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Abstract A spanning tree with no more than 3 leaves is called a spanning 3-ended tree.
In this paper, we prove that if G is a k-connected (k > 2) almost claw-free graph of or-
der n and ox+3(G) > n+ k+ 2, then G contains a spanning 3-ended tree, where o (G) =
min{)_ o deg(v): S is an independent set of G with |S| = k}.
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1. Introduction

We consider only finite and simple graphs in this paper. For notation and terminology not
defined here we refer to [1]. A subset B of V(G) is a dominating set if every vertex of G is in B
or adjacent to the vertices in B. The domination number of a graph G denoted by v(G) is the
minimum cardinality of all the dominating sets of G. Let «(G) denote the independent number
of a graph G. A graph G is claw-free if G’ contains no K; 3 induced subgraph. A graph G is
almost claw-free if there exists an independent set A in V(G) such that (N (v)) < 2 for any
vertex v ¢ A, and a(N(v)) < 2 < y(N(v)) for every v € A. Let Ny (S) denote the set of all
vertices in R adjacent to some vertex of S and dy(S) = |[Ng(S)|. For a subgraph R of a graph
G, G — H denotes the induced subgraph by V(G)—V (H). For a vertex v of G, the neighborhood
of v is the induced subgraph on the set of all vertices that are adjacent to v, and for convenience,
we use N(v) to denote both the induced subgraph and the set of vertices adjacent to v in G.
Let N[v] = N(v) U {v}. We define 0(G) = min{)_ _gdeg(v) : S is an independent set of
G with |S| = k}. Pla,b] (or aPb) denotes a path along positive orientation with end vertices
a,b. For a path Pla,b], ,y € V(P), let Py denote the subpath from = to y along the positive
orientation, and yP~x denote the subpath from y to x along the negative orientation. A graph
G is hamiltonian-connected, if there exists a hamiltonian path with end vertices a,b for every
pair of distinct vertices a,b € V(G).
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There are a lot of sufficient conditions on the degree sum of vertices in an independent

vertex set of a graph to contain spanning k-ended trees.

Theorem 1.1 ([2]) Let k > 2 and G be a connected graph of order n > 2. If 02(G) > n—k+1,
then G contains a spanning k-ended tree.

Kyaw [3,4] gave some degree sum conditions for K 4-free graphs to contain a spanning
k-ended tree.

Theorem 1.2 ([3]) Every connected K; 4-free graph with 04(G) > |G| — 1 contains a spanning
3-ended tree.

Theorem 1.3 ([4]) Let G be a connected K 4-free graph. Then
(i) If 03(G) > |G|, then G contains a hamiltonian path.
(ii) Ifok41(G) > |G| — & for an integer k > 3, then G contains a spanning k-ended tree.

On the other hand, Kano et al. [5] obtained sharp sufficient conditions for claw-free graphs

to contain a spanning k-ended tree.

Theorem 1.4 ([5]) Let k > 2 and G be a connected claw-free graph of order n. If o141(G) >
n — k, then G contains a spanning k-ended tree with the maximum degree at most 3.
Recently, Chen et al. [6] gave some degree sum conditions for k-connected K 4-free graphs

to contain a spanning 3-ended tree.

Theorem 1.5 ([6]) Let G be a k-connected K1 4-free graph of order n with k > 2. If 044 3(G) >
n + 2k — 2, then G contains a spanning 3-ended tree.

Chen et al. [7] proposed if G is a k-connected almost claw-free graph of order n with k > 2,
and o43(G) > n+ 2k — 2, then G contains a spanning 3-ended tree. In this paper, we decrease

the bound to improve the above result.

Theorem 1.6 If G is a k-connected almost claw-free graph of order m with k > 2, and
or+3(G) > n+k+ 2, then G contains a spanning 3-ended tree.
Obviously, there are a lot of almost claw-free graphs which contain K 4 subgraphs, so in

some extent Theorem 1.6 is a generalization of Theorem 1.5.

2. Preliminaries

The properties of insertible vertices [8] and the following results are needed in the proof of
Theorem 1.6.

