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1. Introduction

In 1940, Ulam [1] proposed the following stability problem: Given a metric group G(-, p), a
number ¢ > 0 and a mapping f : G — G which satisfies the inequality p(f(x-y), f(z)- f(y)) <e
for all z,y in G, does there exist an automorphism a of G and a constant k > 0, depending
only on G, such that p(a(x), f(z)) < ke for all x in G? If the answer is affirmative, we call the
equation a(z - y) = a(z) - a(y) of automorphism stable. One year later, Hyers [2] provided a
positive partial answer to Ulam’s problem. In 1978, a generalized version of Hyers’ result was
proved by Rassias in [3]. Since then, the stability problems of several functional equations have
been extensively investigated by a number of authors [4-12]. In fact, we also refer the readers to
the books [13-16].

A function f: X — Y between real vector spaces is said to be quadratic if it satisfies the

following functional equation

fle+y) + f@—y) =2f(z) +2f(y) (1.1)

for all z,y € X, and a function B : X x X — Y is said to be bi-quadratic if B is quadratic for
each fixed variable [17]. Skof [18] was the first person to prove the Hyers-Ulam stability of the
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quadratic function equation (1.1). Cholewa [8] demonstrated that Skof’s theorem is also valid if
X is replaced with an Abelian group G.

In this paper we will use the following notations.

(1) M, is the set of all n x n-matrices in X which is a real vector space;

(2) e; € M1,,(C) means that jth component is 1 and the other components are zero;

(3) Eij € M,(C) means that (i, j)-component is 1 and the other components are zero;

(4) E;j; ® x € M, (X) means that (¢, j)-component is 2 and the other components are zero.

Next we extend general matrix normed spaces [19] to matrix S—normed spaces.

Definition 1.1 Let X be a real vector space, M,, = M, (C), M, (X) = X ® M,,. A function
|- 1lgn : Mp(X) — [0,00) is called a B-norm, where 0 < § < 1, if for alln € N and & = [z;;],y =
[yis] € Mn(X)
(@) [l=|
(i) |lezllgn = |a|?||x||g.n, for all a € R;
(ii)) [lz +yllg.n <ll2llsn + lyllsn-
The pair (M, (X),||-|/g,n) is called a B-normed space. When 8 =1, (M,,(X), | -|l1,n) is & normed
space.

s.n > 0; ||z|g,n =0 if and only if = O;

Let E. F be vector spaces. For a given mapping h : E — F and a given positive integer n,
define h,, : M, (E) — M, (F) by

b ([2i5]) = [M(w45)]

for all [z;;] € M, (E).

Now, we introduce matrix S-normed spaces and related properties.

Definition 1.2 Let X be a real vector space and (X, ||-||g) be a 8-normed space. (X, {||-llgn})
is called a matrix B-normed space if for each positive integer n, (M, (X),| - ||3,n) Is a f-normed
space, | Eijlls.n = 1 and | AzBllg < | Als|Bllsllzlg.n for all A € My(C), & = [z55] € Mycn(X)
and B € M,, 1(C).

Lemma 1.3 Let (X,{] - |/gn}) be a matrix -normed space.
(1) ||Ekl ®x||[;7n = ||.TH5, for all x € X;
2) Nzwllp < Mzilllpn < 35521 llillss

(3) limp,— o0 Ty, = @ if and only if liMy, o0 Tmij = Tij, for Tpy, = [Tmij], ¢ = [25;] € M, (X).

Proof (1) Since Eyy®@x = epwe; and [lejlls = [lerlls = 1, [En@zlsn < lletllsllellsllzlls = lls-

Since ey (Ey ® z)ef =z, we have ||Ey ® z||gn > |25

(2) Since exze] =z and |leglls = llells = 1, |zwlls < [|[4]]

s [ij] = 200 =1 Bij ® w4,

n n n
zilllsn =1 Y By @isllam < Y 1By @aillpn = D gl

7,j=1 i,j=1 i,j=1
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(3) By (2), we have

|Zmes = zrills < [Emis — Tillgn = 1[Tmig) = [@35]llsn < D 1Tmi; — i5-
ij=1

We obtain the results. [J
Jung [20] investigated the stability of the mixed additive-quadratic functional equation

fl@aty+2)+ f@)+f)+ f) =fl@+y) + fly+2)+ f(z+2) (1.2)
and Jun, Shin and Kim [21] investigated the stability problem of the Pexider equation
flx+y) =g(@) + h(y). (1.3)

We prove the Hyers-Ulam stability of the mixed additive-quadratic functional equation (1.2)
in matrix S-normed spaces for an odd mapping in Section 2 and for an even mapping in Section
3. The Hyers-Ulam stability of the Pexider equation (1.3) in matrix S-normed spaces is proved
in Section 4.

