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Abstract In this paper, we first obtain the famous Xiong Inequality of meromorphic functions
on annuli. Next we get a uniqueness theorem of meromorphic function on annuli concerning
to their multiple values and derivatives by using the inequality.
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1. Introduction and main results

It is assumed that the reader is familiar with the standard notion used in the Nevanlinna
value distribution theory such as the characteristic function T'(r, f), the proximate function
m(r, f), the counting function N(r, f), and so on [1,2].

The uniqueness of meromorphic functions in the complex plane C is an important subject
in the value distribution theory. In 1926, Nevanlinna [3] proved his famous five-value theorem:
For two nonconstant meromorphic functions f and g in C, if they have the same inverse images
(ignoring multiplicities) for five distinct values, then f(z) = g(z). After this work, the uniqueness
of meromorphic functions with shared values in C attracted many investigations (references, see
the book [4] or some recent papers [5-7]). Here we shall mainly study the uniqueness of mero-
morphic functions in doubly connected domains of complex plane C. By the Doubly Connected
Mapping Theorem [8] each doubly connected domain is conformally equivalent to the annulus
{z:r<|z| < R},0 <r < R < 4oco0. We consider only two cases: r = 0, R = +oo simultaneously

and 0 < 7 < R < 400. In the latter case the homothety z — \/% reduces the given domain to

the annulus {z : R%) < |z| < Ro}, where Ry = \/g . In two cases every annulus is invariant with

respect to the inversion z — %
Recently, Khrystiyanyn and Kondratyuk [9,10] proposed the Nevanlinna theory for mero-
morphic functions on annulus (see also an important paper [11]). We will show the basic notions

of the Nevanlinna value on annulus in the next section. Thus, it is interesting to consider the
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uniqueness theory of meromorphic functions on annulus. The main purpose of this paper is to
deal with this subject.

2. Basic notions in the Nevanlinna theory on annuli

Let f(z) be a family of meromorphic function on the annuli A(Ry) = {z : R%) < |z| < Ro},

where 1 < Ry < +00. We recall the classical notations of Nevanlinna value as follows

" —n
N(R. f) = / Mdt +n(0, f)log R,

0

2m
miR.f) =5 [ tog" L1(Re")as

T(R,f) = N(R, ) +m(R, f)

where log" 2 = max{log x, 0}, n(t, f) is the counting function of poles of f in {z: |z| < t}.

Here we show the notations of Nevanlinna value on the annuli. Let f be a nonconstant

meromorphic function on the annulus A(Ry) = {z : %0 < |z| < Ro}, where 1 < Ry < +o0.

Denote
1 27‘(

_ 1 S 1 _ 1 + i
m(Ram)—%/o log mdaa m(Raf)—%/O log™ | f(Re™)|d6,

where a € C' and R% < R < Ry. Let
1 1 1

777,()(_R7 m) = m(R, H) +m(ﬁ7 ﬁ% 1<R< R[)
and .
mO(Raf):m(Raf)J’_m(Evf)a 1 <R<R0-
Put

1 1 'I’Ll(t, fia) 1 R n2<ta fia)

NMN(R,—) = ———dt, Nao(R,—) = ——dt

1( ’ffa) A n 3 2( 7f*a,) /1 n )
where n4 (t, ﬁ) is the counting function of zeros of the function f —ain {z:¢ < |2| < 1} and
na(t, ﬁ) is the counting function of zeros of the function f —a in {z: 1 < |z| < ¢}. Denote also

1 R
t t
M) = [ Da vy = [0

ER 1
R
where nq(t, f) is the counting function of poles of the function f in {z:t < |z] < 1} and ns (¢, f)
is the counting function of poles of the function f in {z:1 < |z| < t}. Let
1 1 1
No(R,——) = Ni(R,——) + N2(R, —),
of f—a) 1( f_a)+ 2( f—a)

NO(Raf) = Nl(Rﬂ f) +N2(R7 f)

Denote

_ 17, (R, - Ryy(R, -+
NO(R,il ):/ 71( tf_a)dt+/ 72( tf_a)dt
£ 1
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= Wi(R, )+ Na(R, )
f—a f—a
where 71 (R, ﬁ) is the counting function of zeros of the function of f —a in {z:t < |2z| < 1}
(ignoring multiplicity) and 72 (R, ﬁ) is the counting function of zeros of the function of f —a
in {z:1 < |z| <t} (ignoring multiplicity).

