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Abstract In this paper, Wittmann type strong laws of large numbers for blockwise m-
negatively associated random variables are established which extend and improve the related
known works in the literature.
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1. Introduction

Let {Q,S, P} be a probability space. In the following, all random variables are assumed to
be defined on {Q, 3, P}.

Definition 1.1 A finite family {X1, Xa,..., X, } of random variables is said to be negatively
associated (NA) if for any disjoint subsets A,B C {1,2,...,n} and any real coordinatewise
nondecreasing functions f : R — R and g : R® — R, where a = #(A) and b = 4(B),

COV(f(XZ',i S A),g(Xj,j S B)) <0,

whenever the covariance exists. An infinite family of random variables is said to be NA if every
its finite subfamilies are NA.
We refer to the paper by Joag-Dev and Proschan [1] where many examples and properties

of NA random variables are presented.

Definition 1.2 Let m be a positive integer. A sequence of random variables {X,,n > 1} is
said to be m-negatively associated (m-NA) if for any finite subset of index A = {iy,i2,...,in} C
N = {1,2,3,...}, where n > 2, such that |i, —ij| > m for all 1 < k # j < n, we have that
{Xi,,..., X, }is NA.

The concept of m-NA random variables was introduced by Hu et al. [2] where the complete

convergence for arrays of rowwise m-NA random variables is studied.
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Definition 1.3 Let {n;,i > 1} be an arbitrary strictly increasing sequence of natural numbers. A
sequence of random variables { X,,,n > 1} is said to be blockwise negatively associated (blockwise
NA) with respect to {n;,i > 1} if the sequence {X,,,n;—1 < n < n;} of finite families of random
variables is NA for each i.

The concept of blockwise NA random variables was introduced by Nezakati [3] where
Marcinkiewicz strong law and classical strong law of large numbers for a sequence of block-
wise NA are obtained. The blockwise structure has been considered for several class of random
variables in the literature, for blockwise independent and blockwise orthogonal random variables
in Gaposhkin [4], for double arrays of blockwise m-dependent random variables in Stadtmiiller
and Thanh [5], for blockwise martingale difference sequences in Rosalsky and Thanh [6], for

blockwise and pairwise m-dependent random variables in Le and Vu [7], and so on.

The following notion seems to be new.

Definition 1.4 Let m be a positive integer, {n;,i > 1} be an arbitrary strictly increasing
sequence of natural numbers. A sequence of random variables {X,,n > 1} is said to be blockwise
m-negatively associated (blockwise m-NA)with respect to {n;,i > 1} if the sequence {X,,,n;—1 <
n < n;} is m-NA for each i.

The concept of blockwise m-NA is a natural extension from m-NA and blockwise NA.

Wittmann Strong law Wittmann [8] proved the following strong law for a sequence of inde-
pendent random variables {X,,,n > 1}.

Let p > 1 and {a,,n > 1} be an increasing sequence of strictly positive real numbers such
that

(i) nty an P E(|Xn[*) < oo,

(i) Yool an’(an —ap_ 1) "P(E(X]))P < oo
Then we have
n

lim a;! Z(Xi —EX;)=0 as.

n—oo ;
1=1

In this paper, we obtain Wittmann type strong law of large numbers for a sequence of
blockwise m-NA random variables which extend and improve the related results from Nezakati
[3] for blockwise NA random variables, from Wittmann [8] for independent random variables,
and from Liu and Wu [9] for NA random variables.

In the following section we present the main results and an important lemma necessary to
prove our results.

Throughout this paper, C will represent positive constant which may change from one place
to another, I(A) will represent the indicator function of a set A and {n;,i > 1} will be an

arbitrary strictly increasing sequence of natural numbers.

2. Main results
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For any {n;,i > 1} as above, we introduce the following notations:
Iy = {i: 25,2 N i, nia) # 0}, v = 8(10),
[lki,ﬁﬂ') = [Qk,2k+1) n [ni,nHl) if 7€ Ik,
_ s k ok+1
Y(n) = Jnax vj if ne[27% 2.
It is easy to see, for any {n;,7 > 1}, that ¢)(n) = O(n) and that ¥(n) = O(1) if
liminfn;1/n; > 1.
In order to prove our main results, we present the following lemma.
Lemma 2.1 Let p > 1,{X,,,n > 1} be a sequence of blockwise m-NA random variables with
respect to {n;,i > 1} with E|X,|P < oo for alln > 1 and EX,, = 0 for all n > 1. Then, for
every € >0 and k > 1,

(i) If1<p<2,

nk_*_l*l

—p93—p,,p—1 |p
Pl |2 X[>epcemam 30 iy
1=ng 1=ng
(1’1’) Ifp>2,
n ngt1—1 nry1—1
o 1Py 2 p/2
< p( 2L P { ;P ( ) }
P{nkérgg)éﬂl Z }_25 (lnp) m Z E|X;[P + Z EX:
1=Nk 1=Nk 1=Ng
(iii) If 1 < p <2,
2’c+1 1
P | XX} <oy & pip
= i=2F
(iv) Ifp > 2,
" 15p rest RN
—p(_ZE\P p—1 P 2
SRR SR R R R I ML O SR s
- =2 =2 i=2F