Throughout this paper, assume that (X, {]| - ||s,»n}) is a matrix S-normed space and (Y,

{Il - llg,n}) is a complete matrix S-normed space.

2. Stability of additive-quadratic functional equations: an odd mapping
case

In this section, we will investigate the stability of the additive-quadratic functional equation
for the odd case in matrix B -normed space.
For a mapping f : X — Y, define Df : X> =Y by

Df(a,b,c) = fa+b+c)+ fla)+ f(b)+ f(c)— fla+b)— f(b+¢c)— fla+c)
and define Df,, : M, (X3) — M, (Y) by
D fo([2iz]s [Wisl, [2i5]) = Fal[zis + yij + 2i5]) + fallzis]) + fu(lyig]) + fal(zi5])—
falzig +vi]) = fu(lyig + 2i5]) — fallzis + 245])
for all a,b,c € X and all z = [z;;],y = [y45], 2 = [2i;] € Mn(X).

Theorem 2.1 Let f: X — Y be an odd mapping and ¢ : X — [0,00) be a function such that

(a,b,c) 22 (1B (20 a, 25, 2% ¢) < +oo, (2.1)
1D fn(lziz), lyis)s [2iD) | a,n < Z D(wi5, Yiz» Zij) (2.2)
4,j=1

for all a,b,c € X and all x = [z;;],y = [yi;],2 = [2i;] € Mn(X). Then there exists a unique
additive mapping A : X — Y such that

n

(i) = An(lzi]llam < Z (wij, Tij, —ij) (2.3)
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for all x = [x;;] € M, (X).
Proof Let n = 1. Then (2.2) is equivalent to
[Df(a,b,c)lls < ¢(a,b,c) (2.4)
for all a,b,c € X. Letting b = a, ¢ = —a in (2.4), and multiplying both sides by 277, we get
1271 f(2a) — f(a)lls < 27" (a,a, ~a) (2.5)

for all @ € X. Applying an induction argument to [, we will prove

-1
1271 f(2'a) = f(a)lp < D 276250, 2%, —2%a) (2.6)

k=0

for all a € X and [ € N. Indeed,
127D 2 a) = fla)llp < 27V (2 a) — 271 f(2a) 5 + (127" f(20) — f(a)lls
and by (2.5) and (2.6), we obtain

l2 ¢V (2 a) — f(a)lls
-1
<277 Y 27 HRg(2H 0, 25, 24 a) + 276, 0, —a)
k=0

!
=97 F Z 27k p(2%a, 28a, —2%a) + 27 P p(a, a, —a)

l

Z ’”1)% a,2%a, —2%a)

for all @ € X and | € N, which ends the proof of (2.6).
We will present that the sequence {27! f(2!a)} is a Cauchy sequence. For [ > m > 0, we
have
127 f(2'a) =27 f(2ma)|lp = 2727 T F(2 - 2Ma) — f(27a) I
l—m—1
< 9—mp Z 2—(k+1),3¢(2k+ma, Qk-‘:-ma7 _2k+ma>
k=0

_ Z 9= (18 g (2kq, 2Fq, —2%q)

foralla € X and I,m € N. From (2.1), we obtain the sequence {27! f(2a)} is a Cauchy sequence.
Since Y is complete, the sequence converges to some A(a) € Y. So one can define the mapping
A: X =Y by A(a) = lim;_,o, 27! f(2a) for all a € X and | € N.

