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Abstract In the present paper, we introduce some new subclasses of harmonic multivalent
functions defined by generalized Dziok-Srivastava operator. Sufficient coefficient conditions,
distortion bounds and extreme points for functions of these classes are obtained.
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1. Introduction and preliminaries

A continuous function f = w + iv is a complex valued harmonic function in a complex
domain D if both u and v are real harmonic in D. In any simply connected domain D C C', we
can write f = h 4+ g, where h and g are analytic in D. We call h the analytic part and ¢ the
co-analytic part of f. A necessary and sufficient condition for f to be locally univalent and sense
preserving in D is that |h/(2)] > |¢/(2)] in D (see [1]).

Let H,, (m > 1) denote the family of functions f = h + g that are multivalent harmonic
and orientation preserving functions in D with the normalization h(z) = 2™ + > ;7 apz”
and g(z) = Y po, biz® (|bm| < 1). Ahuja and Jahangiri [2,3] introduced and studied certain
subclasses of the family H,,.

Denote by H,, the class of p-valent harmonic functions f that are sense preserving in U =
{z € C:|z| <1} and f of the form

f=h+7, (1.1)

where

o0 oo
h(z) = 2P + Z apz® and g(z) = Z b2 (1.2)
k=p+1 k=p+1
Obvious H, C Hp,.

Also, we denote by F(p) the class of p-valent harmonic functions f € H, and

h(z)=2"— > lag[z" and g(z)=— > |bxle". (1.3)
k=p+1 k=p+1

Received October 10, 2015; Accepted March 9, 2016

Supported by the National Natural Science Foundation of China (Grant No.11561001) and the Natural Science
Foundation of Inner Mongolia Province (Grant No.2014MS0101).

* Corresponding author

E-mail address: lishms66@sina.com (Shuhai LI); thth2009@163.com (Huo TANG)



538 Shuhai LI and Huo TANG

Let F' be fixed multivalent harmonic function given by

F = ()+G —Zp—‘r Z AkZ + Z Bkzk (14)

k=p+1 k=p+1

We define the Hadamard product (or convolution) of F and f by

(Fxf)(z)=2"+ Y axApz®+ Y beBpeb = (f # F)(2). (1.5)

k=p+1 k=p+1
For positive real values of o; (i =1,...,1) and B, (j =1,...,m), the generalized hypergeo-

metric function ;F,, (with ! numerator and m denominator parameters) is defined by

oo

1Fm (o, oo a5 81,0y Bm)( )_kZ:O(Bl)k(/Bm)k k!’

where [ <m+1;I,m € Ny :={0,1,2,...} = NU{0}, and ()),, is the Pochhammer symbol (or
the shifted factorial) defined (in terms of the Gamma function) by

') LAA+1)---(A+n—1), neN.
Corresponding to the function

h/p(ala cee O Bla cee 757717 Z) = Z_plFm(ala cee O Bla cee 76771)('2)7
the linear operator Hy(ai,...,a;;581,...,0m) : Hy — H, is defined by using the following

()‘)n =

Hadamard product (or convolution):
Hp(ala"'7al;ﬂ1a"'36m)f(z) = hp(ala'",al;ﬁlv"',ﬁm;z) *f(Z)
For a function f of the form (1.1), we have

(a1)k - ()

H, (aq,...,qp -y Pm =z" > azk

0B () =2 3 e St
s (1) - () b2k
2 G G

o] (2). (1.6)

The above-defined operator H,; ,[cu] (p = 1) was introduced by the Dziok-Srivastava operator
[4,5]. Using the same methods of [6], we introduce the generalized Dziok-Srivastava operator in

H,) as follows:

LY f(2) = (1 AHQMMMﬂ@+%4mmMmU®W
= L3, f(2), A0,

where

2(Hp imlonlf(2)) = 2(Hpim[ea]h(2)) = 2(Hp,1m[0a]g(2))"-

In general,
L3 f(2) = L (L3 (), L<m+ LiLm € No,7 €N, ()
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where

