Journal of Mathematical Research with Applications
Jul., 2016, Vol. 36, No. 4, pp.477-484
DOI:10.3770/j.issn:2095-2651.2016.04.010
Http://jmre.dlut.edu.cn
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Abstract Sufficient conditions for the stability with respect to part of the functional differen-
tial equation variables are given. These conditions utilize Lyapunov functions to determine the
uniform stability and uniform asymptotic stability of functional differential equations. These
conditions for the partial stability develop the Razumikhin theorems on uniform stability and
uniform asymptotic stability of functional differential equations. An example is presented
which demonstrates these results and gives insight into the new stability conditions.
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1. Introduction

The study of the stability of the retarded functional differential equation (RFDE) with
respect to part of the variables, or the partial stability problem, naturally arises. The partial
stability problem seeks to determine if an equilibrium is stable with respect to a specific subset
of the RFDE variables. RFDEs are a general type of equations and they include ordinary
differential equations and differential difference equations [1]. There are many areas where these
types of the partial stability problems arise, and the partial stability problems were studied for
ordinary differential equations (ODEs), and difference equations. For some examples and results
in the area see, for example, [1-15] and the references cited therein. Vorotnikov and Martyshenko
[2] considered the stability problem with respect to a part of variables of the zero equilibrium
position for ODEs. As compared to known assumptions, more general assumptions are made on
the initial values of variables non-controlled in the course of studying stability. In addition, a
stability problem is considered with respect to a part of variables of the “partial” equilibrium
position, with similar assumptions made for initial values of variables that do not define the
given equilibrium position. On the results of ODEs, Fisher and Bhattacharya [3] proposed a
methodology for algorithmic construction of Lyapunov functions for problems concerning the
stability of an equilibrium with respect to part of the system variables. Conditions for stability
with respect to part of the variables are developed that allow for Lyapunov functions to be
determined in terms of a sum of squares. Asymptotic stability conditions in terms of sum of

squares polynomials are developed for autonomous and non-autonomous systems. An example
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is presented which demonstrates the methodology. Hancock and Hill [5] used set invariance
methods to ensure that the ‘auxiliary’ variables remain on a restricted domain, and then use
this framework to develop new results for both local and global partial stability theory. On the
results of the partial stability for difference equations, Xiao and Liao [14] obtained two results
(sufficient conditions) for the partial stability (see Theorems 3.1 and 3.3). Boundedness problems
of partial solutions of the RFDEs were also studied. For example, Zhao [16] studied uniform
boundedness and uniform ultimate boundedness of solutions of RFDEs. Nonetheless, there are
still very few results on the partial stability of RFDEs [1].

Liapunov functions are simpler than Liapunov functionals. In this paper, two results (suf-
ficient conditions) for the partial stability (uniform stability and uniform asymptotic stability)
of the RFDEs are given. These conditions utilize Liapunov functions to determine the partial
stability. These conditions for the partial stability develop well-known Razumikhin theorems
on uniform stability and uniform asymptotic stability of the RFDEs. An example is presented
which demonstrates these results and gives insight into the new stability conditions.

Of course, the following definitions of uniform stability and uniform asymptotic stability,
and these conditions for the Theorems 3.1 and 3.3 can still be improved. We will publish the

further research results in another article.

2. Preliminaries

Suppose r > 0 is a given real number, R = (=00, 00), RT = [0,00), R" is an n-dimensional
linear vector space over the reals with norm |- |, C' = C([—r,0],R™) is the Banach space of con-
tinuous functions mapping the interval [—r, 0] into R™ with the topology of uniform convergence.

We designate the norm of an element ¢ in C' by |¢| = sup_,.<g<q [¢(0)]. If
c€R,A>0 and z € C(jo —r,0+ A],R"),
then for any t € [o,0 + A], we let x; € C be defined by x:(0) = x(t + 6), 6 € [—r,0]. |z| is the
norm of x. Let
Timj = (Tiy Tig1, .. 25)] ERITITH(1<i<j<n), 2=210m;
C' = C([=r,0L,R"), dinj = (his bis1, -, 05)" €T = drun;
Y = T1om(t +0), 2t = Tpr1on(t +0) (1 <m < n).

Suppose F': R x C™ x C*~™ — R™ is continuous and consider retarded functional differential
equation [1]

B(t) = F(t,ys,z0) (z=2(t+0)=(y{,2 ) €eC"=C). 1)
We will assume that there is a unique solution z(t, tg, ¢) of Eq. (1) through (tp,¢) € R x C. Let
z(t) = x(t, to, ) (z(t:to, @) = 24(to, d) = x(to, ¢)(2)).