It follows from (2.4) that || Df(2!a,2'b,2'c)||s < ¢(2a, 2'b,2l¢) for all a,b,c € X and | € N.
Therefore,

127D f(2'a, 2'b,2) |5 < 27 B p(2a, 2'b, 2'¢) (2.7)
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for all a,b,c € X and I € N. It follows from (2.1) that

lim 27 ¢(2la, 2'b,2'¢) = 0

=00

for all a,b,c € X and ! € N. Thus, (2.7) implies that DA(a,b,c) = 0. Since f : X — Y is odd,
A: X — Y isodd. So the mapping A : X — Y is additive.
Taking the limit in (2.6) as | — oo, we obtain

JA(0) - F(@)lls < 3 2~ KD g(2%a, 25, ~25a) = D(a,a, —a) (2.8)
k=0
for all a € X.
It remains to show that A is uniquely defined. Let A’ : X — Y be another additive function
satisfying (2.8). Then we get

Aa) — Al(a =27 A(2%a) — 271 A" (2'a
] 8
< [27'A@2%) — 271 f(2a)||s + 271 f(2'a) — 27" A'(2'a) s
<2.278p(2la, 2'a, —2'a)

=2 2 (P (2kg, 2%a, —2%a)
k=l
for all @ € X and | € N. Taking the limit in the above inequality as | — oo, we get A(a) = A’(a)
for all a € X.
By Lemma 1.3 and (2.8),

I £n([235]) = An([ziDlls.n = I1f (i) = Alws)llom < D I (@ig) — Alxig)l s
i,j=l
ij=1
for all x = [z;;] € M, (X). O

Corollary 2.2 Let r,0 and 8 be positive real numbers withr < 1,0 < f<land f: X - Y
be an odd mapping such that

n

D fu(lziz], lis)s (2D | 8, < Z (5115 + Nyislls + Nl2i5115) (2.9)

for all x = [zij],y = [yi;], 2 = [zi5] € Mn(X) Then there exists a unique additive mapping
A: X =Y such that

n

£ai]) = AnlleiDllsn < 3 g szl

i,5=1
for all x = [z;;] € M, (X).

Proof Letting ¢(a,b,c) = 0(||al[; + [[b][}; + [lcl[};) in Theorem 2.1, we get the result. [J

Theorem 2.3 Let f : X — Y be an odd mapping and ¢ : X3 — [0,00) be a function satisfying
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(2.2) and

O(a,b,c) =Y 27DPp(27%a,27Fb,27F¢) < 400
k=1

for all a,b,c € X. Then there exists a unique additive mapping A : X — Y such that

1allzg]) = Anl(ziDllom < S ®aij zij, —2i5)

4,j=1

for all x = [z;;] € M, (X).
Proof The proof is similar to the proof of Theorem 2.1. [J

Corollary 2.4 Let r,0 and 8 be positive real numbers withr > 1, 0< g <land f: X =Y
be an odd mapping satisfying (2.9). Then there exists a unique additive mapping A : X — Y

such that
n

3 T
||fn([xz‘j]) - An([xij])lla,n < ‘21 menxij\\ﬁ
i,j=
for all x = [z;;] € M, (X).
Proof Letting ¢(a,b,c) = 0(||al|; + [|bl[; + [|cl[;) in Theorem 2.3, we get the result. [J

3. Stability of additive-quadratic functional equations: an even mapping
case

In this section, we will investigate the stability of the additive-quadratic functional equation

for the even case in matrix S-normed space.

Theorem 3.1 Let f: X — Y be an even mapping with f(0) = 0 and ¢ : X® — [0,00) be a
function satistying (2.2) and

O(a,b,c) =Y 4~ FFDIg(2%q, 25, 2%¢) < +oo (3.1)
k=0
for all a,b,c € X. Then there exists a unique quadratic mapping Q) : X — Y such that
1 £n (i) = Qu(@iDllpm < > (@i, wij, —i5) (3.2)
i,j=1

for all x = [z;;] € M, (X).
Proof Let n =1. Then (2.2) is equivalent to

1D f(a,b,¢)lls < ¢(a, b, c) (3.3)
for all a,b,c € X. Letting b = a, ¢ = —a in (3.3), and multiplying both sides by 477, we get

1471 £(2a) — f(a)lls < 477 ¢(a, a, —a) (3-4)
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for all @ € X. Applying an induction argument to [, we will prove

-1
1471 f(2'a) — f(a)lls < D 4~ "FDPg(2%a, 2%, ~2%a) (3.5)
k=0

for all a € X and [ € N. Indeed,
1470V F2 a) — fla)lls < (1472 a) — 471 f (20l + 471 (20) — f(a)lla
and by (3.4) and (3.5), we obtain

