Journal of Mathematical Research with Applications
Mar., 2016, Vol. 36, No. 2, pp. 183-193
DOI:10.3770/j.issn:2095-2651.2016.02.007
Http://jmre.dlut.edu.cn

Trace Formulae for the Nonlinearization of Periodic
Finite-Bands Dirac Spectral Problem
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Abstract This paper deals with a Dirac operator with periodic and finite-bands potentials.
Taking advantage of the commutativity of the monodromy operator and the Dirac operator, we
define the Bloch functions and multiplicator curve, which leads to the formula of Dubrovin-
Novikov’s type. Further, by calculation of residues on the complex sphere and via gauge
transformation, we get the trace formulae of eigenfunctions corresponding to the left end-
points and right end-points of the spectral bands, respectively. As an application, we obtain
a completely integrable Hamiltonian system in Liouville sense through nonlinearization of the
Dirac spectral problem.
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1. Introduction

The nonlinearization of linear spectral problems is a powerful weapon to get completely
integrable Hamiltonian systems in Liouville sense [1,2]. Further, the compatible condition of the
spectral problems always gives a soliton equation, i.e., the compatible spectral problems are an
integrable decomposition of the corresponding soliton equation, whose quasi-periodic solutions
may be found out subsequently [3-5]. However, the constraints that are the foundations of the
nonlinearization technique are usually given formally from the Lenard gradients of the spectral
problems. Fortunately, trace formulae of the eigenfunctions of the spectral problem may provide
sound constraints that are necessary in nonlinearization [6,7].

Hill’s equation is famous for its application in the research of moon performed by a U.S.
mathematician Hill. Hill’s operator possesses bands spectra where all end-points are eigenvalues
under periodic boundary conditions. In case that all spectral bands tending to infinity merge
into one spectrum while the remaining N spectral bands still separate with each other, the cor-
responding potential is called periodic N-bands potential [8]. The eigenfunctions corresponding
to the left end-points and the right end-points of spectral bands satisfy the famous Mckean-

Trubowitz’s and Cao’s identities [7], respectively. Both of them play dramatic roles in theory
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of integrable systems, yield the Neumann constraint of the Neumann system and the Bargmann
constraint of the restricted KdV system [6,7,9], respectively.

Several trace formulae of Dirac operator have already been known [10-13], though almost
all of them are trace formulae for eigenvalues, helpless for the nonlinearization of the spectral
problem. Due to the known facts, Dirac operator and Schrodinger operator share many common
properties [14,15]. It hints that the periodic finite-bands Dirac operator must possess parallel

results with Hill’s operator.

In this paper, we deal with the periodic Dirac operator L = BJ, + Q(x), where

d 0 1 u(z)  o(z)
a:L’ = T = ) x)= 9
dx B ( -1 0 ) Q=) ( v(z) —u(x) >

with u(z) and v(z) being real smooth periodic functions for period T'. It possesses spectral bands
U(;iioo[)\gj, A2j+1], where the band-ends A;’s are eigenfunctions under periodic conditions of
period 27. Suppose that the right spectral bands merge into one band (A, , +00) as j > Ny,
and the left spectral bands change into one band (—o00, A_an_—1) as j < N_, while the remaining
N = N, + N_ spectral bands still separate each other as —N_ < 57 < N,. For this case, we say
Q(z) is a periodic N-bands potential [14,15]. In Section 2, we define the monodromy operator
M, commutative with the Dirac operator L, whose common eigenfunctions are called Bloch
functions, and the multiplicative curve %. In Section 3, we show the formula of Duborovin-
Novikov’s type which illustrates the inherent relation between the Bloch functions and periodic
N-bands potential. In Section 4, we derive trace formulae of eigenfunctions by calculation of
residues on the complex sphere. Finally, we gain an integrable Hamiltonian system through

nonlinearization of the periodic finite-bands Dirac spectral problem.

2. The monodromy operator and Bloch functions

Define a translation (monodromy) operator T as
T: C®(R, C?) — C>(R, C?)
(f1(2), f2(2)" = (fu(z +T), oz +T))",

where C*°(R, C?) is the class of 2-dimensional complex vector-valued smooth functions on real
axis. It is obvious that 7" and L are commutative. Hence, the annihilator subspace of L — A,

denoted as Dy = ker(L — \), is invariant under the action of 7' for any complex .