Proof We prove (iii) and (iv). The proofs of (i) and (ii) are similar to those of (iii) and
(iv), respectively. Therefore, the proofs of (i) and (ii) are omitted. By Markov’s inequality,

)’

Cy-inequality, Theorem 2 of Shao [10], we have

P{ ma
2k<n<2k+1

< E_pE( max

Iej <n<rij
K

} <e pE( max
2k<n<2k+1
p
> x )
n p
> xi)
1= kj

1
vy E ( max E X;
lk] <n<rk

J€Ii Ik <i<n
i mod m=l

< afpvz_l Z E( max

lkj Sn<7’kj

y
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m—1
P
< e P(mug)Pt E( max Z X )
jely 1=0 lej SN<Tej In;<i<n
@ mod m=l
m—1
7P (muy, )Pt (23_p Z E|XZ-|1’>7 l<p<2
jel 1=0 Uiy <i<n<TR;
< @ mod m=l
- L 15p g
-p p—1 —9PN\P | 2\ 2
P (mu ) 2(g) (X Bxr+( X Bx)).p>2
jel 1=0 lkj§2§n<rkj lkj§2§n<rkj
i mod m=l i mod m=l
ok+1l_1
P3P (muy )P E|IX;P,1<p<2,
i=2Fk
< 5 ok+1_q ok+1_ /2
P
25_p(ﬁ)p(mvk)p_l{ 3 E|Xi|”+( 3 EX?) } p>2. O
i=2k i=2k

Theorem 2.2 Let {X,,n > 1} be a sequence of blockwise m-NA random variables with respect
to {n;,i > 1} and EX,, = 0 for all n > 1, and let {b,,n > 1} be a positive strictly increasing

sequence such that

nILHOIOb =00 and 0<a= 1nfbn1bn S fgpb’“b" LLo=c<lL (2.1)

If there exist constants p,q such that 0 < p < 2,pq > 2, E|X,|P? < co and

i b, P1E| X, [P? < oo, (2.2)
n=1
Zb P(bh = )T TI(BIX,)P? < oo (2.3)
then
nh_}nolo—nZXk—O a.s. (2.4)

Proof For any positive integer n > no, there exists a positive integer k > 3 such that ng_; <
n < ng. Note that b, > by, _, > ab,, >0 by (2.1) and k — co as n — oo, we have
max

w3 < i g 5 )|t e | 3 ) s

n
k—1 7]1 —nkl

Obviously the first term on the right-hand side of (2.5) converges to zero a.s.. Utilizing (2.1)

and similar method in the proof of Theorem 1 of Nezakati [3], we have

k—1
sup g < oo and lim =0, for every j.
k>3 7" Yni_1 N0 Ony_y

Then by Toeplitz Lemma we have that the second term on the right-hand side of (2.5) almost
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sure converges to zero if we prove that

neg—1

b ZXans

jnkl

lim
n— o0

Therefore, in order to prove (2.4), we only need to prove that

n

3 Xj‘zo a.5. (2.6)

J=nk-1

1
lim — max
n— oo bn ng_1<n<ng

From Lemma 2.1 (ii), we have for any ¢ > 0

3 P(L max z":

bnk Np—1<n<ng

)

k=2 J=Nk-1
[e%s} ni—1 ne—1 pq/
<Y o, Pq{ Y BIX P+ ( Y EIX| ) } (2.7)
k=2 J=ng—1 J=ng_1
Let 7; = inf{k € N,i < ng}. By (2.1) and (2.2) we have,
ne—1 [e’e] ng
S 5 mm <SS p
k=2 J=ng_1 k=1 j=1
:ZE|X |pa Zb Pq <ZE|X |Pa Z by pqcqu 75)
j=1 k=T k=T
oo
Z TPIE|X; P < oo. (2.8)

Since 0 < p < 2, pg > 2, we deduce that 0 < p/2 <1 and ¢ > 1. Set by = 0. By C,-inequality
and Hélder inequality and (2.3), we have

e’} ng—1 e’} ni
S X B P) " < v (3 pixl)™
= J=nr_1 k=1 j=1
_ Zb {Z AN T b§71)f(qfl)/q(E|Xj|2)p/2}q
j=1
& (a=1)
<¥b (jzl Wb ) 1)(EX72)pq/2)(jzl(b W )) -t
= ib;f(i(bg - )" 1)(EX2)pq/2)
k=1 j=1
< i ((b;’ — b?fl)_(q_l)(EXf)pq/Q i b;f)
j=1 k=T;
< Cib]” P )T D(EXF)PI? < oo, (2.9)

Thus, (2.6) holds by virtue of Borel-Cantelli lemma and (2.7)~(2.9). O
When 1 < pg < 2, we have the following theorem.



244 Guohui ZHANG, Henar URMENETA and Andrei VOLODIN

Theorem 2.3 Let {X,,n > 1} be a sequence of blockwise m-NA random variables with respect
to {n;,i > 1} and EX,, = 0 for all n > 1, and let {b,,n > 1} be a positive strictly increasing
sequence satisfying (2.1). If there exists a constant p such that 1 < p < 2, E|X,|P < oo, and

> b PE[X,|P < oo, (2.10)

n=1

then (2.4) holds.

