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Abstract A multi-group epidemic model with a variables separated incidence rate and de-
lays is analyzed. For strongly and non-strongly connected networks, the basic reproductive
number Ry is calculated, respectively. By applying the Lyapunov functionals and the LaSalle
invariance principle, we prove the global asymptotic stability of infection-free equilibrium Py
when Ry < 1 and the endemic equilibrium P* when Ry > 1.
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1. Introduction

In recent years, there are many works on the global dynamics of coupled systems. Multi-
group models are used widely to describe the transmission dynamics of some infectious diseases in
heterogeneous host populations, such as gonorrhea [1], sexually transmitted diseases [2], malaria
[3], and cholera [4], etc. In most deterministic epidemic models, the host population is often
divided into susceptible, infective and recovered subclasses. For some epidemic diseases, infected
individuals can experience incubation before showing symptoms, so an exposed subclass also
occurs in the host population. Recently, Feng and Teng [5] proposed a SEIR model with a

variables separated incidence rate as follows:

Sk= e =) Brjdu(Su)v; (L) — di Sk,

j=1

E, = ZBkabk(Sk)l/fj([j) - (dkE + ex) Fk, (1)
=1

Illc = e By — (di + i+ ak)Ik + i R,

R?c =1l — d;?Rk — i Ri.

Here the matrix [y;] is the contact matrix, where 8;; > 0 represents the transmission

coefficient between compartments Sy and I;. Ay represents the constant input in the k-th
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group, df , df , di and dkR represent death rates of S, E, I and R population in the k-th group,
respectively, €, stands for the rate of becoming infectious after a latent period in the k-th group.
ri is the recovery rate of infectious individuals in the i-th group. «y represents disease-caused
death rate and 7 represents the rate that recovered individuals relapse and regain infectiousness
in the k-th group, All parameters are assumed to be nonnegative except Ay, df , dkE , which are
positive for all k. Nonnegative functions ¢ and v; are assumed to be differentiable and have
the following properties:
[H1] (nonnegativity) All nonnegative functions ¢, and 1; only vanish at 0.

[H2] (monotone) ¢y and v; are monotonically nondecreasing.

[H3] (concavity) ij(jIj ) are monotonically nonincreasing.
When the transmission network is strongly-connected, Feng and Teng [5] showed that the global
dynamics of system (1) is completely determined by the basic reproduction number Ry.

Time delays are inevitable in biological models, which may change the qualitative behavior
of a model. For example, an epidemic model with generalized logistic dynamics can have periodic
solutions even when the time in the infective stage is constant [6]. Considering that all infectious
diseases have so-called latent period, time delays can be introduced to model constant sojourn

times in a state. In this paper, we develop the above model with discrete time delays as follows:

Sk(t) = Ak = > Brjdr(Sk () (I (t = mx)) — diy Sk,

Jj=1

EL(t) = > Bijdr (Sk(6)th; (I (t — 7jn)) — (di; + ) Bx(t), (2)

=1
I1(t) = ex Ex(t) — (df + 1 + o) I (t) + mi R,
Ry (t) = riIi(t) — dE Ry (t) — ny Ry

Generally speaking, the underlying network of infectious disease is assumed to be strongly con-
nected, which means the disease can be transmitted from one group to another directly or
indirectly. Sometimes, strong connectivity does not hold in reality. So in this paper, we studied
the global dynamics of system (2) when the underlying network is strong connected or not strong
connected.

The paper is organized as follows. In Section 2, the invariant region is presented by analyzing
the positivity and boundedness of solutions for system (2). In Section 3, we investigate the global
stability of infection-free equilibrium Py and positive equilibrium P* of strongly connected model.
In Section 4, the global dynamics of the non-strongly connected model is studied using Lyapunov

functionals and the LaSalle invariance principle.

2. Positivity and boundedness
Consider system (2) in the set X; = [[;_;(R% x C} x R}), where

CH =C([-m,0],Ry), T = max{7;p}, 1 <j<n.
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The initial conditions

(S10, E10, 01(0), R10, S20, E20, 92(0), Roo, - - -, Sno, Eno, n(0), Rno) € X1, (3)

satisfy
Sko >0, Erg >0, ©r(0) >0, Ry >0, k=1,2,...,n. (4)

Then we have the following results

Theorem 1.1 The solutions of system (2) with initial conditions (3) and (4) are positive for all
t > 0 and ultimately uniformly bounded in X;.