Lemma 2.1 ([9]) Ifwv is a claw center of an almost claw-free graph, then v(N(v)) = 2.
Assume that G is a connected non-hamiltonian graph and C' is a longest cycle in G with

counter-clockwise direction as positive orientation. Suppose that R is a component of G — C

and N¢o(R) = {ug,us,..., Uy} such that uy,us, ..., u, are labeled in order along the positive

direction of C. Let S; = C(uj,ujy1], 1 <j <m—1, and S,,, = C(upm,u1]. A vertex v in S; is an
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insertible vertex if u has two consecutive neighbors v and v in C' — S.

Lemma 2.2 ([8]) For each S;, S; — {ujy1} contains a non-insertible vertex.

Let v; denote the first non-insertible vertex in S; — {u;11} for each j € [1,m].

Lemma 2.3 ([8]) Let x; € Clu;,v;],z; € Cluy,v;] with 1 <14 < j <m. Then

(a) There is no path Plx;,x;] in G such that Plxz;,z;] NV (C) = {x;,x;}.

(b) For any vertex u in C[:v;r,:v;], if uz; € E(G), then u~xz; ¢ E(G). By symmetry, for
any vertex u in C[x;“,x;], ifuz; € E(G), then u™z; ¢ E(G).

(¢c) For any vertex u in Clz;, x|, if uz;,ux; € E(G), then u”ut ¢ E(G). By symmetry, for
any vertex u in Clz;, x;], if uz;,uz; € E(G), then u~u" ¢ E(G).

Suppose for some i € [1,m], N(v;) N V(G — C — R) # () and v} is the second non-insertible
vertex in S; — {u;41}. Then Chen, Chen and Hu [6] gave the following result.

Lemma 2.4 ([5]) Let 1 <i<j <m, z; € Clv],vj] and x; € Clu],v;]. Then

(a) There does not exist a path Plz;,x;] in G such that Plz;,z;) NV (C) = {z;,z,}.

(b) For every vertex u € Clz], z; ], if ur; € BE(G), then u™z; ¢ E(Q); Similarly, for every
u € C[a:;-',a:i_], ifuz; € E(G), then u~z; ¢ E(G).

(¢c) For every vertex u € Cla;, x|, if ur;,ux; € E(G), then v~ u" ¢ E(G); By symmetry,
for any vertex u in Clxj, ], if uz;,uz; € E(G), then u~ut ¢ E(G).

3. Proof of Theorem 1.6

Suppose, to the contrary, G satisfies the conditions of Theorem 1.6 and contains no spanning
3-ended tree in G. Let P = P[z,y] be a longest path in G such that P satisfies the following two
conditions:

(T1) w(G — P) is minimum;

(T2) |P[z,u1]| is minimum such that u; is the first vertex in P with N(u1)NV (G — P) # 0,
subject to (T1).

Suppose R is a component in G — P, and {u1,...,un} = Np(R) with uy,...,u,, in order
along the positive direction of P. Let R; denote an independent set in R.

Let G’ denote a graph with V(G') = V(G) U{up}, E(G") = E(G) U {upu : u € V(G)}.
Then C' = ugP|x,ylup is a maximum cycle in G’. We define the counter-clockwise orientation
as the positive direction of C. Let S; denote the segment C(u;,u;41] for 0 < i < m — 1, and
Sm = C(tm, up]. By Lemma 2.2, let v; denote the first non-insertible vertex in S; for i € [0, m],
and U = {vg,v1,...,0m}. By Lemma 2.3(a), U is an independent set.

C can be divided into disjoint intervals S = C|a, b] with a,b™ ¢ N(U) and C[a™,b] C N(U).
We call the intervals U-segments. If a = b, then Cla™,b] = 0, i.e., if |S| = 1, then dy(S) = 0. By
the definition of U-segment, for any U-segment S, there exists [ € [0, m] such that S C Clvi, v ]
(subscripts expressed modulo m + 1).

Though Claims 1-5 in the following proof have been proved in [7], we give them a proof

here for the sake of completeness.
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Claim 1 z =19 and y ¢ N(v;) for any ¢ € [0,m — 1].