14~V 2 ) — f(a)lls
-1

<470 Y42, 28 e, 25 a) + 47P6(a, 0, —a)
k=0

1
— 477 3" 47 Mg(24a, 250, —2*a) + 47 ¢(a, a, —a)
k=1

l
- Z 4= DB G2k g, 2k, —2Fa)
k=0

for all @ € X and | € N, which ends the proof of (3.5).
We will present that the sequence {47! f(2'a)} is a Cauchy sequence. For [ > m > 0, we

have

147 f(2'a) — 47" F(2"a) || = 47P 47T F(217 - 2a) — F(2a) s
l—m—1
S 47mﬂ Z 47(k:+1)ﬂ¢(2k+ma’ 2/(:4»777‘017 _2k+ma)
k=0

-1
= Z 4= DB G2k g, 2k, —2Fa)
k=m

for alla € X and I,m € N. From (3.1), we obtain the sequence {47! f(2!a)} is a Cauchy sequence.

Since Y is complete, the sequence converges to some Q(a) € Y. So one can define the mapping
Qa) = lim 47'f(2'a)
forall a € X and [ € N.
It follows from (3.3) that || Df(2la,2'b,2'c)||s < ¢(2a, 2'b,2l¢) for all a,b,c € X and | € N.
Therefore,

147 Df(2'a, 2'b,2'¢) |5 < 47 B p(2'a, 2'b, 2'c) (3.6)
for all a,b,c € X and [ € N. It follows from (3.1) that
lim 4~ ¢(2la, 2'b,2'c) =0
l—o00

for all a,b,c € X and [ € N. Thus, (3.6) implies that DQ(a,b,c) = 0, since f : X — Y is even
and f(0) = 0, we know @ : X — Y is even and Q(0) = 0. So the mapping Q : X — Y is
quadratic.
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Taking the limit in (3.6) as [ — oo, we obtain

1Q(a) = fla)llp < Y4~ *TDPg(2"a,2%a, —2"a) = ®(a,a, —a) (3.7)

k=0
for all a € X.

It remains to show that @ is uniquely defined. Let Q' : X — Y be another quadratic
function satisfying (3.7). Then we get

1Q(a) — Q'(a)]|s = 147'Q(2'a) — 47'Q"(2'a) |
< [47'Q(2'a) — 47" f(2a)||s + (147" (2'a) — 47'Q (2'a) I
< 2-4_l’8<13(2la 2la, —2la)

_224 (k418 p(2%a, 2%a, —2%a)

for all @ € X and I € N. Taking the limit in the above inequality as I — oo, we get Q(a) = Q'(a)
for all a € X.
By Lemma 1.3 and (3.7),

1fn([2i5]) = QullzisDllgn = Ilf (i) — Qzij)]llgm
< i) = Qlag)lls < D Blwig, wig, —iy)
il ii=1
for all x = [z;;] € M, (X). O

Corollary 3.2 Let r,0 and 8 be positive real numbers withr < 2,0 < f<land f: X =Y
be an even mapping satisfying (2.9). Then there exists a unique quadratic mapping @ : X =Y
such that

n

3 T
Ifn([255]) = Qn([zi5])llsn < 'Zl 5o 0lislls
i
for all x = [z;;] € M, (X).
Proof Letting ¢(a,b,c) = 0(|lal|; + [|bl[; + [lcl[;) in Theorem 3.1, we get the result. [J

Theorem 3.3 Let f : X — Y be an even mapping with f(0) = 0 and ¢ : X® — [0,00) be a
function satisfying (2.2) and

(a,b,¢) ZN DBgy(27ka,27%b,27%¢) < 400 (3.8)
for all a,b,c € X. Then there exists a unique quadratic mapping ) : X — Y such that

(i) = QuliDlipn < D P(@ij, wij, —24;)

ij=1

for all x = [z;;] € M, (X).

Proof The proof is similar to the proof of Theorem 3.1. [J
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Corollary 3.4 Let r,0 and 8 be positive real numbers withr > 2, 0< f<land f: X =Y
be an even mapping satisfying (2.9). Then there exists a unique quadratic mapping @ : X =Y
such that

n

azi]) = QullosDlsn < D gzl

i,j=1
for all x = [z;;] € M, (X).

