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Abstract In this paper, we study precise large deviation for the non-random difference
Z;.L;(lt) X1, — Z;Z(lt) Xaj, where Z’;;(lt) X1 is the non-random sum of {X1,,j > 1} which is
a sequence of negatively associated random variables with common distribution Fi(z), and
Z;Z(lt) X2; is the non-random sum of {X2;,7 > 1} which is a sequence of independent and
identically distributed random variables, ni(t) and n2(t) are two positive integer functions.

Under some other mild conditions, we establish the following uniformly asymptotic relation

. PP Xy — 32020 X — (mama (t) — pana(t) > )
lim sup

_ —1|=0.
200 4> (ny (8))PHL na () Fi(x)

Keywords precise large deviation; negative association; consistently varying tail; difference

MR(2010) Subject Classification 60F10; 60F05; 60G50

1. Introduction

The study of precise large deviations with heavy tails is an important topic in insurance

and finance, many researchers have achieved the asymptotic relation of precise large deviations
P(S, — ES, > ) ~nF(z),

which hold uniformly for some x-region T,,, where {X,,,n > 1} is a sequence of random variables

with a common distribution function F' and a finite mean pu, and S, is its n-th non-random sum,

n =1,2,.... The uniformity is understood in the following sense:
P n - E n
lm sup |[LOn = ESn>2) g (1)
n—00 ye TLF(SU)

For recent works of precise large deviations with heavy tails, we refer the reader to [1-4].
We say X (or its distribution F') is heavy-tailed if it has no exponential moments. In risk

theory, heavy-tailed distributions are often used to model large claims. Now, we recall some
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important subclasses of heavy-tailed distributions. A distribution F' with support on [0, 00)

belongs to the class L, if

Flor —
lim M =1
T—00 F(:U)
holds for all y € (—o0,00). We call that F' is a long-tailed distribution. A distribution F is said
to belong to class D, which consists of all distributions with dominated variation in the sense
that the relation B
F(zy)

lim sup —= < 00

holds for any y € (0,1) (or equivalently, for y = 1/2). Another slightly smaller class is C, which
consists of all distributions with consistent variation in the sense that there holds the relation

F P
lim liminf _(xy) =1 or, equivalently, lim limsup M =
YL wreo F(J)) ytl oo F(x)

It is easy to achieve the following inclusion relationship C C DN L. For a distribution F, we

define Fley) log (1)
i 2 gy loer)
v(y) :== hzrggf Fx) and yp := inf { ogy y>1}. (2)

In [5], yF is called the upper Matuszewska index of the nonnegative and nondecreasing function

f(x) = (F(z))~', * > 0. Without any danger of confusion, we simply call v the upper
Matuszewska index of the distribution function F. See Chapter 2.1 of [5] for more details of the
Matuszewska index.

Here, we introduce some kinds of dependent structures. A sequence of random variables
{X,,,n > 1} is said to be extended lower negatively dependent (ELN D) if there is some M > 0

such that, for each n = 1,2,... and all real numbers z1, o, ..., z,,

P(Xy <@y, Xy S ) < M P(XG < 22);
i=1
it is said to be extended upper negatively dependent (EU N D) if there is some M > 0 such that,

for each n = 1,2,... and all real numbers z1,zs, ..., Ty,

P(Xy>x1,..., X >1,) < MHP(Xi > z;);
i=1
it is said to be extended negatively dependent (EN D) if they are both (ELN D) and (EUND).
When M =1, we call extended lower negatively dependent random variables {X,,,n > 1} lower
negatively dependent (LN D) , and call extended upper negatively dependent random variables
{X,,n > 1} upper negatively dependent (UN D); if it is both (LN D) and (UN D), it is said to be
negatively dependent (N D). We say random variables {X;,i = 1,...,n} Negatively Associated
(NA) if for every pair of disjoint subsets A1,45 of {1,2,...,n},

Cov{f1(Xi,i € A1), fo(Xi,i € A2)} <0,

where f; and f; are increasing functions. See [3] and [6] for more details for these kinds of

dependent random variable sequences.
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In [7], the precise large deviation (1) called one-risk model large deviations is extended to

the multi-risk model, that is

k Mg k
P iy Zj:l Xig = D1 niti > x)

lim_ sup = — -1/ =0.
=tz 2Zmaxlyng, Yo niFi(x)

We refer the reader to [7] for more details. [8] established asymptotic formula for the multi-risk
model in the case where the distribution of X belongs to subexponential distribution, [9] derived
lower bounds of large deviation for sums of long-tailed claims in a multi-risk model, and [10]
studied local precise large deviations for independent sums in a multi-risk model. In addition,
X and Y are independent random variables where X is distributed by F', and Y is non-negative
and non-degenerate at 0. From [11], if F' € £, there holds that

P(X-Y >x2)~ F(z) as © — o0. (3)

Assume that there are two types of insurance contracts in an insurance company, the i-th
related claims are denoted by {X;;,j > 1} which are independent and identically distributed
random variables, i = 1,2. The relation | 371, X1; — 3772, Xoj| > = as  — oo shows that one
type of insurance claim is much larger than another and it is easier to drive the insurance company
to ruin. Thus, the insurance company should pay more attention to this contract. Unfortunately,
uptill now, there is little research about the asymptotic behaviors of 7, X1; — 3272, Xa;.