Definition 2.1 Suppose F(t,0,0) =0 for allt € R and 1 < m < n. The zero solution of Eq. (1)
is said to be uniformly stable with respect to &1, if for any to > 0, € > 0, there is a 6 = §(¢)
such that |¢p| < ¢ (¢ € C) implies |x1um(t,to, @)| < € for t > to. The zero solution of Eq. (1)
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is said to be uniformly asymptotically stable with respect to xi~., if it is uniformly stable with
respect to x1.m and there is a by > 0 such that, for every n > 0, there is a T'(n) > 0 such that
|o| < by implies |x1om (L, to, @)| < n for t >ty + T'(n) for every ty > 0.

IfV :R xR™ x R*™ — R is a continuous function, then V(t, ¢1.m(0), dmi1n(0)), the
derivative of V' along the solutions of Eq. (1) is defined to be

V(ta ¢1~m (O)a ¢m+1~n (0)) =lim Supl[V(t +a, xlwm(ta ¢) (t + a)v Tm+1l~n (ta ¢) (t + a))i

a—0t+ O

V(ta ¢1~m (O)a ¢m+1~n (0))]

3. Main results

Suppose F': R x C™ x C"~™ — R™ takes Rx (bounded sets of C™) x C™~™ into bounded
sets of R™ and F(¢,0,0) = 0 for all ¢t € R. Suppose there are positive integers m and k with
1 <m < k <n. Suppose h,wi,ws, w3 : RY — RT are continuous, nondecreasing functions,
h(0) = w1(0) = w2(0) = 0, K'(s) > 1 for s > 0, wi(s), wa(s),ws(s) > 0 for s > 0, wy strictly
increasing. Suppose g : R™ — R™ is a continuous function, g(s) > h(s) for s > 0.

Theorem 3.1 If there is a continuous function V : R x R™ x R"~™ — R such that
W1 ([Z1om|) SV Tiom, Tmtion) < Wa|ziak]), t€R, z € R, (2)

and
V(t,¢1om(0), pms1~n(0)) <0 (3)

if there is a 0y in [—r,0] such that
h(V(t + 07 ¢1~m (0)3 xm+1~n)) < g(V(t + 007 ¢1~m(90)7 xm+1~n))

for § € [—r, 0], then the zero solution of Eq. (1) is uniformly stable with respect to T1.m.

Remark 3.2 The well-known Razumikhin theorems on uniform stability [1] become the conse-

quence of Theorem 3.1 of this paper (m =k =n, 6y =0, h(s) = g(s) = s).
Theorem 3.3 If there is a continuous function V : R x R™ x R®"™™ — R such that
wi(|z1om|) S V(E Trom, Tmtion) < wo(lz1ok]), t €R, z € R", (4)

and

V(t, $1om(0), dms1~n(0)) < —w3(|¢1m(0)]) (5)

if there is a 0y in [—r,0] such that

h(V(t + 97 ¢1~m(9)7 xm+1~n)) S g(V(t + 907 ¢1~m(90)7 xm+1~n))

for § € [—r, 0], then the zero solution of Eq. (1) is uniformly asymptotically stable with respect

t0 T1im-

Remark 3.4 The well-known Razumikhin theorems on uniform asymptotic stability [1] become
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the consequence of Theorem 3.3 of this paper (m =k =n, 0y =0, h(s) = s, g(s) is a continuous
function, g(s) > s for s > 0 (p(s) is a continuous, nondecreasing function, p(s) > s for s > 0,

and p(V(t,¢(0))) > V(t +0,¢(0))))-
4. The proof of the theorems

Now we are in the position to prove our Theorem 3.1.

Proof of Theorem 3.1 For any € > 0, thereisa § = §(¢), 0 < § < ¢, such that wa(d) < wy(e). If
|¢| < 8 (¢ € C), then using |z1x| < |z|, the inequality (2), and the fact that ws is nondecreasing,
we have

V(@ 1om; Tmgion) < wa(lziae]) < wa(lz]), €= to, (6)

and using x(t, to, ®) = ¢ and the inequality (6), we get

V(to, Z1~m(to, to, @), Tmi1~n(to, to, @) < wa(|p]) < wa(0). (7)
If
V(tu ¢1~m7 ¢m+1~n) - QETEP N V(t + 9, ¢1~m (9)7 ¢m+1~n(0)) (8)

for t € R, ¢p1om € C™, dmi1~n € C*™, then there is a 6y in [—r, 0] such that
V(t, d1oms Pmti~n) = V(E+ 00, d1om(00), drmt1~n(0)) 9)
and