. B ) a0y 7
LS =+ Y ( e e ) @

k=p+1

i (1+k;\)(a1)k.,.(al)k>7akzk

e (Bl (18)

k=p+1
and A > 0,7 € N.
For p > 0 and 7 € N, we introduce the following linear operator J* : H, — H,, defined
by

T f(z) = TP (2) = f(2) = T (2) * h(z) + T7'(2) % g(2), z €, (1.9)
where J#(z) is the function defined as follows:
2P
T,001 13 _
LU (2) * TE(2) = = nw>0,zeU, (1.10)
and .
0 (l—i——)(al)k...(al)k T
LUt (2) =22 + L F 1.11
Wn@ = 3 (CHe G ) -1
Since
2P — (1K k-
— P Wk k—p
T z—i-; 2 n>0z€U, (1.12)
combining (1.9)—(1.12), we obtain
KBk - Brm)i T (Wk
H(z) = 2P + o> 0,2€U. 1.13
= k_ZH(H“ S tee) R e (1.13)
If f is given by (1.1), then we find from (1.9) and (1.13) that
TEf(2) = TFh(z) + TFg(z) = 22 + Y Phapzb+ Y @bk, (1.14)
k=p+1 k=p+1
" k!(ﬁl)k-”(ﬂm)k T(,UJ)k
ol = , pu>0. 1.15
k <(1+k;‘)(a1)k...(o¢l)k) R (1.15)

Let f; and f5 be two analytic functions in the open unit disk U. We say that the function f;
is subordinate to fy in U, and write fi(z) < fa(z) (z € U), if there exists a Schwarz function w,
which is analytic in U with w(0) = 0 and |w(z)| <1 (z € U), such that fi(z) = fa(w(2)) (z € U)
(see [7]).

By making use of the principle of subordination between analytic functions, we introduce
the class H,(A, B; i, 7, @, 0).

Definition 1.1 A function f(z) € H, of the form (1.1) is said to be in the class H,(A, B; u, T, o, 9)
if and only if
14+ Az

Xo.u(F(2) = el (xo.n(F(2)) = U < 75

(1.16)
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where

TEf(2) g
X2 = (=8 T & (724 (117
and J¥ f(z) is defined by (1.14) andp e N; ABeR,A# B,|B|<1;7€N,u>0,a > 0,5 > 0.
For 6 = 0, we obtain the following new subclass:
A function f € Hy, of the form (1.1) is said to be in the class L,(A, B; u, 7, ) if and only if

TEf(2)

THf(z) 14 Az
o o por 1] < T+ B2 (1.18)
where J# f(2) is defined by (1.14) and p e N; A BeR,A# B,|B|<1; 7€ N u>0,a>0.
We also let
HP(A7B;.U’77aO‘55) :FPHHP(AaB;,U‘vT7O[75)
and

Ly(A, B;p,7,0) = Hy[ | L(A, B; pi, 7, ).

In this paper, we aim to introduce some new subclasses of harmonic multivalent functions
defined by generalized Dziok-Srivastava operator and obtain some results including sufficient

coefficient conditions, distortion bounds and extreme points for functions of these classes.

2. Main results

Lemma 2.1 ([8]) Let « >0 and A,B € R, A # B,|B| < 1. If w(z) is an analytic function with
w(0) =1, then we have

1+ Az 1+ Az

w(z) —alw(z) = 1] < T B = w(z)(1—ae )+ ae ™ < T B ¢ €R. (2.1)
Using Lemma 2.1 and (1.18), we get that f(z) € H,(A, B; u, 7, a, 6) if and only if
, ) 1+ Az
— e ® —ig
Xo,u(f(2))(1 —e™) + ae™? < 5B (2.2)

where x5, (f(2)) is given by (1.17).

Theorem 2.2 Let f = h + g be such that h and g are given by (1.2). Also, suppose that
peN, A BeRand A+# B,|B| <1.If

o0

> @+ BN+ a) (| lax] + Infllbk]) < |A - B, (2.3)
k=p+1
where s 5
H=(1-06+—)®F and n;, =(1—-0— —)P} (2.4)
p p

and P}, is given by (1.15), then f € H,(A, B; i, 7, ., ).

