8 (r1,rar’) — 8(r,m2)r" + r26(ry, 1) 0 )

v (r1,mor’) = y(re, ro)r’ +roy(ry, ')

Since every Jordan biderivation of R is a biderivation and every Jordan biderivation of S is

a biderivation. This completes the proof. [J

Remark 2.11 ([9]) Let R be a prime ring, and char(R) # 2. Then every Jordan biderivation

of R is a biderivation.

Corollary 2.12 ([10]) Let T be the upper triangular matrix ring given above and let ¢ :
T xT — T be a Jordan biderivation. Suppose that R and S be a prime ring, char(R) # 2, and
char(S) # 2. Then Jordan biderivation of T is a biderivation.
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