V(t + 97 ¢1~m (9)7 ¢m+1~n (O)) < ) S[up " V(t + 97 ¢1~m (9)7 ¢m+1~n (0))
(S
= V(t, ¢1~ma ¢)m+1~n) = V(t + 90, ¢1~m(90)7 ¢m+1~n (O)) (10)

Using the inequality (10), g(s) > h(s) for s > 0, and the fact that h is nondecreasing, we have

h(V(t+0,01~m(0), drmt1~n(0))) < R(V(t + b0, d1~m(00), drm+1~n(0)))
< gV (t+ 00, ¢1om(00), dm+1~n(0))), 6 € [-7,0]. (11)
From (3) and (11), we obtain
V(t 61m(0); o1~ (0)) <0 (12)
for all ¢ > to. Using (2), (7), (12) and our choice of wy (), we have [1]
w1 (|Z1m (t; to, §)) SV (E 21om (E 0, 9)s Tmgr~n(t o, 9))
< V(to, T1~m (tos to, @), Tmt1~n (to, to, @) < wa2(d) < wi(e), t > to. (13)
Using (13) and the fact that w; is nondecreasing, we have
|Z1~m (¢, t0, )| <&, t 2> to. (14)

The proof of the Theorem 3.1 is therefore completed. [J

Proof of Theorem 3.3 From (4) and (5), we obtain (2) and (3); that is, Theorem 3.3 implies
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uniform stability. By Definition 2.1, for € = 1, there is a §p = d(g) = (1) such that |¢| < Jp (¢ €
C) implies
|x1~m(ta to, ¢)| <1 (15)

for t > to for any tg > 0. To complete the proof of the theorem, choose by = §y = §(1). For
every 1 > 0, we claim that there exists a T'(n) > 0 such that |¢| < by implies |Z1m (¢, t0, )| <7
for t > to+T'(n) for every to > 0. If this were no so, then there would exist an 19 > 0, a ¢g € C,
|¢o| < bo, a constant ag > 0, and a sequence {t;}, t; = +oo as j — 400, t; —t;—1 > g (j =
1,2,...) such that

|Z1~m (t5,t0, d0)| > no- (16)

Since (15) and the fact that F' takes Rx (bounded sets of C™) x C"~™ into bounded sets of R™,
there exists a constant M > 0 such that

|2 (¢, to, @o)| < M, t=>to, |go| < bo. (17)
Let
Bo = mln{ 4M CZO (18)
If t € [t; — Bo,t; + Pol, then using (16)—(18), and the mean value theorem, we have

| Z1om (5 20, $0)| = |T1om (5, to, d0) + (£1(E1, 0, P0)s B2(E2,t0, B0)s - -+ s Tn (Em, to, P0)) T (£ — 1))
Z ‘mle(tja th d)o)‘ - |(i‘1(§1’ th ¢0)’ iQ(EQa th ¢0)a v 75.Um(§ma th ¢0))T| X |t - t]|
>0 — M X280 =m0 — (n0/2) = no/2 (19)
for t € [t; — Po,t; + So]. From (5) and (11) (see (8)—(10)), we obtain
V(ta .’E1~m(t, tOv ¢O)v xm+1~n(t7 tO? ¢O)) S —w3(|x1~m(t, tOv ¢O)|) (20)
for all t > to. Using (19) and the fact that ws is nondecreasing, we have
—w3(|Z1~m (0, d0)|) < —ws(mo/2), t € [t; — Bo,t; + Bol- (21)
From |¢o| < by (¢o € C), we obtain
V(to, T1~m (to, to; $0)s Tmr1~n(tos to, d0)) < wa(|gol) < wa(by) (see (6) and (7)). (22)
Using (4), (20)—(22), and the properties of the function w;, we have
0 <wi(|z1m(t; + Bo, tos ¢o)])
<V (t; + Bos T1em (tj + Bo,to, ¢0), Tmt1~n(t; + Bo, to, o))

=V (to, T1~m(t0; 0, $0); Tmt1~n(to, to, o))+

tj +,30 .
/ T ZL’1Nm(T to, ¢O) zm—&-lwn('ra to, ¢0))d7— < w?(bo)+
to

tﬂrﬁo .
/ T xle(T to, ¢O) zm+1~n(7_a to, ¢0))d7— < w?(bo)+
to

ti+PBo
/ 03|21 (7, to, d0) )T < w(bo)+

to
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J ti+Bo
So [ unllorm(r to, o)) < wabo)+

i—1 “ti—Bo
J ti+Bo
o[ —ual/2)dr = wa) ~ 24fous(2). (23)
i—1 “ti—Bo
If J is the smallest integer > wa(bg)/[2Bows(n0/2)], then
UJQ(bo) — 2J,60w3(770/2) S 0. (24)