Proof Letting ¢(a,b,c) = 0(|lal[; + [[b][}; + [lc[[};) in Theorem 3.3, we get the result. [J
Let fo([zij]) = W and f([zi;]) = w Then £, is an odd mapping
and f. is an even mapping such that f = f, + f.. The above corollaries can be summarized as

follows.

Theorem 3.5 Let r,0 and 8 be positive real numbers with r < 1 or r > 2 and 0 < g < 1.
Let f : X — Y be a mapping satisfying f(0) = 0 and (2.9). Then there exist a unique additive
mapping A : X — Y and a unique quadratic mapping @) : X — Y such that

[ fn([zi5]) = An(lzi;]) — Qn([zii]Dllgn < <2!7F Z BE _32ﬁr| + |47 _32ﬁr|)9||$ij||g

3,j=1

for all x = [z;;] € M, (X).

4. The Pexider equation

In this section, using the direct method, we prove the generalized Hyers-Ulam-Rassias sta-

bility of the Pexider equation (1.3) in matrix S-normed space.

Theorem 4.1 Let ¢ : X? — [0,00) be a function satisfying
22 k1B (5(0,2%a) + p(2%a, 0) + p(2%a, 28a)) < +oo; (4.1)

lim 27 p(2%a, 25b) = 0 (4.2)
k—o0
for all a,b € X. If functions f,g,h : X — Y satisfy the inequality

(i + i) = gn([2i5]) = (i Dllgm < > @i, vij) (4.3)
ij=1
for all x = [x;],y = [yi;] € Myn(X), there exists a unique additive function A : X — 'Y such that

2 n

||fn([95ij])_An([xij])nﬁn—25 (lg(O)lls + [1R(0)1[5) + Z (ij),

n2 98
lgn([2i5]) = An(l2i5D |50 <55 19(0)ls + 55— IR(O)]ls+
Z (o5, 0) + (z45)), (4.4)
7.7—2 Qﬂ
1hn(f2is]) = An(lzssDllsn <55 1R O)ls + 55— 9(0)lls+
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n

D (0, 2i5) + B(xi5))-

i,j=1
Proof Let n = 1. Then (4.3) is equivalent to
[f(a+0) = g(a) = h(b)lls < ¢(a,b) (4.5)
for all a,b € X. If we put b = a in (4.5), then we have
1f(2a) = g(a) = h(a)]ls < ¢(a,a) (4.6)
for all a € X. Putting b =0 in (4.5) yields that
1f(a) = g(a) = h(0)]ls < ¥(a;0) (4.7)
for all @ € X. It follows from (4.7) that
lg(a) = f(@)lls < [IR(0)][s + ¢(a,0) (4.8)
for all @ € X. If we put @ =0 in (4.5), then we get
17(8) = 9(0) = h(D)[ls < (0, ) (4.9)

for all b € X. Thus, we obtain
1h(a) = F(a)lls < llg(0)]l5 + #(0, a) (4.10)
for all @ € X. Using the inequalities (4.6), (4.7) and (4.10), we have
1£(2a) = 2f(a)lls < [ f(2a) — g(a) — h(a)lls + llg(a) — f(a)lls + [[h(a) — f(a)lls
< ¢(a,a) + [|(0)lls + ¢(a,0) + [9(0)lls + ¢(0,a) =: u(a) (4.11)
for all a € X. Multiplying both sides by 277 in (4.11), we get
1271 f(2a) = f(a)lls < 27 u(a) (4.12)
for all a € X. Replace a with 2!a in (4.11) and multiplying both sides by 2% we get
270+ p(2'a) — 27! F(2a)||p < 27T DPu(2'a) (4.13)
for all a € X and | € N. Now, we get

127 £(2'a) — F(a)lls < 27 F(2la) — 270D F@ a5 + -+ 271 F(20) — F(@)ls
-1
<272 a) + -+ 27 u(a) = Y 27 REDy(2k) (4.14)
k=0
for all @ € X and [ € N. Moreover, if [ > m > 0, then it follows from (4.13) that

1271 f(2'a) =27 f(2™a) |
<127 f(2a) = 27V a)lp + - 27V F27 ) — 277 F(2a) g
S 2—lﬁu(2l—1a) + . + 2—(m+1)ﬁu(2’rna)