Proof In the same way as used in Theorem 2.2, we only need to prove that (2.6) holds. Utilizing
Lemma 2.1(i), (2.10) and similar method in the proof of (2.8), we have for any € > 0 that

[e’s} 1 n oo nig—1

PR . -p . |P
Zp(bnk nkfrlnﬁariink . Z Xj‘ > E) S ZCbnk . Z E|Xj| <00
k=2 J=nk—1 k=2 J=ng—1

By virtue of Borel-Cantelli lemma, (2.6) holds. (J

Corollary 2.4 Let {X,,,n > 1} be a sequence of blockwise m-NA random variables with respect
to {n;,i > 1} and EX,, = 0 for all n > 1, and let {b,,n > 1} be a positive strictly increasing
sequence satisfying (2.1). If there exist constants p,q such that 0 < p < 2,q > 1, E|X,|P? < o0
for allm > 1, and

Sk — b)Y ELX, P < oo, (2.11)
n=1

then (2.4) holds.
Proof For 0 <p <2,qg>1, we have
b, Pl < b P(bE — b )~aTh, (2.12)

If pg > 2, note that (EX?2)P9/2 < E|X,|P?. By (2.11) and (2.12), (2.2) and (2.3) hold, therefore,
(2.4) holds from Theorem 2.2. If 0 < pg < 2, by (2.11) and (2.12), (2.10) holds, therefore, (2.4)
holds from Theorem 2.3. O

If we take b, = n® with « > 0. By Theorem 2.1, Corollary 2.4, and

lim {nozp _ (n _ 1)041)}—1”041)—1 _ 1/(Oép),

n—oQ

we have the following two corollaries.

Corollary 2.5 Let {X,,,n > 1} be a sequence of blockwise m-NA random variables with respect
to {n;,i > 1} with EX,, =0 for all n > 1 and « a real number with a > 0. Suppose that
0<a= llg nin; 5 < 3121;1) nim; Sy =c<1. (2.13)

If there exist some p, q such that 0 < p < 2,pq > 2, E|X,|P? < oo,

oo
> nTPIE|X, [P < oo

n=1
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and
Zn—{1+q(ap—1)} (E|Xn|2)pq/2 < oo,
n=1
then
N
nh_{rgo v ;Xk =0 a.s. (2.14)

Corollary 2.6 Let {X,,n > 1} be a sequence of blockwise m-NA random variables with
respect to {n;,i > 1} and EX,, =0 for all n > 1 and « a real number with a > 0.

Suppose that (2.13) holds and there exist some p,q, with 0 < p < 2,q > 1, such that
E|X,|P? < 0o and

Z p~{iFaler=D} X |P1 < o0,

n=1
then (2.14) holds.
By using (iv) of Lemma 2.1 and the same way as used in Theorem 2.2, we can prove the

following two theorems.

Theorem 2.7 Let {X,,,n > 1} be a sequence of blockwise m-NA random variables with respect
to {n;,i > 1} and EX,, = 0 for all n > 1, and let {b,,n > 1} be a positive strictly increasing
sequence such that

lim b, = o0 and 0 <a=infbybyt, < supbyibyly =c < 1. (2.15)

n— oo i>1
Suppose that, for some p,q such that 0 < p < 2,pg > 2, E|X,|P? < oo, and
oo
S BB X, P < o,
n=1

Z boP (bfl —w 1)—(q—1) (E|Xn|2)l7q/2 < o0
n=1

n—

Then

n

1
lim — E X, =0 a.s.
n—00 bn(w(n))(pq 1)/(pq) o1

Theorem 2.8 Let {X,,,n > 1} be a sequence of blockwise m-NA random variables with respect
to {n;,i > 1} and EX,, = 0 for all n > 1, and let {b,,n > 1} be a positive strictly increasing
sequence satistying (2.15).

Suppose that E|X,|P < oo for some p (1 < p < 2), and

> b PEX, P < oo
n=1

Then

1 n
lim ——m——— E XkZO a.s.
n—00 bn('llj(n))(,’)*l)/p P
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Corollary 2.9 Let {X,,,n > 1} be a sequence of blockwise m-NA random variables with respect
to {n;,i > 1} such that ngy1/n; > 1 and EX,, =0 for alln > 1.
Suppose that, for some p,1 < p < 2, such that E|X,|P = O(1),Vn > 1. Then, for all § > 1,

1 n
1- X = 0 .
o (nlogn(loglogn)d)t/r ];1 k a.s

Remark 2.10 (i) Theorems 2.2 and 2.3 extend and improve the related known works in
Wittmann [8] for independent random variables.

(ii) Theorems 2.2 and 2.3, Corollaries 2.4-2.6 extend the related known works in Liu and
Wu [9] for NA random variables.

(iii) Let p =2,m = 1, from Theorems 2.3, 2.7 and Corollary 2.9, we get Theorems 1, 2 and
Corollary 1 in Nezakati [3], respectively.
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