In addition, we use ﬁlf) (t, fi ) (or ﬁgk (t, f—ia)) to denote the counting function of zeros of

the functions f — a with multiplicities < k (or > k) in {z : ¢ < |z| < 1}, and we use ﬁg)(t, fia)
(or ﬁék (t, f—ia)) to denote the counting function of zeros of the functions f —a with multiplicities
<k (or > k) in {z:1 < |2| < R}, each point counted only once.

Similarly, we can give the notations N’f)(tf), W’;) (t, f), N’S)(Lf), ng(t,f), Nék(tf),
No'(t. ).

We first define the Nevanlinna characteristic of f on A(Rg) by

To(R, f) = mo(R, f) —2m(1, f) + No(R, f), 1< Ry < +o0.

Then, we can define the deficiency by

mo(r, 17) No(r, +55)
do(a, f) =0(0, f —a) =liminf —————— =1 — limsup ——————
ole:f) =000 f =) =hm il =70 5 " T f)
and the reduced deficiency by
NO(T7 ﬁ)

90(a7 f) = 60(07 f - a‘) =1- 113_1}8}%{1)}) To(’r, f)

Suppose that f, g are two meromorphic functions on A(Ry), where 1 < Ry < 4+o00. Then
mo(R, fg) < mo(R, f) +mo(R,g) + O(1). (2.1)

Lemma 2.1 (Generalization of Jensen’s theorem [9, Theorem 1]) Let f be a nonconstant

meromorphic function on the annulus A(Ro) = {2 : I% <|z|] < Ry}, where 1 < Ry < 4+00. Then

1 I 1
No(R )= Moo f) =5 [ togl () la+

1 2m i 1 2m 0
2. [ loglf(Re™)|do — — [ log|f(e™)[d0
T Jo T Jo
for every R such that 1 < R < Ry.

Lemma 2.2 ([9]) Let f be a nonconstant meromorphic function on the annulus A(Ry) = {z :
R%) <|z| < Ro}, where 1 < Ry < +00. Then

(i) To(R, f) = To(R, 1),

(i) max{To(R, f1- f2), To(R, £), To(R, fr + f2)} < To(R, f1) + To(R, f2) + O(1).

By Lemma 2.2, the first fundamental theorem on the annulus A(Rp) is immediately ob-

tained.

Lemma 2.3 (The first fundamental theorem [9, Theorem 2]) Let f be a nonconstant meromor-
phic function on the annulus A(Ry) = {z : R% < |z| < Ro}, where 1 < Ry < +o0. Let Ty(R, f)
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be its Nevanlinna characteristic functions. Then
1
To(R, m) =To(R, f)+0O(1), 1<R< Ry,

for every fixed a € C.

Lemma 2.4 (Lemma on the logarithmic derivative [10, Theorem 1]) Let f be a nonconstant
meromorphic function on the annulus A(Ry) = {z : R%] < |z| < Ro}, where 1 < Ry < +o0 and
let A > 0. Then

(1) In the case Ry = +oo,

f/
f
for R € (1,4+00) except for the set A such that fAR R R < +o0;

(2) In the case Ry < +00,

mo(R, 7-) = O(log(RTy(R, f)))

fl TO(R7 f)
R, =) =0(log(——
for R € (1, Ry) except for the set Ag’ such that fAR’ WdR < +o0.