Proof We first prove that Si(¢) > 0 for all ¢ > 0. If there exists a t;; > 0 such that Si(tx1) =0
and S (t) > 0 for 0 < ¢ < tg1. From the first equation of system (2), we have

S,’C (tkl) =A; > 0.

Hence, for a sufficiently small o1, Si(t) < 0 when ¢t € (¢x1 — 01, tk1). This contradicts Sg(t) > 0
for 0 <t < tg1, and hence Si(t) > 0 for all ¢ > 0.
Next we prove that Fy(t) is positive. Suppose tio > 0 is the first time such that Ey(tx2) = 0.

From the second equation of system (2), we have
Bi(tka) = > Brybn(Sk(trz))vs (I (tk2 — ix)) > 0.
j=1
Hence Ey(t) < 0 for t € (tgo — 02, tx2) and a sufficiently small 5. This contradicts Fy(t) < 0 for
0 <t < to, and hence Ei(t) > 0 for all t > 0.

Similarly, if there exists a tgz > 0 such that Ij(tx3) = 0 and I (tg3) > 0 for 0 < ¢ < tys.
Then from the third equation of system (2), we have

I (tks) = enEx(ts) + i Ri(trs)- (5)

The solution of the fourth equation of system (2) with Ry (0) = Ry is given by
t
Ry(t) = (Rko + / rkfk(o)e<d?+m=>9d9> e~ (A +me)t, (6)
0
Substituting ¢t = tx3 into Eq. (5) leads to
tks R R
Ry (tr3) = (Rko + / 1L (0) el +nk)9d9>6_(dk Tne)tes ().
0

From Eq. (5), we know I} (tx3) > 0. This is also a contradiction, and hence Ij(t) > 0 for all
t > 0. Then from Eq.(6), it is not difficult to find the positivity of Rg(t) by the positivity of

I (t).
This completes the proof of the positivity of the solutions.
Summing up the four equations in system (2), we obtain
(Sk(t) + Ex(t) + In(t) + Ri (1)) =Ax — di Si(t) — di; By (t) — (df, + o) Ix(t) — di¥ R(1)
<Ay — di(Sk(t) + Ex(t) + I (t) + Ri(t)),
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where dy, = min{d},d¥,d} + «a,d?}. Then

T (Su(t) + Bi(t) + Iu(t) + Ri(t))' < %’:.

This completes the proof of the boundedness of the solutions. [J

Therefore, the attracting region for system (2) is

1_‘1 = {(SlaE17801(9)7R1752;E2a802(9)7R27' . >Sn7En7Lpn<9)aRn) S Xl :

A
OSSk+Ek+||<pk||+Rk§d—k, k::1,2,...,n}.
k

3. Global stability under strong connectivity

Model (2) always has the disease-free equilibrium Py = (5¢,0,0,0,59,0,0,0,...,5%,0,0,0)
with A
Sp="%.
k df
It follows from [7,8] that the next generation matrix for system (2) is

M = [aij]nxn = [Bzg¢z(so)w ( ) ]n><n7

where
- & (d] + ;)
T ldf ) (] + ag) + dfrglldE + e

And the spectral radius of M is the basic reproduction number Ry = p(M).

Theorem 2.1 Suppose that the contact matrix B = (B;;)nxn IS irreducible.
(i) If Ry < 1, then Py is globally asymptotically stable in T';.
(ii) If Ry > 1, then Py is unstable and system (2) is uniformly persistent.
(iii) If Ry > 1, then P* is globally asymptotically stable in f’l.

Proof (i) We first claim that M is irreducible since B is irreducible. Then when the spectral
radius p(M) < 1, it has a corresponding positive left eigenvector (vi,va,...,v,). Consider a
Lyapunov function for system (2):

0

L= Z vil; (EZ + Z Bij#i(Si) (i (0 d0) + Z vim;l; + val i) (8)
i=1 j=1

—Tji

where
dff +n; . ni
(df +m)(d] + i) +dftry” 0 (df ) (d]f + o) +dftry

Differentiating L, we have

:Zvill[zﬂl]¢l SO +Z/Bl]¢l SO (M —¢§(0))—
i=1

m; =

¢i(S7)I;