Proof We first show that if the inequality (2.3) holds for the coefficients of f = h + g, then the

1+Az
1+Bz>

p(2) = Xo.u(f(2))(1 — ae™™?) + ae™". (2.5)

required condition (2.2) is satisfied. In view of (2.2), we need to prove that p(z) < where
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Using the fact that p(z) < igz < |1 —p(2)| <|Bp(z) — 4|, it suffices to show that

|1 p(2)| — |Bp(z) — 4] < 0. (26)
Therefore, we get
. 0 JE—
L= p()| = |Bp(z) = Al = |(1 = ae™) 3" [efanz""" + nfbyz72F] |-
k=p+1
. 0 JE—
’B—B(l—aeﬂ‘ﬁ) Z [f;:akzkfp—kngbkz*pzk]—/l‘
k=p+1
< [@+a) 3t llanllzl 7 + g lbwll= ]| -
k=p+1
(14— B~ [BI(L+a) > (€8 laxll=* + [nfl1bx]|=]*7]
k=p+1
= Y @+ BN+ )€l laxl2F77 + [nf||bx] 12/ 7) — |A — B
k=p+1

< > (+ BN+ a) Iy lax] + Infl[bxl) — 1A - B| < 0.
k=p+1
By hypothesis the last expression is non-positive. Thus the proof is completed. The coefficient
bound (2.3) is sharp for the function

|A — B| 1 1
= 2P —_— X Y, 2.7
=2z"+ Z 1+18]) 1+a)(|£| 2" +| | kZ) (2.7)

where 357 (| Xk| + [Yi]) = 1. O

Corollary 2.3 Let f = h+g be such that h and g are given by (1.2), £\ and n} are given by
(2.4). Also, suppose that p € N and A, B € R. Then,
(i) For—-1<B<A<1,B<0,if

oo

> (=B +a) (I llar] + i llb]) < A - B,

k=p+1
then f € Hy(A, B; u, T, v, §).
(i) For—-1<A<B<1,B>0,if

oo

D (1+ B)(1+ a)(|&h|ak| + nf|[bx]) < B — A,
k=p+1

then f € Hy(A, B; u, T, v, §).

Corollary 2.4 Let f = h+ g be such that h and g are given by (1.2). Also, suppose that
peEN,A BeRand A+ B,|B|<1.If
(oo}
> (L+[B)(1 + )| ®%(|ax| + [bk]) < |A - B,
k=p+1



542 Shuhai LI and Huo TANG
where @) is given by (1.15), then f € L,(A, B; p, T, ).

Theorem 2.5 Let f = h+ g be such that h and g are given by (1.2), £, and ), are given by
(2.4). Also, suppose that p e NA,B € R and A+# B,|B| < 1,0 < § < 52-. Then

2p+1°
(i) For -1<B< A<1, B<O0,f¢€ H,(A,B;u,,a,d) if and only if
oo
> (1= B)(1+ )(&f lak| + i |bx]) < A B. (2.8)
k=p+1

(i) For -1 <A< B<1, B>0,f€ Hy(A, B;u,7,a,6) if and only if

S (14 B)(1+a)(&lax] +nfilonl) < B — A. (2.9)
k=p+1

Proof Since H,(A, B;u,7,,8) C Hy(A, B; i, 7,0, ). According to Corollary 2.3, we only need
to prove the “only if” part of the theorem.
(i) Let f€ Hy(A, B;p,7,2,6),—-1 < B< A<1,B<0. Then

Bp(z)— A

where p(z) is defined by (2.5). Clearly, (2.10) is equivalent to

‘ (1 —ae) 3232 o (& an] =" + nj! bl 7P 2F)

<1, (2.10)

ke — ‘ <1 (2.11)
B=B(1—ae )37 1 (& larlz" =P + njlbk|z7P2F) — A
From (2.11), we have
{ (1—ae™) 302 ) &hlar|2R 7P + nfi|by|27P2F) } - (2.12)
A=B+B(1—ae )70 | &ag|2kp + nft|b|z P 2F) ' '
Taking z =7 (0 <7 < 1) and ¢ = 7, then (2.12) gives
> (1= B)(1+a)(&lar] +nf|be)r*? < A - B. (2.13)
k=p+1