-1
— Z 2~ (k1B (2k¢)
k=m
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= 3 2 R g(0) 5 + [B(0) 5 + (0, 2¢a) + p(25a,0) + p(2¥a, 2¢a))
< 2*’”5(25 — 1)1 (lg(0) 15 + [1R(0)]5)+

Z 2= E+HDB(5(0,2%a) + p(2%a, 0) + p(2%a, 27a))

which tends to 0 as m — oo for all @ € X and [,m € N. Hence, 27! f(2'a) is a Cauchy sequence
for every @ € X. Since Y is complete, the sequence converges to some A(a) € Y. So one can
define a function A : X — Y by A(a) = lim;_,, 27! f(2!a) for all @ € X and [ € N. In view of
(4.5), we obtain

271 (2la + 2'b) — 27 g(2'a) — 27'h(2'D) |5 < 27 P p(2'a, 2'D)
for all a,b € X and I € N. It follows from (4.8) that
127g(2'a) — 27" f(2a)l|s < 27" (|[R(0) s + (2a,0)) (4.15)
for all @ € X and [ € N. Since 27 (2'a,0) — 0 as n — oo for all a € X, one has
lim 27'g(2'a) = lim 27! f(2'a) = A(a) (4.16)
=00 =00
for all @ € X. Also, by (4.10), we have
127" h(2'a) — 27 f(2'a)lls < 277 (llg(0)lls + (0, 2'a)) (4.17)
for all @ € X and [ € N. Similarly, it follows from (4.17) that
lim 27'A(2%a) = lim 27! f(2'a) = A(a) (4.18)
l—o0 l—o0
for all a € X. Thus we get
0=|| lim (27" f(2'a +2'b) — 27g(2'a) — 27'A(2'D)) |5 = | A(a + b) — A(a) — A(D)]|5
— 00

for all a,b € X. Taking the limit in (4.14) as | — oo yields

-1
|4a) ~ f(@)s < Jim 32 (408(2kq)
k=0
-1
=ll_i}goz2_(k“)ﬁ(llg(0)llﬁ + [[R(0)][5)+
k=0
-1
Jim 2~ (k+1B(5(0,2%a) 4+ p(2%a, 0) + ¢(28a, 28a))
k=0
<551 (19015 + 10} 15) + B(a) (119)
for all @ € X. So, we can obtain
B
lg(a) = Ala)s < Qﬂl l9(O)lls + 55— 2 7 I17(0)ll5 + ¢(a, 0) + @(a), (4.20)
B
[h(a) — A(a)]|g < 1R(O)ls + 55— 2 719(0)lls + (0, @) + &(a) (4.21)

28 —1
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for all a € X.
It remains to prove the uniqueness of A. Assume that A’ : X — Y is another additive

function which satisfies the inequalities in (4.19). Then we have
1A(a) — A'(a)lls < 277 A(2'a) = 27" f(2a) g + (|27 f(2'a) — 27" A (2'a) |
2
m(”g(o)ﬂﬁ +17(0)l5) + 217‘1’(21 a)

= g5 (9Ol + 110} 5) + 2" 205 (p(0, 2) + p(2ha,0) + (20, %)
k=l

which tends to 0 as | — oo for all @ € X, which implies that A(a) = A’(a). By Lemma 1.3,
(4.19)—(4.21), we have (4.4). O

Corollary 4.2 Let r,0 and B be positive real numbers with r < 1, 0 < § < 1 and functions
f,9,h: X — Y satisfy the inequality

n

[fn (25 + vi5]) = gn([2i5]) = P ([yi)ll 5.0 < Z (il + llyislls)

for all x = [x;5],y = [yi;] € M (X), then there exists a unique additive function A : X — Y such
that

[1fn([i5]) = An([zis D) 5. _25 19Ol + [1R(0)1]5) + Z 55 49 55 o5 Ol
lgn ([i5]) = An (i)l 5.0 _QB 71195 + 55— 18Ol + Z o(1 QBT)IImeg,
1n([zi5]) = An2i) 5.0 _25 T I1(O0)lls + 55— l9(O)lls + Z o(1 2gr)||xUH,B

for all x = [z,;;] € M, (X).
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