(df+61 ] +Zvlm1 € F; d1_|_7‘2+a1).[ +771R1]+
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Z:vmZ ridi(t) — dER;(t) — ni Ri]

_zvzz zm SOt~ ) (ML) o))+

szl Zﬂ”@ (S sz ’

_zvzz zm (S, W—ww

ZI Zﬁud)z SO sz i

—szl sz (01, w —0(0) + 3 (Ro ~ D,

<O, if Ro < 1. (9)
When Ry < 1, L’ = 0 implies that I; = 0, then from (5) and (6) we can obtain that E; = 0, R; = 0,
and S; = S for all 1 <4 <n and t > 0. So the largest invariant set in M is the singleton {P,}.
Next we prove that P, is locally stable. For ¢ € X1, define
Zvl (B +Z@J¢Z D[ esei9)a0) +szmz i (10)
.
Then
a(le(0)]) < L(e),

and a(r) — 0o as 1 — 0o. Define
= Z vil; Z; Bij i (SP)L; (15(0) — W)
Obviously, b(r) is non—negativez;nd g
— zn;vili zn;ﬁijd)i(S?)Ij(W —14(0)) + Z(RO ~ D,
).

Applying the Corollary 5.3.1 in Hale [9], we obtain that Py is globally asymptotically stable when
Ry < 1.
(ii) Choose —L as a Lyapunov functional, where L was given in Eq. (8), with the same proof
s [9, Theorem 5.3.3] and [10, Theorem 3.1], we know that Py is unstable when Ry > 1. Set
X = X; and F =Ty. Then, similarly as in Li et al. [11] and Shu et al. [12], the largest invariant
set N on the boundary of OT'; is the singleton {Py}. Therefore, the conditions of Theorem 4.3
in Freedman et al. [13] hold, and hence system (2) is uniformly persistent.
(iii) The instability of Py, uniform persistence of system system (2) when Ry > 1, together

with the uniform boundedness of the solutions imply that (2) admits at least one endemic equi-
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librium in I'y (see [14]). Let P* = (S}, E}, I}, R;) be an endemic equilibrium, whose components

satisfy

A — 2@3@(5;‘)%(];) _ d‘?Sl?k o,
j=1

> Bijdi(S))i(I7) — (dF + ) Ef =0,
j=1
&Ef — (df + 1+ ) I7 +n R} =0,

rIf —dER; —mRF =0, i,5=1,2,...,n. (11)
Let

FE.
D; / G2 =05 g, | g, Ef = E{ln o+

i

Z/w st [ 2

—Tji J

Doyi=i(0) — IF — I In 90}(*9)7
* * R .
D2n+i:Ri_R R In ﬁ, 221,2,...,7’L. (12)

For i = 1,2,...,n, differenting D;, D,,1; and Ds, 4, along the solutions of model (2), we obtain

D; =(1 [Zﬁm O:(ST I (I}) = (SO (It = 732))) -

as (S - S:)} + (L= ) B (S0t = 7)) — (@ + ) Eil+

;Bmdn (57) %(I*)(I] i % _ Ij(tém) +1n Ij(tI; i)
E i S S
Z A S0 (M R - E - )
JZIBU@ (S9)w; (I )(IJ _mg _ Ij(t]} i) 4 1 Ij(tI} i)y

\ CE ¢i(Si)v (L (t — 7)) B
_Zﬁz]¢z S wj( )(2 E* ¢z(8:)7/)](lj*)Ez +

j=1
YLt —15)  ¢i(S])
¥i(I7) ¢i(Si)
I Lt — 1 Lt — 1
Zﬁmd’z S* ¢j(1*)(ﬁ_1 F_ ]( = ])—i-hl ]( = J))

j=1 J J

)+
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i 0 (SHY; (I7) (In —————
SZB]¢( z)%(fy)( n?/}j(fj(t—Tji)) nEf E* 7/’](]]*)

=
;BU@ (57) %(I*)(I]_1 7 Ij(tI}Tji) . Ij(tI; i)
<§ﬁu¢z<5*>%u*>[( zjg()lj(m?}f)(%( T

Ij(tI} Tji) W Ij(tI; i) ;EE . §J+

Jf:lﬁ”@ (S, )(%_1 i_-’j(t%m)Han(téT],))

izf”@ ) “’ﬂ”*“i—l g )