Letting » — 1 in (2.13), we will get (2.8).
(ii) Similar to the proof of (2.8), we can prove (2.9). O

Corollary 2.6 Let f = h+ g be such that h and g are given by (1.2), ® is given by (1.15).
Also, suppose that p € N;A,B € R and A # B,|B| < 1. Then
(i) For -1<B<A<1,B<0, f € L(A, B;u,T,a) if and only if
> (1= B)(1+a)®y (| +[be]) < A - B.
k=p+1
(ii) For -1< A< B<1,B>0, f€ L(A,B;u,7,«) if and only if

oo

> 1+ B)(1+ ) ®(|ak| + |bx]) < B — A.
k=p+1
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Theorem 2.7 Let f = h+ g be such that h and g are given by (1.3), &, and )}, are given by
(2.4). Also, suppose that 4 > 1,0 <6 < 5£—. Then

2p+1°
(i) For -1<B<A<1, B<O0, if f€ H,(A, B;pu,7,a,6), then
A-B A-B
rP — rPTL < f(2)| < 7P+ rPL (2.14)

(1= B)(1+ )y (1= B)(1+a)nyiy
(i) For -=1< A< B<1, B>0, if f € Hy,(A, B;u,7,,6), then
B-A B-A
P — P < |f(2)| <P +
(1+B)(1+a)nhyy Q) (1+B)(1+a)nhyy

Proof Since f € H,(A, B; uu, 7, , ), by using Theorem 2.5, we have

rPTL (2.15)

(I=B)A+a)mhy > (arl+ b)) < D (1= B)(1+a) (& ar| +nilbel) < A= B, (2.16)
k=p+1 k=p+1

which implies that
(i) If -1 < B < A<1and B <0, then from (2.16) we obtain

> A-B
kgl(w + [br]) < T (2.17)

On the other hand,

@<+ Y0 (anl + o) <o+ 070 Y7 (Jak] + [brl)

k=p+1 k=p+1
A—-B
<rP+ rPtt
(1- B)(l + O‘)nngl
and A_B
|f(2)] > 7P — — P+,

—
(1=B)(1+ ),
Hence (2.14) follows. The case for (ii) —1 < A < B <1 and B > 0 can be proved in the same

manner and hence we omit it.

Corollary 2.8 Let f = h+ g be such that h and g are given by (1.3), i and n}; are given by
(2.4). Also, suppose that 1> 1,0<46 < ﬁ;TheH
(i) For —-1<B<A<1, B<O0,if fe Hy(A, B;u,7,a,0), then

A—-B
A=B+an, IO
(i) For -1 <A< B<1, B>0,if f € Hy(A,B;u,7,a,0), then

B—-—A
B, </
Corollary 2.9 Let f = h+ g be such that h and g are given by (1.3), ® is given by (1.15).
Also, suppose that |z| =r < 1,u > 1. Then

(i) For -1<B< A<1, B<O0,if f € L,(A,B;u,7,a), then

A-B A—-B

o < [f) < ,
(1-B)A+ )Py, (1-B)A+ )P,

{w:|w <1-

{w:|w] <1-

p+1
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(i) For -1< A< B<1, B>0,if f € L,(A, B;u,,«), then

P e S || S i

. P+l
(1+B)A+ )Py, (1+B)A+ )P,

Theorem 2.10 Let f = h+g be such that h and g are given by (1.2), & and n). are given
by (2.4). Also, suppose that p € N,A,B € R and A # B,|B] < 1,0 <4 < ﬁ. Then
f € clcoH (A, B; i, 7, v, 8) if and only if

F2) =" Xphi+ > Yilhp +gi), 2 €U, (2.18)
k=p k=p+1
where
hp = 27,
A-B
2P — 2 k>p+1,-1<B<A<1,B<0,
- (1-B)(1+a)gy
£ P B-4 2 k>p+1,-1<A<B<1,B>0
(+B+ag™ "orTmam T
A-B —
_ kE k>p+1,-1<B<A<1,B<0,
A-B)+am "7 - B
_ kE k>p+1,-1<A<B<1,B>0,
1+ B) 1+ oy =P = =
and o
Xp=1- > (Xp+Ys), Xp>0,Y >0
k=p+1

In particular, the extreme points of H,(A, B; u, 7, ) are hy, and gy.

