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Abstract Strong differential subordination and superordination properties are determined
for Phi-like functions in the open unit disk by investigating appropriate classes of admissible
functions. New strong differential sandwich-type results are also obtained.
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1. Introduction and Preliminaries

Let A denote the class of all normalized analytic functions f(z) in the open unit disk
U:={z € C: |z| < 1} satistying f(0) =0 and f'(0) = 1.

Let ® be an analytic function in a domain containing f(U), ®(0) = 0 and ®'(0) > 0. The
function f € A is called ®-like function if

z2f'(z
?R(@(fgz)))) >0, zeU.

This concept was introduced by Brickman [1] and he established that an analytic function f € A
is univalent if and only if f is ®-like for some ®. When ®(w) = w and ®(w) = Aw, the function
f is starlike and spirallike of type arg A, respectively. In a later investigation, Ruscheweyh [2]
introduced and studied the general class of ®-like functions.

Let H(U) denote the class of analytic functions in the open unit disk U. For n € N =
{1,2,3,...} and a € C, let

H[a)n] = {f : f S H(U) and f(z) = a+ anzn _|_ an+1zn+1 + . }
with Ho = H[0, 1] and H = H[1, 1],
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Let f and F be members of H(U). The function f is said to be subordinate to F, or
(equivalently) F' is said to be superordinate to f, if there exists a Schwarz function w analytic
in U, with w(0) = 0 and |w(z)| < 1 (¢ € U), such that f(z) = F(w(z)), z € U. In such a case,
we write f < F or f(z) < F(z). If the function F is univalent in U, then we have

f<F < f(0)=F(0) and f(U)c F(U).

Let H(z,¢) be analytic in U x U and let f(z) be analytic and univalent in U. Then the
function H(z,() is said to be strongly subordinate to f(z), or f(z) is said to be strongly
superordinate to H(z,(), written as H(z,() << f(z), if, for ¢ € U, H(z,¢) as a function of z is
subordinate to f(z). We note that

H(z,¢) <= f(z) <= H(0,¢) = f(0) and H(UxTU) C f(U).
Definition 1.1 ([3,4]) Let ¢ : C3 xU x U — C and let h(z) be univalent in U. If p(z) is analytic
in U and satisfies the following (second-order) strong differential subordination:
$(p(2), 29/ (2), 2" (2); 2,C) <= h(2), (1.1)

then p(z) is called a solution of the strong differential subordination. The univalent function
q(2) is called a dominant of the solutions of the strong differential subordination or more simply
a dominant if p(z) < q(z) for all p(z) satisfying (1.1). A dominant ¢(z) that satisfies §(z) < q(z)
for all dominants q(z) of (1.1) is said to be the best dominant.

Recently, Oros [5] introduced the following notion of strong differential superordination as

the dual concept of strong differential subordination.
Definition 1.2 ([5,6]) Let ¢ : C> x U x U — C and let h(z) be analytic in U. If

p(z) and @(p(z),2p'(2), 2°p"(2); 2,¢)

are univalent in U for ( € U and satisfy the following (second-order) strong differential

superordination:
h(z) <= @(p(2), 20’ (), 2P (2); 2, C), (1.2)

then p(z) is called a solution of the strong differential superordination. An analytic function q(z)
is called a subordinant of the solution of the strong differential superordination or more simply a

subordinant if q(z) < p(z) for all p(z) satistfying (1.2). A univalent subordinant §(z) that satisfies

q(z) < q(2)

for all subordinants q(z) of (1.2) is said to be the best subordinant.
We denote by Q the class of functions ¢ that are analytic and injective on U\ E(q), where

B(q) = {€ € 0U: lim g(2) = oo .

and are such that ¢'(£) # 0 for £ € U\ E(q). Further, let the subclass of Q for which ¢(0) = a
be denoted by Q(a), Q(0) = Qp and Q(1) = Q5.

Definition 1.3 ([4]) Let 2 be a set in C, ¢ € Q and n € N. The class of admissible functions
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W, [, q] consists of those functions 1 : C* x U x U — C that satisfy the following admissibility
condition: ¥(r,s,t;z,() & §, whenever

£q"(§)
7(8)
z€U; £€0U\ E(q); C€U; k>n.

r=al€), s=keg'(©) and R(-+1) 2 kR{LE 1},

We simply write W1[Q, ¢] as [, ¢].