Choose a real number xg as the reference point arbitrarily. Let
9(1’, Zo, A) = (01(1;7 Zo, A)v 62(‘1‘7 Zo, )‘))T and Qﬁ(l’, Zo, A) = (901(»73» Lo, )\)7 @2(x7 Zo, A))T
be the solutions of the following two initial value problems, respectively:

)
)

Lo = M0, 01( 1, 62(zo) = 0;
1,

Zo
Lo

Lo=Xp, @i
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The matrix of 7' on D, with bases 6, @ reads
<91 @1) _(au Oél2>
O 92 ) 1 “\aw am )

The eigenpolynomial det(u — T) of T is a constant independent of the choice of bases. Hence, it

is also independent of the choice of the reference point zy. Noting that

|6 0
det T = 91 a1 - 91 L
2 P2 — 2 P2 .
trT = 01 (o + T) + p2(xo + T) = F(N),
we have
det(p—T) = p> = F\)p+1=0. (2.1)

The roots py, p— of Eq.(2.1) are the eigenvalues of M, known as Floquet multiplicator. For
F2(\) # 4, uy # p_. The corresponding eigenfunctions ¢, (x, A), v¥_(x, \), called Block-
Floquet solutions, are common eigenfunctions of L, T:

Ly = Mps, s = pu(z +T) = patps (). (2.2)

Pairs (py, A), (p4, A) that satisfy Eq.(2.2) determine a complex curve on (u, ) € C2 Its

analytic continuation € in P2C is an analytic variety, called multiplicator curve, a double leaves
Riemann surface.

Set 11 (xg) = 1, thus Boch-Floqut solutions are determined uniquely. It can be expressed as

1/&(937 Zo, >\) = a(xa X, )\) +mﬂ:80(937 Zo, >\)a

where m4 satisfy the following equation:

Bt — Q11 —Q12 ( 1 >:0
—Q21 Ht — Q22 m+

Thus,
+ — 011
ma(w, ) = EE—AL
12
where a9 = ¢1(zo + T, zo, A), whose zeros A = rj(x), j = 0, £1, £2, ..., are eigenvalues of

an ordinary Dirac boundary value problem that constitutes an auxiliary spectral problem:
Ly =Xy, yi(zo) =yi(xo+T)=0. (2.3)

These zero points are obviously dependent on the choice of the reference point xg.

Define meromorphic functions on the multiplicator curve ¥ (remove the infinite point):

_ n— 91(%0 +T, Zo, )‘)
p1(zo + T, 0, A)
’(/J(I‘, Zo, p) = 9(1‘, Zo, )‘> + m(xo,p)go(x, Zo, )‘)a

m(an p)

with p = (i, A). The values of ¢ at points py = (pus, A), p— = (u—, A\) are ¢4, ¥_, respectively.
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The zeros of F?(\) —4 are real, independent of 2y, and can be numbered in increasing order
as
<A <A S A <A < A< A3

For j = 0, £1, £2, ..., intervals (Agj_1, A2;) are unstable bands where |F'()\)| > 2; intervals
(A2, A2j4+1) are stable bands where |F(XA)| < 2; p4 and p_ are complex conjugate with each
other; F(A\) =2, =1 as Ayj, Agj—1, which are the eigenvalues of periodic boundary condition
yle+T) =y(z); F(A) = =2, p = —1 as Agj41, Aaj+2, which are the eigenvalues of semi-periodic
boundary condition y(z + T') = —y(z) (see [14,15]).

3. Formula of Dubrovin-Novikov’s type

Taking advantage of the Bloch functions, we define a new meromorphic function x on the
multiplicator curve €. The values of x at p+ = (4, )T reads
_ Yox
(.

which are independent of g, since the role of xg is only to adjust the coefficients of ¥4 and _.

ix+

And, y+ satisfy Riccati equations:

XL =X —u— (A4 p)xi — 2ivxe. (3.1)
Proposition 3.1 Let A be a real number belonging to the stable intervals and x4+ = xr + ix7.