Proof Let -1 < B< A<1,B<0. We get

N A-B 1 1o+
6=~ 2 aopura g ) (2.19)

Since 0 < X <1 (k=p+1,...), we obtain

= (1-B)(1+a)! A-B (1-B)(1+a)my A—-B
k:ZpH( A-B k(l—B)(l—&-a)g,’: kT A-B k(1—B)(1+a)n;;Y’“)
= i (Xk—FYk):l—XpSl.

k=p+1

Consequently, using Theorem 2.5, we have f € H,(A, B;u, T, a,0).
Conversely, if f € H,(A, B; u,7,a,d), then
A-B A-B

Bl ST BT (2.20

Iaklé(

Putting
_ (1= B)(1 + )y [ox|

i (2.21)
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and X, =1—332 o (X) +Yx) >0, we obtain

o0 (oo}
D lanle = D Ihelz*

k=p+1 k=p+1
=(Xp+ > (X410 — P
k=p+1 o (- )(1 O‘)fk
— A-B
> vzt
_ 2
= =B+ a)
= Xp2¥ + Z hie(2) X + Z (2" + g1(2)) Ve
k=p+1 k=p+1
=Xphy+ > hiXp+ Y (hp+ )i
k=p+1 k=p+1
=Y Xk + Y (hp+gr)Yi
k=p k=p+1

Thus f can be expressed in the form (2.18). The case for —1 < A < B <1, B > 0 can be proved

in the same manner and hence we omit it. [J

Corollary 2.11 Let f = h+ g be such that h and g are given by (1.2), ®} is given by (1.15).
Also, suppose that p € N, A,B € R and A # B,|B| < 1. Then f € clcoL,(A, B; u,7,a) if and
only if

Zthk-i- Z Ykh +gk ZEU*7

k=p+1
where
hp = 2P,
A—-B
P Fook> 1,-1<B<A<1,B<0
M B (e I prholsBeas L B<h,
- 2P — B-4 2 k>p+1,-1<A<B<1,B>0
1+ B)(1+ o))’ = ’ - - ’
A-B —
_(l—B)(l—i-oz)‘I)“Zk’ k>p+1,-1<B<A<1,B<0,
gk = B_A ki
— 2k, kE>p+1,-1<A<B<1,B>0,
1+ B)(1+ )]
and -
X,=1- Z(XH—Yk).
k=p+1

In particular, the extreme points of L,(A, B; i, T,«) are hy, and gy.

Theorem 2.12 The class H,(A, B;p, 7,,6) (0 <6 < 5 +1) is closed under convex combina-
tions.
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Proof For j = 1,2, let the functions f; given by

Fi)=2"= " aile = Y [bilz, (2.22)
k=p+1 k=p+1

be in the class H,(A, B;pu, 7, ,9).

For A;, Z;’il Aj = 1, the convex combinations can be expressed in the form

D NFi=2 = 3 QO Ml = Y0 (3 Ailbixl)E (223)

k=p+1 j=1 k=p+1 j=1

(i) For -1< B< A<1, B<O0,from (2.8), (2.22) and (2.23), we get

> =B+ )Nkl + i lbixl))
k=p+1 =1

oo

[ > (1= B)(L+ ) lajil +njlbje))]
)

o0

Y

j=1  k=p+1
o0

pIRY

Jj=1

IN

(A-B)=A-B.

That is, 2;11 N\;jfi € Hy(A, By, 7,a,8). The case for (ii) —1 < A< B <1, B> 0 can be

proved in the same manner and hence we omit it. [J

Corollary 2.13 The class L,(A, B; u,7,a,0) is closed under convex combinations.
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