Lemma 2.5 (The second fundamental theorem [12, Theorem 2.2]) Let f be a nonconstant

meromorphic function on the annulus A(Ry) = {z : R%) < |z| < Ry}, where 1 < Ry < +oc0. Let

ai,asz,...,ap be p distinct finite complex numbers and A > 0. Then
mo(R, f) + Z mo(R, _1a ) < 200(R, f) = N§V(R, f) + S(R, ),
v=1 v
where
NV(R.£) = No(R. ) +2No(R. £) = No(R. ).
and

(1) In the case Ry = +o0,
S(R, f) = O(log(RTy (R, f)))

for R € (1,4+00) except for the set A such that fAR R R < +o0;
(2) In the case Ry < +00,

TO(R7 f)
S(R, f) = O(log(—=——=
(R. ) = Oflog( 5 =)
for R € (1, Ry) except for the set Ag’ such that fAR’ WdR < 4o00.
Khrystiyanyn and Kondratyuk also obtained the second fundamental theorem on the annu-

lus A. We show here the reduced form due to Cao, Yi and Xu.

Lemma 2.6 (The reduced second fundamental theorem [13,14]) Let f be a nonconstant mero-

morphic function on the annulus A(Ry) = {z : Rio < |z| < Ro}, where 1 < Ry < 4o00. Let
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ai,asz,...,a, be p distinct finite complex numbers and A > 0. Then

q

(¢ = 2)To(R, f) < Z ———) +S(R, f).

— aj

From the lemma on the logarithmic derivative and the second fundamental theorem, it is

easy to get the following theorem. Then there are

Lemma 2.7 ([15]) Let f be a nonconstant meromorphic function on the annulus A(Ry) = {z :
R%) < |z| < Ro}, where 1 < Ry < +00. Then
f®)

mO(R, T) = S(va(k)) = S(va)

Lemma 2.8 ([12]) Let f be a nonconstant meromorphic function on the annulus A(Rp) = {z :
R%) < |z| < Ry}, where 1 < Ry < 400. Let a be an arbitrary complex number and k be a positive
integer. Then

(i) No(R.745) < 25 No (R, 7) + 2 No(R. 710,

(i) No(R, 755) < 2 No (R, 750) + 25 To(R. f) + O(1).

Then, we can introduce other interesting forms of the second fundamental theorem on

annulus about the these notations as follows, which are similar to those on the complex plane C.

Lemma 2.9 ([12, Theorem 2.3]) Let f be a nonconstant meromorphic function on the annulus
A(Rp) = {z: R%) < |z] < Ry}, where 1 < Ry < +o00. Let a1, aq,...,a, be g distinct complex
numbers in the extended complex plane C = C U {co}, let ky, ko, ..., kq be q positive integers

and let A > 0. Then
() (q-DTo(R, f) < Sy 2 No (R 720) + 200 i No(R, 72) + S(R. /),
(i) (-2 0, t5) (R, ) < S, 25 No (R 720) + S(R. f)
where

%) L 2No(R. f) — No(R. 1').

and S(R, f) satisfies the properties (i) and (ii) mentioned in Lemma 2.5.

N{V(R, f) = No(R,

3. Multiple values and uniqueness of meromorphic functions on annuli

Let f be a nonconstant meromorphic function on the annulus A(Ry) = {z : R%J < |z] < Ro},
where 1 < Ry < 4o00. Let a be a complex number in the extended complex plane C' = CU {oo}.
Write E(a, f) = {z € A(Ro) : f(2) —a = 0}, where each zero with multiplicity m is counted
m times. If we ignore the multiplicity, then the set is denoted by E(a, f). We use Ey)(a, f) to
denote the set of zeros of f —a with multiplicity no greater than &, in which each zero is counted

only once.

Definition 3.1 Let f be a nonconstant meromorphic function on the annulus A(Ry) = {z :
1% < |z| < Ro}, where 1 < Ry < +00. We call f admissible or transcendental if

T
hmsupM:oo, 1< R<Ry=+x
R—o0 10 R
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or

To(R
limsupMzoo7 1< R< Ry < +o0.

R—R, —log(Ro— R)

Thus for a transcendental or admissible meromorphic function on the annulus A(Ry), S(R, f) =
o(To(R, f)) holds for all 1 < Ry < oo except for the set Ag or the set Ar’ mentioned in Lemma
2.4, respectively.