I*
Dy =(1— TZ_){EiEi_(d£+ri+ai)li+77iRi}
E; I; I R; I; I
1— 1)+ nR; -1 -
gy 1)) G - - )
E, E; I,

=6 B (

<aEr(ZL In 22
sabi(ge — gt
R L R I,
ni R} (R*_F_l §+1 f*)

::anJrz,zG'rH»z,z + an+z,2n+z Gn+2,2n+i>

R*
Dy, i =(1 - #){TZIZ —dfR; — e R}

I; R; R*
—ZI* _ - 1_ 7
" (1* R;f)( R,
<n[*(['_i_1 £+1 i)

IF R} I? R
::a2n+1,n+1G2n+1,n+z~
Define a weighted digraph (G, A) here with A = [a; ;], and let ¢; be the cofactor of the i-th

diagonal element of the Laplacian matrix of A. The out-degree d* (i) is the number of arcs whose
initial vertex is ¢. Since d*(2n +4) = 1 and d*(¢) = 1 hold for each 7, by [15, Theorem 3.3], we

obtain:
n
Cn+iln+i2n+i = C2n+iA2n+in+i, Cn+ilntii = E CiQg n4j-
Jj=1
Thus
D2n+z
D § CZ-D +§ Cn+2 n+z+§ CnJrzanJrz 2n+t— - (14)
a2n+z n—+1i

i=1 i=1 i=1
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Since Gn+i,2n+i + G2n+i,n+i =0 and

L I I; I;
_ 1 J
Gi,nJrj + GnJri,i = E — IHF — E +1 I;’ (15)
it follows that
n n n
/
D < Z Z CitimtiGintj + Z Cnti(@nti,iGriyi + @ngi2n+iGntionti)+
i=1 j=1 i=1
D2n+1
Z Cn+zan+z 2n+1—
a/2’ﬂ+l n+i
< Z Z Ci0in+iGintj + Z Cntinti,iGntiit
i=1 j=1 i=1
CvL+ian+i,27L+iGn+i,2n+i + Z Cn—i—ian+i,2n+iG2n+i,n+i
i=1
n n n n
=3 CitliniGinti+ P> CilintjGnyii
i=1 j=1 i=1 j=1
n
L I; I;
J 7 7
—Zcha”H_J —1 7—7+ln7) (16)
I? I I
=1 j=1 J i 4

Let ¢, ¢ = 1,2,...,n, be given as in [10, Proposition 2.1] with (Q,fl), where the entry of the
n X n matrix A = [a;;] is defined as @;; = ajn4;. Let

n

~ ~ Qintj - ~ Ap4i,2n+i
Cnti = E Ci——, Cop4i = Cntpi -
= Anti,5 A2n+i,n+i

Now, we claim that

n n n
= Z ¢ D; + Z CryiDnyi + Z Con+tiDan+ti,

i=1 i=1 i=1
is a Lyapunov function for system (2). In fact, replacing all ¢; by ¢,4; in the calculation of
Eq. (14) yields
I I I
D/ < Wy n T 1 Tx T 1

Furthermore, by [15, Theorem 3.2}, we can obtain that

=1 j=1 i=1 j=1 ] J
Then
n n
~ I I I I
/ ~ o~ j j i 4
D S ;;ciaivn"!‘](_[* -1 Ij* - 71* \ E)
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Additionally, Eq. (13) implies that D’ =0 if and only if P = P*. Hence P* is globally attractive.
Next we prove Py is locally stable. For ¢ € X7, define

a(lp(0))) = > EGDi+ Y EnyiDni.
i=1 i=1

Then a(|p(0)]) < L(¢), and a(r) — oo as 7 — oo. Define b(|¢(0)|) = 0. It is obvious that b(r) is
non-negative and
D" < =b(|¢(0)])-

From Hale [9], P* is globally asymptotically stable in I';. O

4. Global stability under non-strong connectivity

In the previous section, we have investigated the global stability of system (2) when the
interaction network is strongly connected. In this section, we will study system (2) when the
underlying network is not strongly connected through the method given by Du and Li in [16].

We first introduce some useful definitions and theorems given in [16].
4.1. Preliminary

Du and Li [16] described two concepts: strongly connected components and the condensed
graph, which play an important role in the global dynamics of coupled systems. The following

Figure 1 is a sketch map given in [16] to help understanding the above two concepts.