Definition 1.4 ([5]) Let Q be a set in C and q € Hla,n] with ¢'(z) # 0. The class of admissible

functions W’ [Q, q] consists of those functions 1) : C> x U x U — C that satisfy the following

admissibility condition: ¥(r,s,t;&, () € ), whenever
2q'(2)

t 1
= = d R(-4+1) < —
r=q(z), s . an (s+ )_m

2q"(2)
" 7' (2) i

2€U; €€0U; CeU; m>n>1.

In particular, we write U}[Q, q] as U'[€, q].
For the above two classes of admissible functions, Oros and Oros [4] proved the following

result.
Lemma 1.5 ([4]) Let ¢ € ¥,[Q, q] with q(0) = a. If p € H]a,n] satisfies

U(p(2), 2p'(2), 2°p" (2); 2, ) € Q,

then p(z) < q(z) (= € U).
Oros [5], on the other hand proved Lemma 1.6.

Lemma 1.6 ([5]) Let ¢ € ¥/, [Q,q] with ¢(0) = a. If p € Q(a) and ¥ (p(2), zp'(2), 2%p" (2); 2, ()
is univalent in U for ¢ € U, then

QC {¥(p(2), 20 (2), 2°p"(2);2,() : 2 € U, € U}
implies the following subordination relationship:
q(z) <p(z), z€U.

Recently, Ali et al.[7,8] have obtained certain second order differential subordination and
superordination results, by considering certain suitable class of admissible functions. More
recently, Cho et al.[9] have considered second order strong subordination and strong
superordination results for multivalent meromorphic functions involving the Liu-Srivastava
operator. Also, several authors obtained many interesting results in subordination, strong
differential subordination and superordination [4-16].

Motivated by the afore mentioned works, in this present investigation, by making use of the
strong differential subordination results and the strong superordination results of Oros and Oros
[4,5], we consider certain suitable classes of admissible functions and investigate some strong
differential subordination and strong differential superordination properties of ®-like functions.
As an application, several interesting examples are considered. New strong differential sandwich-

type results are also obtained.
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2. The main strong subordination results

We first define the following class of admissible functions that are required in our first

result.

Definition 2.1 Let 2 be a set in C and ¢ € Q; NH. The class of admissible functions
®p[Q, q] consists of those functions ¢ : C* x U x U — C that satisfy the admissibility condition:
o(u,v,w; z,¢) & ), whenever

_ _ k&q'(§)
and ) w
R{CEy S pnE (5)+1}, 2eU; ¢ €U\ E(q); C€T; k> 1.

7€)
Theorem 2.2 Let ¢ € Pp[Q,q|. If f € A satisfies

@) g 2 ARGEN 2@ ARUE
Cager e T ere 0 ) e 109

zeug‘eﬁ}cﬂ, (2.1)

zf' (2
then @(f((z))) =< q(2).

Proof Define the function p in U by

A simple calculation yields

2f"(2)y  z[®(f(2)] _ 2p'(2)
W) " Teue) T 9
Further computations show that
2f"(2)y  2@(f)]' 1 2"(2) | 2'(2) a0 (2)42
L) s ) = e e Ge ) 24
We now define the transformations from C? to C by
u=r, vzz, wzqﬂ(t—’—?f#. (2.5)
Let . )
0l 5,2,0) = o, v, 2,0) = o(r, >, XD () (2.6

The proof will make use of Lemma 1.5. Using (2.2), (2.3), and (2.4), from (2.6) we obtain

U(p(2), 2p'(2), 2°p" (2); 2,€)
G () G RUGN L ), ARUE)
~o(ai 1 ) w0 ) ey o9 @)

)
Hence (2.1) becomes v(p(z2), 2p'(2), 22p" (2); 2,¢) € Q. A computation using (2.5) yields

w—i—v

t
Z41=
s v
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Thus the admissibility condition for ¢ € ®p[Q,¢] in Definition 2.1 is equivalent to the
admissibility condition for ) as given in Definition 1.3. Hence ¢ € ¥[, g] and by Lemma 1.1

p(z) < q(2)

or, equivalently, ;(f f/ ((j))) = ¢(z), which evidently completes the proof of Theorem 2.2. O

If Q # C is a simply connected domain, then 2 = h(U) for some conformal mapping h of
U onto Q. In this case, the class ®p[h(U),q] is written as ®plh,q]. The following result is an

immediate consequence of Theorem 2.2.