If j > J + 1, then using (23) and (24), we have

0 <V (tj + Bos Ti~m(ts + Bo, to, $0), Tm+1~n(tj + Bos o, ¢o))
< wa(bo) — 2jBows(no0/2) < wa(bo) —260(J + 1)ws(no/2)
= wa(bo) — 2BoJws(n0/2) — 2Bows(n0/2) < 0 — 2Bgws(n/2) < 0,
which is a contradiction. Therefore, there is a by > 0 (bg = d9 = (1)) such that, for every n > 0,

there is a T'(n) > 0 such that |¢| < by implies |z1um(t,t0, ¢)| < 1 for t > to + T(n) for every
to > 0. This proves the uniform asymptotic stability. We complete the proof of the theorem. [J

5. Example

We give the following example in order to demonstrate the Theorems 3.1 and 3.3 in this
paper and give insight into the new stability conditions. It is easy to see that the well-known
Razumikhin theorems on uniform stability and uniform asymptotic stability of RFDEs cannot

apply to the following example.

Example 5.1 Consider the second-order equation
(1) = y?™ (1),
0

y(t) = —f(z(t)) — (t, z(t), y(t)) + / Gt+0,z(t+06),y(t+0))do, (25)

where my =1,2,...,. M. if my =1, Gt +6,2(t+0),y(t+0)) = y(t+06)-df (z(t+0))/dx(t +0),

then Eq. (25) includes the second-order scalar equation
Z(t) + ®(t, x(t), 2(t)) + f(z(t —r)) = 0. (26)

Eq. (26) includes the equation of controlling a ship [20, p.149], the sunflower equation [20, p.151]
and the Zhao example [19, Eq. (2)]. Eq.(25) also is generalization of the Burton example [20,
p.278]

y(t) = —g(x(t)) — ¥ (x(t), y()y(t) + / g"(x(t +s))y(t + s)ds. (27)

We make the following assumptions on Eq. (25):
(a) @ : R® — R is continuous, ® takes Rx (bounded sets of R?) into bounded sets,
®(t,0,0) = 0 for all ¢t € R, and there is a constant H > 0, such that (®(¢,z,y)/y) > H for all
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t,z,y € R (y #£0).

(b) f:R — Ris continuous, f(0) =0 and zf(z) > 0 (z # 0).

(c) G :R3® — R is continuous, G(£,0,0) = 0 for all ¢t € R, and there is a constant L > 0,
such that |G (¢, z,y)| < L|y| for all t,z,y € R.

(d) Lr=H (Lr < H).

It is always assumed that a uniqueness result holds for the solutions of Eq. (25). Under the
above hypotheses, we will show that the zero solution of Eq. (25) is uniformly stable (uniformly
asymptotically stable) with respect to y.

IV (z,y) = [y f(s)ds+(y>™/(2m1)), h(s) = g(s) = s, b(V (2, y(t+0))) < g(V (z,y(1))) (60 =
0), 6 € [—r,0], then |y(t + 0)| < |y(t)| and

V(@(t),y(t)) = ()@ (t) +y>™ (1))

= fla@)y®™ () + y*™ (1) [ — flz(t) — @t z(t), y(1)+
’ Gt +0,z(t +0), y(t + e))de]

-7

0
= —y?m LD, z(t), y(t) + y>™ (1) : Gt +0,z(t+0),y(t+06))do
—Hy?™ (t) + |y(t)[m 1 /O |G(t+ 0, z(t +0),y(t +0))|do

-Tr

IN

IN

0
CHYP () + [y () / Liy(t + 6)|d6

T

0
< —Hy™ (1) + [y(n)2m ! / Lly(t)|d6

-r

= —(H — Lr)y*™ (t).

Therefore, the Theorem 3.1 (Theorem 3.3) implies the zero solution of Eq.(25) is uniformly
stable (uniformly asymptotically stable) with respect to y.

6. Conclusion

This paper mainly focuses on the partial stability analysis of the RFDEs. Two new sufficient
criteria are given to guarantee the partial stability (uniform stability and uniform asymptotic

stability) of the RFDEs. These results can be applied widely in more areas.
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