(a) Connected components H; (b) The condensed digraph H
Figure 1 Connected components H; and the condensed digraph H of a digraph G

Du [16] also defined a partial order relation as follows. Let V(G) := {1,2,...,n} be the
vertex set of digraph G, and define a partial order < between two elements in V(G): for ¢ and j,
1 = j if there exists an oriented path from ¢ to j and ¢ ~ j if i < j and 5 < ¢. They claimed that
the relation ~ is an equivalence relation. Theory of discrete mathematics shows that equivalence
relation ~ on the set V(G) determines a partition of V(G), that is the quotient set V(G)/ ~ whose
elements denoted by H; (i = 1,2,...,1) consisting of n; elements of V(G), where Zi:l ng=mn
and each H; is a strongly connected component of G. For example in Figure 1 (a), the strongly
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connected components of digraph G are Hy, Ho, H3, Hy. Define H as the condensed graph of G
by collapsing each H; as a single vertex, thus V(H) = {H; : i = 1,2,...,1}. Define a canonical
partial order < between two elements in V' (#H): for H; and H;, H; < H; if there exists i € H;
and j' € Hj, such that ¢ < j/. Du and Li [16] also showed that < is a strict partial order, and
there exist minimal and maximal elements in V() with respect to the strict partial order <.
For example in Figure 1 (b), the minimal elements are H; and Hs, and the maximal element is
H,. For any G C V(G), define the subsystems of system (2) as follows:
(i) The G-subsystem:
Si(t) = A; — Z Bij i (Si(t))0; (1 (t = 750)) — d7 S,

JEV(9)

Bi(t) =Y Bjici(Si(t); (I;(t — 752)) — (dF + &) Ei(t),

JEV(9)
I[(t) = e Ei(t) — (d] + i + i) ;(t) + ni Ry,
Ri(t) = rI;(t) — dERi(t) — mi Ry, i€G.

(ii) The reduced G-subsystem:

Sit) = Ni = Y Bijdw (S (1 (t = 753)) — d7' Sy,

jEG
Ei(t) = Z Bij i (i) (1 (t = 750)) = (dF + &) B,
jea
I(t) = & Ei — (d] + i+ i) i + n; Ri,
R;:(t) =ril; — leRi —nR;, 1€G. (19)

(iii) The restricted system on H at c:

Sit) =Ai = Y Biyda(S)us (Lt —75) —diSi— Y~ Budi(Si(1))dn(e),

JjEH keV(9\H
Bi(t) =Y Biydi(Sovs(Lit =)+ Y Budi(Si())vk(cr) — (df + &) Ei(t),
JEH keV (G)\H
I[(t) =& B; — (df + i + ai) I + mi R,
Ri(t) =rpI; — dFR; —niR;, i€ G. (20)
For H € V(H) is a strongly connected component and ¢ = (¢1,¢a,...,¢,) > 0, where ¢; € Ri,

1<i1<n.

Du and Li [16] made five additional assumptions (A;—Ajs) on the couple system, and here
we list some of them which will be used in the following:

(A3) For H € V(H) and ¢ > 0, the restricted system (20) on H at ¢ has a nonnegative
equilibrium that attracts all positive solutions.

(A4) For 1 < i < n, the vertex system has at most one boundary equilibrium.

(As) For H € V(H), if the reduced H-subsystem (19) has a positive equilibrium, then
system (19) is uniformly persistent.
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Du and Li [16] also made assumptions (F1-Fg) on the incidence function f;;(S;, ;). In our
model (2), fi;(Si, I;) = ¢:(S:)v;(L;(t — 7j5)), it is easy to verify that assumptions (F1-Fg) are
satisfied.

Let P be the set of all equilibria and define a mapping 7 : P — (0, 1)V

Tiut == (aE)HGV(H)7

and
. 0, if Pu; =0,forie H,
Upg = .
1, if Puf >0, forie H,

for any u* € P, where |V (H)| is the order of set V(#). For the map 7, Du and Li [16] presented
three propositions (Propositions 2.6-2.8 in [16]), we rewrite them in the following for further

application.
Corollary 4.1 For u* € P, if H < H', then u}; < U}y

Corollary 4.2 An equilibrium u* € P is positive if and only if uj; = 1 at all minimal elements
H e V(H).