Theorem 2.3 Let ¢ € Oplh,q]. If f € A satisfies
2f'(2) 2f"(2)y () 2f"(2)y _ Z2(f(2)]
(agor O Fa) ~ eiey A0 )
then ZL2) =< q(2).

2(f(2))
Our next result in an extension of Theorem 2.2 to the case in which the behavior of ¢ on

%z,() << h(z), (2.8)

OU is not known.

Theorem 2.4 Let h and ¢ be univalent in U with ¢(0) = 0, and set ¢,(z) = ¢(pz) and
h,(z) = h(pz). Let ¢ : C3 x U x U — C satisfy one of the following conditions:

(i) ¢ € ®plh,q,] for some p € (0,1), or

(ii) there exists py € (0,1) such that ¢ € ®plh,,q,| for all p € (po,1).

If f € A satisfies (2.8), then % < q(z).

Proof The proof of Theorem 2.4 is similar to that of a known result [3, Theorem 2.3d, page 30]
and so it is omitted here. [

Our next theorem yields the best dominant of the strong differential subordination (2.8).

Theorem 2.5 Let h be univalent in U, and ¢ : C3> x U x U — C. Suppose that the following
differential equation

o(q(2),

() gD+ () =GP
g(z) (a(2))? 12,¢) = h(2) (2.9)

has a solution q with ¢(0) = 1 and satisfies one of the following conditions:

(1) qec Ql and ¢ € (I)P[thL
(ii) q is univalent in U and ¢ € ®plh,q,| for some p € (0,1), or

(iii) ¢ is univalent in U and there exists py € (0, 1) such that ¢ € ®p[h,,q,] for all p € (po, 1).

If f € A satisfies (2.8), then qf(ff/((j))) =< q(2), and q is the best dominant.

Proof Following the same arguments as in [3, Theorem 2.3e, page 31], we deduce that ¢ is a
dominant from Theorems 2.3 and 2.4. Since q satisfies (2.9), it is also a solution of (2.8) and
therefore ¢ will be dominated by all dominants. Hence ¢ is the best dominant.

We will apply Theorem 2.2 to a specific case for ¢(z) =1+ Mz, M > 0.

In the particular case ¢(z) = 14+ Mz, M > 0, and in view of Definition 2.1, the class of
admissible functions ®p[Q, q], denoted by ®p[Q2, M], is described below.
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Definition 2.6 Let Q be a set in C and M > 0. The class of admissible functions ®p[S2, M]
consists of those functions ¢ : C2> x U x U — C such that

kMe® (M +e ) (Le™" + kM) — k2 M?
1+ Mei®’ (M + e—10)2
whenever z € U, § € R and R{Le~"*} > (k — 1)kM for all 0, ¢ € U and k > 1.

o(1+ Me'™,

;z,() ¢ Q, (2.10)

Corollary 2.7 Let ¢ € p[Q, M]. If f € A satisfies
2f'(2) 2f"(2)y _ 2@ ()] 2f"(2)\ _ 2@ )]y,
(agor O )~ ey 10 7)) ey 139) €9
then |(I)(f(z)) 1| < M.
For the special case = ¢(U) = {w : lw — 1| < M}, the class ®p[2, M] is simply denoted
by ®p[M].

(1+

Corollary 2.8 Let ¢ € p[M]. If f € A satisfies

N ) AT O N .0 AT
G U T~ ety L )~ ey 19 i <M,
then |<D(f(z))) 1] < M.

Example 2.9 If f € A satisfies

S ) E),
U U e e

<1,

then |Zf &) <1

Proof This follows from Corollary 2.7 by taking ¢(u, v, w;z,() = uv, ®(w) = w, M = 1 and
) = h(U) where h(z) = z. This result was obtained in [8, Example 2.2, page 1775]. OJ

Example 2.10 If M > 0 and f € A satisfies
11
i)
z
IO 1| < M,
f(z)

then |zf =) _ 1)< M.