To prove a unicity theorem related to multiple values and derivatives of meromorphic func-
tions on annuli, we need to get the following Xiong inequality of meromorphic functions on

annuli.

Lemma 3.2 Let f(z) be an admissible or transcendental meromorphic function on the annulus

A(Ro) = {2 : RLO < |z| < Ro}, where 1 < Ry < 4o00. Let a be a finite complex number and

b1,b2,...,by be q distinct finite non-zero complex numbers and k be a natural number. Then we
have
1
qTo(R, f) <No(R, f) + q¢No(R +ZN0 Y i) — (@ —1)No(R, f(k))_
1
No(R, f(k+1))+S(R 1) (3.1)

Proof From [11], we have

To(R, ') =To(R, fj; ) < Tol )+ (R, 1)+ 0)
~To(R )+ mo(R )4 Mo, D) - 21, 2y o)
:TO(Rv f) +NO(R’JC) + S(R’ f)
Hence, by Lemma 2.4 and (3.2), we have
S(R, f*)) = O(log RTy(R, f™)) = O(log RTy(R, f)) = S(R, f). (3.3)
f(k)
mo(R, 7o ai) = S(R, [). (3.4)
From Lemma 2.4, (3.3) and (3.4), we have
mo(B. b ) SR O, mg(R Iy (R, f09)
T (e Y PO (f® — b)) — 7
and
1 F® n JUoHD 1 (F® —by)
P a) { i (f — ai)} ST (f® — b)) (fE)n-1 G40
Then
L (f%) — b,
nmo(R : ) < mo(R, W) + S(R, f™). (3.5)

7 f:l(f_ai)
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From Lemmas 2.1 and 2.4, (2.1) and (3.3), then
k n— k) _p.
9 (W - bj)) _No(R (FU)n=1 p(k+1) ) No(R 9 (e bJ)) L S(R, {0
) L (W =) (f(’”)"*lf(’““) ’

=No(R, f) = (g —n)No(R, f¥) + ZNO

mo(R

)—

f(k) —b;
(n —1)No(R L) — No(R, = )+ S(R, f0)). (3.6)
O ¥ (k) O ¢ lht1) '
From Lemma 2.1 and (3.2), (3.3), the left of (3.6) can be replaced by
1 u 1
nmo(R, m) =nTy(R, g(f —a;)) — nNo(R, m) +0(1)
=npTy(R, f) —n Z No(R + S(R, f ). (3.7)

Put (3.6) and (3.7) into (3.5), then we have

P
inO(Raf) §N0(R7f)+n;N0( f _az +ZN0 f(k)_b )
1
) W
Let n = ¢, p =1, we get the inequality (3.1). The proof of Lemma 3.2 is completed. [J

(@—n)No(R, f®) — (n — 1)No(R, =) — N(R, )+ S(R, f).

f(k+1)

By Lemma 3.2, we can get the following lemma.

Lemma 3.3 Let f(z) be an admissible or transcendental meromorphic function on the annulus
A(Rp) ={z: R%) < |z] < Ro} where 1 < Ry < 400 and by, by, b3 are three distinct finite non-zero

complex numbers. Then, we have

1

3To(R, f) < No(R, f) +3No(R, %) + Zﬁo(R, m) +S(R, ).

We now show our main result below which is an analog of a result on the plane C obtained
by Yi [16] (see [4, Theorem 3.36]).

Theorem 3.4 Let f1, fo be two admissible or transcendental meromorphic functions on the

annulus A(Rp) = {z : R% < |z| < Ry}, where 1 < Ry < 4o00. Let by,ba,bs be three distinct

complex numbers in the extended complex plane C = C U {oo}, let k be a positive integer or 0o

and let n be a positive integer satisfying
By (b, /() = Eiy (b, £5), 5 =1,2,3. (3.8)
Furthermore, let
C; = 3(k +1)80(0, f;) + (2nk + 3n + k + 1)O (00, fi) — (2nk +3n + 3k +4), i=1,2.

If
IIliIl{Ol, 02} Z 07 (39)
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maX{Cl, 02} > 0,

Then, fi(z) = fa(2).