Corollary 4.3 Suppose that (As) and (A4) are satisfied. Then the following holds.
(a) For H € V(H) and ¢ > 0, the positive or boundary equilibrium of (19) on H at c is

unique.
(b) The map 7 is one-to-one.
Du and Li [16] also defined an evaluation function E : P — R
Ew*) = Z m(u)m,
HeV(H)

and Theorem 2.9 in [16] was used to identify the global attracting equilibrium, we rewrite it here.

Lemma 4.4 Suppose that (As) and (As) are satisfied. Then

(a) All positive solutions of system (2) converge to a maximizer of function E.

(b) If in addition (A4) is satisfied, then the maximizer of function E is unique.

Du and Li [16] showed the structure of the set of equilibrium without the strong connectivity
assumption on G. On each strongly connected component H;, the solutions of system (2) tend to
synchronize. Applying the evaluation function F and Theorem 2.9 in [16], they showed that the
unique maximizer P* of E corresponds to a unique equilibrium of (2), either positive or mixed,

that attracts all positive solutions.

4.2. Global stability of system (2)

This subsection uses the same notations as in Section 4.1. Without loss of generality, we
assume that the digraph G of n vertices generated by (2) is connected but not strongly connected.

Suppose that there are m(< n) vertexes in strongly connected component H and renumber
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its elements S;, E;, I;, R; from 1 to m. Let g, = ZieV(g)\H Briti(c;) and rewrite (19) as

Si(t) = Ak =Y Brjdr (Sk(0)4h (I (t — 7)) — d7 Sk — qub(Sk (1)),

jEH
EL(t) = Brybn(Sk()); (1t = 751)) + axdr (Sk () — (A + ex) Ex(t),
jeH
I(t) = exBx(t) — (di + i + ar) Ik (t) + i Ry,
Ry (t) = rily(t) — dif Ri(t) — ni Ry, (21)
where k = 1,2,...,m. The phase space of system (21) is chosen as
Xy =[[®RY xCf xRy),
k=1

where C; is defined in Section 2, and the invariant region of (20) is
FZ = {(Sh Ela wl(a)u R17 S27 E27 @2(9), R27 ey Sm7 Em7 Som(e)a Rm) S X2 :
A
0< Sk—l—Ek—‘ngDkH-i-Rk < ?k, k:1,2,...,m}.
E
The basic reproductive number for each H; is
Ro.u, = p ([Big 0 (SHVO), e,y »
where
e (df +ny)

= @ T )@+ o) + dRRAE + o] (22)

and [16] shows that the basic reproductive number for the whole network (2) is
Ry = max{Ro,H H e V(H)} (23)

For our model, (A4) and (As) hold obviously, in the following we only need to prove that

(As) holds. In fact, a stronger conclusion can be obtained as follows.

Theorem 4.5 Suppose that B = (f;) is irreducible. Then system (21) has a unique endemic
equilibrium which is globally asymptotically stable with respect to I's.

Proof Let P* = (SY, B, I{, Ry, S5, E5, 15, RS, ..., Sk, EY % RY ) be an equilibrium of system
(21). Consider a Lyapunov functional V' : Xo — R

L= Z ciDi + Z CmtiDmyi + Z Coni G i, 2 —— (24)
i= = i A2m4-i,m+i
=1 =1 =1
Let
Sv
P oi(z) — di(S)) E;
D= 2By, g B Erm iy
sy bi(2) E;

m 0
> B E) [ (L E0) o L0y
j=1 Ij Ij

—Tji
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= @imtGimij- (26)
j=1

Similarly, as in the calculation in Section 3, we can obtain that L’ < 0, and equality holds if and
only if P = P*. Then we complete the proof of assumption (Ag). As in Section 3, suitable a(r)
and b(r) can be found to prove the local stability. Hence P* is globally asymptotically stable in

Ie. O

According to Lemma 4.4, we obtain the following results:

Theorem 4.6 All positive solutions of system (2) converge to the unique maximizer P* of

function E.

Theorem 4.7 Let P* be the nonnegative globally asymptotically stable equilibrium of system
(2). Then P* is a positive equilibrium if and only if Ry iy > 1 for all minimal elements H € V (H).

Theorem 4.8 A positive equilibrium P* exists if and only if Ry i > 1 for all minimal elements

H € V(H). In this case, P* is unique and attracts all positive solutions.
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