Then the following equalities hold:
7Z+(937 To, A) = ¥ (x, T, A), 3
X- = —xr +ixr, (3.
Xk = —2(A + W)XRXT — 2VXR, (3
Xp=u—X+ A+ p)(xk —x7) — 2vxr. (3
Proof Noting that yu_ = fiy, take complex conjugate of Ly, = My, ¥y(x +T) = pyiby, we
get Eq. (3.2) by the uniqueness of the solution. It is easy to get Eq. (3.3) from the definition and

Eq. (3.2). Substituting Eq. (3.3) into the Riccati equations Eq. (3.1) and separating the real and
imaginary parts gives Egs. (3.4) and (3.5). O

Corollary 3.2 Let A be a real number belonging to the stable intervals. Then there holds that

4 — F2()\ ] —a
Xr(Zo, )\):Tw()’ X1(xo, A) = 1120[71212

Proof For |F(\)| < 2, we have

11 + aog +1 4—F2(/\)
L= : . (3.6)

Noting that ¥4 (xzg) = 1, we get

Hy — 011 (3.7)

ix+(zo) = Yar(z0) = My = o
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Substituting Eq. (3.6) into Eq. (3.7) and separating the real and imaginary parts, we get what

was supposed immediately.

Proposition 3.3 Let X be a real number belonging to the stable intervals. Then we have

Xr (o) _ o1z +T, z, A)
xr(@)  pi1(zo+T, o, A)

Y14 (z, zo, N)Y1—(x, xo, A) =

Proof Define

Wz, o, A) = ( s ) 1 Y14¢1- Y1192 ‘5¢2+¢17

w3 w2

m_ —my \ Yixta ﬂ2L Va1 oy by

Noting that det(¢y, 1»_) = m_ — m, which is independent of x, we have
Y1 ¢2+ — Y14 Ya-

N T S e P ek (3.8)
T Yy 2 vy 2wl 2wy .
Y1-thoy — P14 o
i = Yoo _ 214he 2ws — m_ —my _ 2ws+1 (3.9)
Y- 21y 2w, 2wy '
Subtracting Eq. (3.9) from Eq. (3.8), we get 2y gpw; = i, i.e., wy = 2)%3 Noting that 114 (z0)11—(z0) =

1, we get
wi(z)  xr(%o)

V- = ) xa@)

By Corollary 3.2, we get what was supposed immediately. [
Let Xp = Y o ganA ™™ X1 = Y probnA™™, as |A| = co. Substituting them into Eq. (3.4,
3.5), and comparing the coefficients of A with the same power, we get

Xr=1—-uA""+0\?), x7=—-vA"1+00N?). (3.10)

Since ¢y is analytic on A, the infinite product expansion with respect to its zeros reads [14,15]

“+o0
A
T A) = t. 1-—
901(170 + 1, xo, ) cons j:IIOO( Tj(ilfo)),

where r;’s fall in the unstable bands [Agj_1, Ag;]. Suppose that Q(z) is the periodic N-bands
potential, i.e., Agj_1 = Agj as 7 > Ny + 1 or j < N_ — 1, the unstable bands disappear. Thus,

we have

’I“j(.To) :)\2]'_1 :)\2]‘7 for jZN++1OI‘j SN_ —

independent of the choice of x¢. Hence, r;(z) = r;(x¢) for j > Ny + 1 or j < N_ — 1. Further,

we obtain

mjftw LA =)

: (3.11)
k——N (A*Tk( ))
pr@+T oo ) [y (A —ri(@))
o1(wo + T, 20, A) b kN:—N, O — ro(20)) (3.12)
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Comparing the coefficients of A with the same power of xr in Egs. (3.10) and (3.11), we get

2N, Ny

u(;v):% don = D ). (3.13)

j=—2N_—1 k=—N_

It is easy to see that const. = 1 in Eq. (3.12) from the asymptotic expansion of ¢; as |A\| = oc.
Since the stable bands are sets of accumulation points, it is easy to see that Eq. (3.12) is valid

for all A € C by analytic continuation. Hence, we obtain

Proposition 3.4 (Formula of Dubrovin-Novikov’s type) Let Q(z) be the periodic N-bands
potential of the Dirac equation. Then there holds

P A
Z/JH-(% X, A)¢1_($, o, )\) — P]i;f((;o’)\))’

with Py(z, A) = [Tty (A — ().