Proof By Lemma 3.8, we have

1
;Y =,

3
3To(R, f1) < No(R, f1) + 3No(R, %) +> No(R,———)+S(R, f).
j=1 J

Note that
To(R, f{) < To(R, fr) + nNo(R, f1) + S(R, f1).

We deduce that
_ 1 k —k) 1 1
NO(R7 n ) < NO (R’ n )+
e LA
k —k) 1 1
<——N, (R, +
k+1 o ( fl(")_bj) k+1

To(R, 1) +0(1)

To(R, f1)+

kL—HNO(R, fl) + S(R7 fl)

From (3,11) and (3.12), we can get

n+k+1— 1 3

kiﬂNO(val)+3N0(R7E)+mTO(Rafl)"_
b S MR- s )

— o (R, —i—— 1

k13 Y =

n+k+1
k+1

3To(R, f1) <

(1 =00(00, f1))To(R, f1) + 3(1 = 60(0, f1))To(R, f1)+
3

3 k —k)
T —_— N
I O(R,f1)+k+1; o (R

——— )+ S(R .
7f1(n)—bj)+ ( afl)

Hence

n+k+1 3n+k+4

(360(0, f1) + B0 (o0, f1) — E 1 )To (R, f1)

O —k) 1
< m;No (R7Tb)+S(R,f1)-

1 J

Then

3
{2k + 2nk(1 — ©g(c0, f1)) + C1}To(R, f1) < k ZNS)(R,
j=1 1 J

1
W)JFS(RJO-

By (3.8), we have

> k) 1 > —k) 1
D N (B ) =) No (B —5——)
=1 s —b

1 bj j=1

<3Ty(R, £) + 0(1) < 3(n+ DTH(R, f2) + S(R, f2).

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)



A unicity theorem related to multiple values and derivatives of meromorphic functions on annuli 475
Now that C; > 0. The inequalities (3.13) and (3.14) give
To(R, f1) = O(To(R, f2)), R— o0, R¢ E. (3.15)

Similarly, we have

To(R, f2) = O(To(R, f1)), R— o0, REE. (3.16)
1f £{™ 2 £{" then from (3.8) and Lemma 2.2(ii) and Lemma 2.3, we have
3 3
—k) _ — 1 1
> No(R W )= W (R ) < Mol )
=1 j=1 j 1 2

To(R, f{") + To(R, £3) + O(1)
To(R, f1) + nNo(R, f1) + S(R, f1) + To(R, f2) + nNo(R, f2) + S(R, f2)
<T0(R f1) +n(l = Og(00, f1))To(R, f1) + S(R, f1) + To(R, f2)+
n(1 = Oo(00, f2))To(R, f2) + S(R, f2).
Substituting the above inequality into (3.13) gives

[k + nk(1 — ©g(o0, f1)) + C1]To(R, f1)
< [k +nk(1 = Og(c0, fo))|To(R, f2) + S(R, f1) + S(R, f2).

Similarly, we have

[k + nk(1 = ©g(00, f2)) + Co]To(R, f2)
< [k + nk(l - 60(ooaf1))]T0(R7 fl) + S(Ra fl) + S(Ra f2)

From the above two inequalities, we have
CiTo(R, f1) + CoTo(R, f2) < S(R, f1) + S(R, f2). (3.17)

By (3.9), (3.10), (3.15) and (3.16), the above inequality cannot hold, then f™ = f{™ thus
f1(2) = fa(2) + p(2) , where p(2) is a polynomial of at most degree n — 1.

From (3.9), we can see that do(0, f;) > 0,00(o0, f;) > 0 (i = 1,2). Therefore f;(z) (i = 1,2)
must be transcendental meromorphic functions.

Hence To(R,p) = o(To(R, f;)) (i = 1,2). If p(z) # 0, then

©0(0, f1) + Oo(p, f1) + Oo(o0, f1) > d0(0, f1) + do(p, f1) + Oo(o0, f1)

= 00(0, f1) + 60(0, f2) + O (o0, f1)
2nk +3n+ 3k +4 2nk+3n+k+1

> ST 1) —( 30+ 1) = 1)©0(o0, f1)+
2nk+3n+3k+4_2nk+3n—|—k+1@ (00, )
3(k+1) 3(k+1) ORI
2ﬁ[@nk—kiﬂn—i—i’)k—l—@—(2nk+3n—2k—2)+
(2nk 4 3n 4 3k +4) — (2nk + 3n + k +1)]
7k +9
= > 2.