Proof This follows from Corollary 2.7 by taking ¢(u,v,w;z,{) = 1+ v/u, ®(w) = w. This
result was obtained in [8, Example 2.3, page 1775]. O

Example 2.11 If § > 0 and f € A satisfies

2f"(2) B
F02) )+ (1-9)

2f'(2)
f(2)

{o(1+ b-1f <1,

then |Zf =) _q)<1.

Proof Let ¢(u,v,w;z,{) = u+ év for all § > 0, ®(w) = w, M = 1 and Q@ = h(U) where
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h(z) = (1+6/2)z. To use Corollary 2.7, we need to show that ®p[Q2, M| = ®p[U], that is, the
admissibility condition (2.10) is satisfied. This follows since

kMe® (M +e ) (Le™" + kM) — k2 M?
1—|—Mei9’ (M + e—9)2

’¢>(1 + Me®, :z,()’

|Me”+6 |>1+6/2, k>1. O

1+M i
Example 2.12 If f € A satisfies f(z) #0in 0 < |z| <1 and
|22f”(z) +)\(Zf/(z)

f(2) f(2)

where 0 < M <1 and A > 2(M — )then|zf(z -1l <M.

—1)|<MAX+2-M),

Proof By considering the function ¢(u,v, w;z,{) = u(u+v—1)+ A(u—1)+ 1, and ®(w) = w
with0 < M <1, A+2— M >0, it follows from Corollary 2.7. This result was obtained in [17,
Corollary 2, page 583]. O

Example 2.13 If M > 0 and f € A satisfies
Zf”(Z)) 722f’(2)| M?

A ORI R T

then |Zf (z) -1 < M.

Proof This follows from Corollary 2.7 by taking ¢(u,v,w;z,{) = v —u+1, ®(w) = w and
Q = h(U) where h(z) = 1Jer To use Corollary 2.7, we need to show that ®p[Q2, M] = @ p[U],
that is, the admissibility condition (2.10) is satisfied. This follows since
kMe® 0 k
S M| = 1| >
| 1+ Me il 1+ M 2
zeU, 0eR, k#1+M, k> 1.

Hence by Corollary 2.7, we deduce the required result. [

Corollary 2.14 Let 8,7 € C, and let h be convex in U, with h(0) = 1 and R[Bh(z) + ] > 0.

Let ¢ € ®plh,q]. If f € A, and @(f Z is analytic in U, then
) O+ if Do (f(2) - 2[@(f(2)))
) T B eGe) )

implies {f(ff,((j))) =< h(z).

Proof This follows from Theorem 2.3 by taking ¢(u,v,w;z,{) =u+ Futo
U7y

3. Strong superordination and sandwich-type results

In this section, we investigate the dual problem of strong differential subordination (that is,
strong differential superordination). For this purpose, the class of admissible functions is given

in the following definition.
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Definition 3.1 Let 2 be a set in C, g € H. The class of admissible functions ®’5[(2, q] consists
of those functions

$:C3xUxU—C
that satisfy the admissibility condition: ¢(u,v,w;€&,() € Q, whenever

2q'(2)

u=a), 0= ) 20
and ) ,
ére{‘”v” } < ;%{Z;(S) +1), 2€U; €€dU; CeT; m > 1.
Theorem 3.2 Let ¢ € ®[Q,q|. If f € A, f )) € Q; and
2f'(2) 2f7(2)y AU 2f"(2)y 2@y
ey M e ) e 0 ) ) )
is univalent in U, then
2f'(2) 2f"(2)y () 2 NI L0 (C)) S TR
e e TR (e U e R (1o MARUART A
implies
q(z) < 5&2) (3.2)
o 2
Proof With p(z) = ) d
vtz = o0 S EED = 6 = e, o),
equation (2.7) and (3.1) yields
Q C {v(p(z),20'(2), 2°p"(2);2,() : 2 € U, € U} .
Since £ 41 = 2£% the admissibility condition for ¢ € [, ¢ in Definition 3.1 is equivalent to

the adm1551b1hty condition for 9 as given in Definition 1.4. Hence ¢ € ¥’[Q, ¢], and by Lemma

1.6, q(2) < p(2) or q(2) < £
If Q # C is a simply connected domain, then = h(U) for some conformal mapping h of U

onto Q with ®5[h(U), ¢] as ®p[h, ¢], Theorem 3.2 can be written in the following form.