4. Trace formulae

Lemma 4.1 Let w be a meromorphic differential on the complex sphere § = C U {o0} :
f(A—a,

W= Hjﬁ:l( J)d>\
Hj:l()‘ - bj)

where (3 is a nonnegative integer, a;, b; are complex constants. Then the residue of w at infinite

)

point reads
B

Resy—oo w = Z(aj —bj).
j=1
Proof Take local coordinate ¢ = A~! in the neighborhood of infinite point co, we may verify
the lemma by direct calculation. J
Since ¢4, 1_ are values of Bloch function ¢ on the multiplicator ¢ according to p; =
(g, A)y p— = (p—, ), respectively; and py and p_ may coincide with each other as A tends
to the main spectral point Ag; it results that ¢y = 1_ when p, = p_. According to Dubrovin-

Novikov’s formula, it reads

Py (z, \p)

p— - - = :l:
y1,6(2) = Y14 (2, 2o, Ak) = th1-(, o, Ak) Py (xg, M)’

where y(z)’s are the eigenfunction with respect to the eigenvalue \g’s of the Dirac operator
with periodic or semi-periodic conditions yi(x + T) = tyi(x), taking “+ 7 for k = 45 — 1, 47,
while taking “ —" for k =45 + 1, 45 + 2.

Proposition 4.2 The eigenfunctions (11, ok, @ZJZ%)T corresponding to the left end-points Agj

of the periodic N-bands Dirac equation, by some gauge, satisfy that

Ny )
Z ¢i 2k — 50' = U(JZ),
k=—N_
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where ¢ is the summation of the band gaps:

Ny

g = — Z ()\gj_l — /\Qj). (42)

j=—N_

Proof Consider the meromorphic differential w; on complex sphere S :

Yy (A=) Py (o, A
w = =0 AN = (20, V) Y1y (2, o, N1 (, 20, A)dA.
he—n_ (A = Aap(2)) e n_ (A = Azi())
Since the Riemann surface S is compact, by the residue theorem we have
Ny
Z Resy=»x,, w1 + Resy=oow1 =0,
k=—N_
ie.,
Ny
Z pgkyi o6 (@) + Resy—oowr = 0, (4.2)
k=—N_
with
_ Py (20, Aak)
P2k = =N .

Iz, j=—n (R2k — Agy)

For 7; € (A2j_1, Aa;), the symbol of the numerator is (—1)N+~* while the symbol of the de-
nominator is also (—1)¥+~F. Hence, poy, is always positive. Thus the real eigenfunctions can be

gauged as Yo (z) = \/p2ry2k(x). Further, by Lemma 4.1 we have

Ny
Resoowy = Z (rj(z) — Aoj)
j=—N_
AL Ny L M
:_(5 POEEYEEDY T‘j(ﬂ«”)) +3 D (i1 = Agy)
j=—2N_-1 j=—N_ j=—N_
1

Substituting Eq. (4.3) into Eq. (4.2), we get what is expected immediately. [J

Proposition 4.3 The eigenfunctions ({1, 25—1, Y2, ok—1)T corresponding to the right end-points

Aog_1 of the periodic N-bands Dirac equation, by some gauge, satisfy that

Ny )
Z U a1 + 57 = u(z),

k=—N_

where o is the summation of the band gaps given by Eq. (4.1).

Proof Consider the meromorphic differential wy on complex sphere S:

2y A=ri@) Pu (o, V)

o A= dai1(@) Ty (A= Az ()

wy = Y1y (x, 2o, N)h1— (2, 2o, A)dA.
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Since the Riemann surface S is compact, by the residue theorem we have

Ny
Z Resy=x,, ;w2 + Resy—oowa = 0,
k=—N_
ie.,
Ny
Z .021@713/% 2k—1(7) + Resy—oowz = 0, (4.4)
k=—N_
with
_ Py (w0, Aag—1)
P2k—1 = =

[T, j= v ar1 = Agj1)
For r; € (Agj—1, A2j), the symbol of the numerator is (—1)+ =1 while the symbol of the
denominator is also (—1)V+~**1 Hence, pos_1 is always positive. Thus the real eigenfunctions

can be gauged as Yar—1(z) = /p2r—1y26—1(z). Further, by Lemma 4.1 we have

Ny
Resoows = Z (rj(z) — Agj—1)
j=—N_
AL Ny | M
= —(5 IR Tj(?S)) ~5 D (i1 = Ayy)
j=—2N_—1 j=—N_ j=—N_
1
= —u(z) + 50 (4.5)

Substituting Eq. (4.5) into Eq. (4.4), we get what is expected immediately. [J

Proposition 4.4 The eigenfunctions (i1, 2k, ¢2,2k)T corresponding to the left end-points Aog
of the periodic N-bands Dirac equation, by some gauge, satisfy the following identities:

Ny

5 S Wi ) 3o = v(a), (16)
k=—N_
1 X 1
5 Z (Y1, 2k + P2, 21)° — 50 = v(z), (4.7)
k=—N_
N+ 1
S Y st s =ula), (45
k=—N_

where o Is given by Eq. (4.1).