3(k+1)
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This is impossible. Hence p(z) = 0, thus f1(z) = fa(2).

From [12, Theorem 3.1] and Theorem 3.4, we can get the following corollary.

Corollary 3.5 Let f(z) be an admissible or transcendental meromorphic function on the annulus
A(Rp) ={z: Rio < |z| < Rp}, where 1 < Ry < 400 and satisfying 600(0, )+ (5n+2)0¢ (o0, f) >
5n 47 for a positive integer n. Then f(z) can be uniquely determined by Eqy(a;, f) (j = 1,2,3)
or El)(bj,f) (j = 1,2,3), where a; (j = 1,2,3) and b; (j = 1,2,3) are two groups of finite

non-zero complex numbers, and a; # a;j,b; # b; (i # j).

Acknowledgements We thank the referees for their time and comments.

References

[1] W. HAYMAN. Meromorphic Functions. Clarendon Press, Oxford, 1964.
[2] Lo YANG. Value Distribution Theory. Science Press, Beijing, 1982. (in Chinese)
[3] R. NEVANLINNA. Eindentig keitssitze in der theorie der meromorphen funktionen. Acta Math., 1926, 48:
367-391.
[4] Chunchung YANG, Hongxun YI. The Uniqueness Theory of Meromorphic Functions. Kluwer Acad. Publ.,
Dordrecht, The Netherland, 2003.
[5] Xiaomin LI, Hongxun YI. Results on certain meromorphic functions sharing a nonconstant polynomial with
their derivatives. Houston J. Math., 2014, 40(1): 209-227.
[6] S.S. BHOOSNURMATH, R. S. DYAVANAL. Uniqueness and value-sharing of meromorphic functions. Com-
put. Math. Appl., 2007, 53(8): 1191-1205.
Xiaoyu ZHANG, Junfan CHEN, Weichuan LIN. Entire or meromorphic functions sharing one value. Comput.
Math. Appl., 2008, 56(7): 1876-1883.
[8] S. AXLER. Harmonic functions from a complex analysis viewpoint. Amer. Math. Monthly, 1986, 93(4):
246-258.
9] A. YA. KHRYSTIYAYN, A. A. KONDRATYUK. On the Nevanlinna theory for meromorphic functions on
annuli (I). Mat. Stud., 2005, 23(1): 19-30.
[10] A. YA. KHRYSTIYAYN, A. A. KONDRATYUK. On the Nevanlinna theory for meromorphic functions on
annuli (IT). Mat. Stud., 2005, 24(1): 57-68.
[11] A. A. KONDRATYUK, I. LAINE. Meromorphic Functions in Multiply Connected Domains. Univ. Joensuu,
Joensuu, 2006.
[12] Tingbin CAO, Hongxun YI, Hongyan XU. On the multiple values and uniqueness of meromorphic functions
on annuli. Comput. Math. Appl., 2009, 58(7): 1457-1465.
[13] Tingbin CAO, Zhongshu DENG. On the uniqueness of meromorphic functions that share three or two finite
sets on annuli. Proc. Indian Acad. Sci. Math. Sci., 2012, 122(2): 203-220.
[14] Tingbin CAO, Hongxun YI. Uniqueness theorems of meromorphic functions sharing sets IM on annuli. Acta
Math. Sinica (Chin. Ser.), 2011, 53: 623-632.
[15] Zhaojun WU, Yuxian CHEN. Milloux inequality of meromorphic functions in annuli. J. Math. Inequal.,
2013, 7(4): 577-586.
[16] Hongxun YI. The multiple values of meromorphic functions and uniqueness. Chinese Ann. Math. Ser. A.,
1989, 10(4): 421-427.

[7