Proof Suppose x is an insertible vertex such that zu,zu™ € E(G), where u,u™ € C — Sq.
If u # y, then we can get a path P’ = Plat,u]zP[ut,y], which contradicts (T2). If u = v,
then let P’ = Pla™, y|xz, which contradicts (T2). Thus z = vg. Suppose v;y € E(G), for some
i € [0,m — 1]. Obviously, up = y™. Since yv;,y*v; € E(G) and y € C — S;, v; is an insertible

vertex, a contradiction. [J
Claim 2 For any vertex u € V(P), if N[u] is claw-free, then dy(u) < 1.

Proof Suppose u is in some U-segment S with S C Clv;,v;,,],i € [0,m], and v;,, v, € Ny (v)
with 0 < i3 < 42 < m. Then by Lemma 2.3(c), v~ ut ¢ F(G). Obviously, at least one vertex
in {vi,,vs,} is not in Cfvy,v; | ;]. Without loss of generality, suppose v;, ¢ Clvs, v,y ]. If u ¢
Cluit1,v;44], then vs, # viy1, and v;, v~ ,v;, v ¢ E(G) by v;, is a non-insertible vertex. Thus
Glu,u™,ut,v;,] = Ki 3, a contradiction. Suppose v;;, = v;41. If u € Clv;,ui41), then by the
previous proof, we can get a contradiction. If u € Clu;41,v;, ], then we consider v, and by the

previous proof, we can get a contradiction. [J
Claim 3 dy(u) < 2 for any vertex v € V(P), and if dy(u) = 2, then u is a center of a claw.

Proof Without loss of generality, suppose u is in U-segment S and S C Clvg, vy ]. If |S] =1,
then dy(u) = 0. Suppose |S| > 2 and S = {xp,2z1,22,...,2s}, where zg,21,Za,...,2 are in
order along the positive direction of C. Then zo ¢ N(U), z; € N(U) for i € [1,h]. For some
i € [1, h], suppose v, , vy, Uy € Ny(x;) with 0 < iy < i < i3 < m. Then z; is a claw center. By
Lemma 2.1, suppose y1, Y2 are the two distinct domination vertices of N(z;). Then Ny1], N[yz]
are claw-free and at least two vertices in {v;,, v;,, v;, } are incident with y; or yo. Without loss of
generality, suppose v;,y1,v:,%1 € E(G). Then y; € V(P), and y; v ¢ E(G) by Lemma 2.3(c).
Suppose S; = C(u;,u;+1] containing y1, 0 < j7 < m. Obviously, at least one vertex in {v;,,v;, }
is not in S;. Without loss of generality, suppose v;, ¢ S;. Since v;, is a non-insertible vertex
and v, y1 € FE(G), y;vi,,yivi, ¢ E(G). Thus Gly1,y; ,yi,vi,] = K13, a contradiction. If
dy(u) = 2, then by Claim 2, u is a claw center. [J

Claim 4 For any U-segment S not containing y, S contains at most one vertex u with dy (u) = 2,
and dy(5) < S|

Proof Without loss of generality, suppose S = {zo, 71, 22,..., 2} C Clvg,v;;4],0 < i < m,
where xg, 21, %2, ..., T, are in order along the positive direction of C. By Claim 3, suppose that x;
is the first vertex in S with dy(x;) = 2,1 < j < h, and {v;,,v;, } = Ny(z;), where 0 <1y < iy <
m. By Claim 3, z; is a center of a claw. Then N[xj'] is claw-free, and by Claim 2, dU(:zzj) <1.
Thus if j < h < j + 1, then we are done. Suppose h > j + 1 and Ny(x;41) = {vi,}. Since
Glxji1, 242, %), 0] # K1 3, E(G) contains at least one edge in {x;v;,, 2420y, ;xj42}. If 250,
or T;y2v;, € E(G), then v;; = v;, which contradicts Lemma 2.3(b) since z;v;,, x;v;,, Tj+10i, €
E(QG). Thus v;, # v;, and xjz,12 € E(G). Then Nz ] is claw-free and by Claim 2, dy(zj42) <
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1. Thus if h = j +2, then we are done. Suppose h > j+2 and {v;, } = Ny (xj4+2). Since v;, # v;,
by Lemma 2.3(b) v;, # v;. Then v;, ;413 ¢ E(G). Since G[z42,%j,xj43,v;,] # K13, v;,x; or
zjzjr3 € E(G). If v,,x; € E(G), then v, € {v;,v;,}, and by Lemma 2.3(b), v;; = v;,. It
follows that v, xj41,vi,242 € E(G), a contradiction. Thus z;z;43 € E(G), and then N[z 3]
is claw-free. By Claim 2, dy(z;43) < 1. Thus if A = j + 3, then we are done. If & > j + 3, then
proceeding in the above manners to the set L = {xj44,..., 25}, we can get N[u] is claw-free for
any vertex u in L, and then by Claim 2, dy(u) < 1. It follows that .S has exactly one vertex z;
with dy(z;) = 2, and then dy(S) < |S]. O