Proof Define a linear transformation

()= (e ) () 9
22 sing  cos¢ Y2

For ¢ = —%, the Dirac operator L = B0, + Q(x) is transformed to the following form:
v(

(o)a @) () ) G 6
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From Proposition 4.2, we get Eq.(4.6) immediately. Similarly, taking ¢ = 7, § in Eq.(4.9)
respectively, we see that Egs. (4.7) and (4.8) hold due to Proposition 4.2. OJ
)T

Proposition 4.5 The eigenfunctions (¢1,2k—1, ¥2,2—1)" corresponding to the right end-points

Aop—1 of the periodic N-bands Dirac equation, by some gauge, satisfy the following identities:

Nt
- % ,:;v, (1,201 — Y2,2%-1)% — %U =v(x), (4.10)
1 & 1
3 Z (W1, 20—1 + V2, 26-1)° + 30 = v(z), (4.11)
k=—N_
N, .
- Z V3 o — 50 = u(z), (4.12)
k=—N_

where o Is given by Eq. (4.1).

Proof Taking ¢ = —7, T, § in Eq. (4.9), respectively, we see that Eqs. (4.10)—(4.12) hold due
to Proposition 4.3. [

5. Integrable Hamiltonian systems

Due to the trace formulae gained in Propositions 4.2-4.5, we have expressions for potentials

by eigenfunctions (i.e., constraints) as follows:

Ny Ny
1 1
u(z) = 9 Z (Q/Ji 2k 11’%, 2k) = 5 Z (d’i 2k—1 1/’%, 2k-1)>
" k=—N_
Ny Ny
v(@)= > trorthaok = D V1 ok-1t2 21
k=—N_ k=—N-_

This is not similar to the case of Hill’s equation whose left and right end-points of the spectral

bands lead to two formally extremely different constraints. Introduce canonical variables

p=P1,p2s -, PN)T = (W1, —an_, Y1, —anN_ 425 oy Y1 an, )
a=(q1, 2 -, an)" = (2, —an_, Y2, —on_42, -, Y22n,)T,
and denote that A = diag(A_an_, A_an_42, ..., A2n, ). Then the Dirac equations that the

eigenfunctions satisfy corresponding to the left end-points of the spectral bands lead to a Hamil-

tonian system through nonlinearization:
OH OH
j= = ——— 5.1
b==%s =" (5.1)

where

H = *%((p, P+ (a, @)+ %(@, g, @) — (p, 0)%) + %(<AP7 p)) + (Ag, @),

with (-, -} denoting the usual inner product in RY. The Hamiltonian system (5.1) is completely

integrable in Liouville sense, i.e., possesses conserved integrals {Fy, Fs, ..., Fy} (see [16]), which
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are functionally independent and involute with each other:

N 2
D24 — Pjqk
Fr(p, q) =pi +qp + E w, k=12 ..., N.

=tk N T
The expressions for the Hamiltonian system (5.1) by components read
OH OH
pk:—77 qk:_iv k:172,...7N7
Oqr Opk

1 1/ 2
Hip, ) = =5 > v o) = 5 (Y Felp. @) -
k=1 k=1

If we construct canonical variables by eigenfunctions corresponding to the right end-points

of the spectral bands:

p=(p1, P2y -, pN)T = (1, —2n_ —1, %1, —2N_ 41, -, V1,28, 1),
a="(q1, 2, -, an)" = (Y2, —an_—1, V2, —aN_+1, -+, Y228, —1)"
and set A = diag(A_an_—1, A_oaN_ 41, - -+, )\2N+_1); it may lead to another completely integrable

Hamiltonian system formally the same as system (5.1), which is unlike the case of Hill’s equation

whose left and right end-points of the spectral bands lead to two extremely different systems.

Theorem 5.1 The periodic N-bands Dirac equation may lead to a completely integrable Hamil-
tonian system through nonlinearization under constraints deduced from the trace formulae of

eigenfunctions corresponding to the left (or right) end-points of the spectral bands.
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