Theorem 3.3 Let g € H, h be analytic in U and ¢ € ®'p[h,q]. If f € A 2@ 9, and

7 @(f(2))
RO NPT LG N, 101 O T i N 01 C)) O
sy U T ~ sty 0 )~ ety 1)

is univalent in U, then

2f'(2) zf"(z)y  2[®(f(2))]
sy e ) T
implies q(z) < ;(ff(( )))

Zf”(Z)) _ (I

h(z) << ¢( e

Corollary 3.4 Let 8,y € C, and let h be convex in U, with h(0) = 1. Suppose that the
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differential equation q(z) + Bq(z()-izv = h(z) has a univalent solution q that satisfies ¢(0) = 1, and

q(2) < h(2). Let ¢ € ®plh,q]. If FLE € HN Qy and

2f(z) (0 LLEND(f(2)) — 2[@(f(2))'
®(f(2)) Bzf'(2) + 42 (f(2))

is univalent in U, then

2f(z) 0+ LEND(f(2)) — 2[@(f(2))
B(f(2)) B2f'(2) + 12 (f(2))

implies q(2) < qf(ff((j)))‘

Proof This follows from Theorem 3.3 by taking ¢(u,v,w; z,{) = u + ﬁ (]

Theorems 3.2 and 3.3 can only be used to obtain subordinants of strong differential
superordination of the form (3.1) or (3.3). The following theorem proves the existence of the
best subordinant of (3.3) for an appropriate ¢.

Theorem 3.5 Let h be analytic in U and ¢ : C> x U x U — C. Suppose that the differential

equation

2q'(2) a(2)(2%¢"(2) +24'(2) — (2¢'(2))*.

e gy (4(2))? #26) = he)
has a solution q € Q;. If ¢ € ®L]h,q], f € A, ;(ff(j))) € @ and
) (L 2, ARUEN (o, )R]y
sy )~ s ) " ety )
is univalent in U, then
O (O N 010 T O N e T
ne) =250 U T ety 0 T ) " e ) )

implies q(z) < ;{f/((j))) and q is the best subordinant.

Proof The proof is similar to that of Theorem 2.5, and so it is being omitted here. [J

By combining Theorems 2.3 and 3.3, we obtain the following sandwich-type theorem.

Corollary 3.6 Let hy and ¢; be analytic functions in U, he be univalent function in U, g3 € Q3
with q1(0) = q2(0) = 1 and ¢ € ®plha, ¢2] N Pp[h1, qi]. If f € A, ;ff((j))) € HNQp and

¢< 2f'(z) (1 n zf”(z)) -~ z[@(f(z))]’7z[(1 + zf”(z)) -~ Z[(b(ﬂz))]/]/,z,C)

s Y e ) T e ) 7)) T )
is univalent in U, then

S A RUE L G AU ]
m(:) <= (50 Ty~ ety L0 )~ ey 155¢) << i)

implies q1(z) < % < q2(2).
By combining Corollaries 2.14 and 3.4 we obtain the following sandwich-type corollary.

Corollary 3.7 Let 8,7 € C, and let h; be convex in U, with h;(0) = 1, for i = 1,2. Suppose
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_2qi(2)
Bai(z) +
q:(0) =1 and ¢;(z) < hi(z), fori =1,2. Let (/5 € ®plhe, 2] N Pplh1, qu]. If 2f(2) 911 Q, and

@(f(2))
() 045 LN (f(2)) - 2[@(f(2))
®(f(2)) Bzf'(2) +7®(f(2))

that the differential equations g;(z)+ = h;(z) have a univalent solution g; that satisfies

is univalent in U, then

') 045 LN (f(2)) — 2[@(f(2))
®(f(2)) Bzf'(2) + 42 (f(2))

implies q1(z) < 3 f(j)) < q2(2).

hi(z) <<

<= ha(z)
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