Claim 5 Suppose the U-segment Sy contains y. Then dy(u) < 1 for any vertex u € So — {ug}.

Proof If Sy = {y,uo}, then dy(y) = 0, and we are done. Suppose |Sg| > 3. Then by Claim 1,
Ny (y) = {vm}. Thus by Lemma 2.3(b), Ny (u) C {v,} for any vertex u € Sy — {up}. O

Claim 6 For the vertices in U = {vg,...,0m}, Do dp(v;) < |P| - 1.

m—1
Proof Obviously, V(P) = U‘—o V(P[vi, v;14]) U V(P[vm,y]). Recall that Y " dp(v;)
dy(P). Then Y27 dp(vi) = Y100  du(Plvs, viy4]) + du(Plom, y]). By Claim 5, dy (Plvm, y))
|P[vm, y]| — 1. By Claim 4, dy (P[v;,v;,4]) < |Plvg, v, ]| for 1 <i <m—1. Thus Y 1" dp(v;)
ity [Pl vl + |Plom,y)l = 1= |P| - 1. O

IN A

Claim 7 Suppose z1, 22 € V(G — P) are two nonadjacent vertices. Then |[Np(z1) N Np(z2)] < 2.

Proof Obviously, Np(z1) N Np(z2) C {ug,u2,...,uy,}. Suppose |[Np(z1) N Np(22)| > 3 and
without loss of generality, suppose uy,us,us € Np(z1) N Np(z2). Obviously, Gluy, 21, 22,u] | =
K 3. Similarly, us,us are claw-centers. Thus {uq,ug,us} is an independent set. Since zju; €
E(G), N|z1] contains no claw. Then G[z1,u1, u2,us] # Ki1,3. Thus E(G) contains at least one

edge in {ujug, urus, usus}, which contradicts the independent set {uq,us, usz}. O
Claim 8 For every component R of G — P, |[Np(R)| = k, and R is hamiltonian-connected.

Proof By Lemma 2.3(a), for 0 < i # j < m, Ng_p(v;)NNg—p(v;) = 0, and then Y. de—p(v;)
< n—|P|—|R|. Since G is k-connected, m > k. Suppose m > k. If m > k42, then {vg, v1,...,vm}
is an independent set with order at least k + 3. By Claim 6, we can get

Y d(w) =3 dp(vi) + Y de-p(v:) < (IP|=1)+(n—|P| = |R)) =n—1-|R|,
=0 =0 =0

which contradicts oy43(G) > n+k+2. Suppose m = k+1 and v € V(R). Then {u, vo, v1,...,0m}
is an independent set with order k + 3. Since d(u) = dp(u) +dr(u) < m+ |R| — 1=k + |R|,

k+1 k+1 k+1

> d(vi) +d(w) =Y dp(vi) + > da-p(v;) + d(u)
=0 =0 =0
<(UPl=D+m—|P|=|R)+k+[Rl=n+k—-1,

which contradicts o;43(G) > n + k + 2. It follows that m = k.
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Suppose that R is not hamiltonian-connected. Then by Ore’s theorem in [10], there exists
two nonadjacent vertices z; and z5 such that dg(z1)+dgr(22) < |R|. By Claims 7 and 8, dp(z1) +
dp(z2) < k+ 2. Since {z1, 22, vg, v1, . . . vk} is an independent set with order k + 3,

k

> d(vi) +d(z1) + d(z2) de (v;) +ZdG p(;) + (dp(21) + dp(22)) + (dr(21) + dr(22))
=0

< (|P|—1) (n—|P| —|R)+(k+2)+ R =n+k+1,
which contradicts o,4+3(G) > n+k+2. O

Claim 9 Let u;,u; € Np(R),1 <i# j < k. Then G[V(R) U {u;, u;}] contains a hamiltonian

path with ended vertices u; and u;.

Proof By Claim 8, R is hamiltonian-connected. If |[R| = 1, then we are done. Suppose |R| > 2.
If Nr(u;) = Nr(u;) = {u}, then Np(R) — {u;,u;} U {u} is a vertex cut of G with order k — 1,
a contradiction with the k-connectedness of G. Thus |[Ng(u;) U Ng(u;)| > 2 and then the claim
holds. O

If G — P contains only component of R, then by Claim 8, G contains a spanning 3-ended
tree. Thus we assume that v(G — P) > 2 and R’ is a component in G — P — R.

Claim 10 N(v;)NV(R') # 0 for some 1 <14 < k.

Proof By Claim 1, N(vo) N V(R') = 0. Suppose N(v;) N V(R') = 0 for any i € [1,k]. Let
z1 € V(R),z9 € V(R'). Then {z1, 22,00, v1,...,0x} is an independent set of order k + 3. By
Claims 7 and 8, dp(z1) +dp(22) < k+2. Obviously, Zf:o dg_p(v;) <n—|P|—|R|—|R'|. Then

k k k

D d(vi) +d(z1) +d(z2) =D dp(v) + Y da_p(vi) + dp(21) + dp(22) + dr(21) + drr (22)
=0 =0 =0

<(P[=1)+ =P =R = |R|)+ (k+2)+[R] -1+ |R| -1
=n+k-1,

which contradicts o,43(G) > n+k+2. O
By Claim 10, we assume N (v;) N V(R’) # 0 for some ¢ € [1,k]. By Lemma 2.3(a), N(v;) N
V(R') =0 for j € [0,k] — {i}.

By the proof in [5], we can get the following two results.
Claim 11 There exists a second non-insertible vertex v} in S; — {u;+1} and v ¢ N(R').

Proof Suppose S; — {u;11} contains only one non-insertible vertex v;. Then we can get a path
Py [uit1,u;) such that V(Py) = V(C)—{v;} by inserting all the vertices in S; —{v; } to Cluit1,u;].
Suppose |[V(R)| = {u}. Then we get a cycle C" = Py [u;y1, uiJun; 1. Let P = V(C")—{up}. Then
w(G—P’) < w(G—P), which contradicts (T1). Suppose |V(R)| > 2. If Ng(u;)UNg(ui+1) = {2},
then Np(R)U{z} — {u;,u;41} is a vertex cut of G with order k — 1, which contradicts Claim 8.
Thus |[Nr(u;)UNg(u;t1)] > 2. By Claim 9, there is a hamiltonian path w; Pou; 11 of RU{u;, wiy1}.
Thus we can get a cycle C1 = u;y1Piu; Pou;yi longer than C, a contradiction. [
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Now, we complete Theorem 1.6. Let z; € V(R), 23 € V(R'). By Claim 11 and Lemma 2.4,
U ={vo,...,vi—1, V},vit1,..., 0k} is an indendent set. By Lemma 2.4 and the preceding proof,
U’ has the same properties as U. Obviously, U’ U{z1, 22} is an independent set of order k+ 3 in
G. Obviously, > i da—p(u) < n—|P|—|R|—|R'|. By Claims 7 and 8, dp(z1) +dp(22) < k+2.
Obviously, dr(z1) < |R| — 1,dr/(22) < |R’| — 1. Then we can get

Z d(u) +d(z1) +d(z) = Z dp(u) + Z dg-p(u) +dp(z1) + dp(22) + dr(21) + drs (22)
uel’ uev’ uel’

<(P[=1)+(n—|P| = |R[ - |R|) + (k+2) + (IR = 1) + (|R'| = 1)
=n+k-—1,

which contradicts o;13(G) > n+ k + 2. It follows that Theorem 1.6 holds.
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