Motivated by the above mentioned papers and these facts, it is obvious to consider the
difference of the sums of random variables. In the present work, we aim to deal with the
asymptotic behaviors of Z;il X — Z;Lil Xo;. The rest of the paper is organized as follows. In

Section 2, we give some available propositions . The main results are presented in Section 3.
2. Preliminaries

This section presents several useful propositions, some of them will be used in Section 3.

Proposition 2.1 ([6]) Let Ay,..., A, be disjoint subsets of {1,2,...,k} and f1, fa,..., fm be
increasing positive functions. Then X1, Xo,..., X, NA implies

E] fi(X;.5 € A) <[] Efi(X;.5 € Ay).

1=1 i=1
Proposition 2.2 ([6]) An immediate consequence of Proposition 2.1 is that for Ay, As disjoint

subsets of {1,2,...,k}, and x1,...,xy real,
P(Xz sz,z: 1,2,...,k‘) < P(XZ < l‘i,i € Al)P(X] S.Z'],] EAQ),

and
P(XZ >$i,i=1,2,...,]€) SP(XZ > T, EAl)P(Xj >z, GAQ).

Remark 2.3 By Proposition 2.2 we know that X1, Xo,..., X, NA implies ND.

Proposition 2.4 Let {X,,n > 1} be NA with common distribution function F' € C and mean
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0 satisfying the condition

F(—x) = o(F(x)), as x — oo. (4)
And there exists some r > 1 such that E(X{ )" < co. Then

P(S, > z) ~nF(x), asn — oo
holds uniformly for x > ~n, for any fixed v > 0.
Remark 2.5 This proposition is the case of NA and identically distributed random variables
in the theorem 3.1 of [3]. Let {Y%,k = 1,2,...} be a sequence of nonnegative and N A random

variables with common distribution F' € C and finite mean p > 0. If X = Y; — u, then the
relation (4) holds automatically. By (5), for any fixed v > 0, the relation

P(iYk—nu>x) :P(iXk >9U) ~ nF(x)
k=1

k=1

holds uniformly for all x > yn as n — oc.

Proposition 2.6 ([2]) For F € D and every p > «yp, there exist positive xo and B such that,

for all § € (0,1] and all x > 6~ 1z, I;(Zf)) < BO~P,

Proposition 2.7 ([2]) For a distribution function F' € D with a finite expectation, 1 < yp < 00

and for any v > g, =7 = o(F(x)), as x — 0.

3. Main results
In this section, we are ready to state the main results of this paper and their proofs.

Lemma 3.1 Let {X;,i = 1,2,...,n} be NA random variables, and {Y;,i = 1,2,...,k} be
independent and identically distributed random variables, 1 < k < n. If {X;,i=1,2,...,n} and
{Y:,i = 1,2,...,k} are mutually independent, then {X; — Y1,..., Xk — Yi, X41,..., X} are
NA, and they are also ND.

Proof Let Aj, A; be disjoint subsets of {1,2,...,n}. We have

cov{fi(X; = Yi,i € A1), fo(X; — Y}, j € Ar)}
=E[fi(X; —Yi,i€ A1) fo(X; =Y, ) € A2)] = E[i(Xi = Yi,i € A E[fo(X; — Y], j € Ag)]
= E{E[fi(X; —Yii € A1) fa(X; =Y}, € Ao)[Y1,Ya, ... Y]} —
E[fi(Xi =Y, i€ A)]E[f2(X; = Yj,j € As)]
<E{E[fi(X;-Y,ic AV, Ys,... . YL} E{E[f2(X; —Y;,j € A2)|Y1, Y5, ..., Yi]} —
E[fi(X; =Y, i€ A E[fo(X; =Y, j € As)]
= E{E[fi(X; —Yi,i € A)|Yi,i € A} E{E [fo(X; — Y}, j € A2)[Y},j € Ao} —
Elfi(Xi =Y i€ A E[fo(X; - Y], j € Ag)]
=E[fi(X; Y, i€ A E[fo(X; =Y, j € A2)] -
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Elfi(X; =Yi,ic &) E[f2(X; = Yj,j € As)]
=0.

By the definition of NA and Remark 2.3, we know that {X; — Y1,..., Xx — Vi, Xi41, .-+, Xn}
are NA, and then {X; — Y1,..., Xy — Vi, Xiq1,..., X} are ND.

Lemma 3.2 Let X be a nonnegative random variable with a distribution Fy € C and finite
mean 1 > 0, and Let Y be a nonnegative random variable with a distribution Fs. For some
p >y > 1, EY? < oo, where vp, is defined as (2). If X and Y is independent, X satisfies the

condition (4), then the relation
eP (X =Y = (1 — p2) < —2) =o(P (X =Y — (11 — p2) > ))
holds as x — oo.

Proof For any fixed v (0 < v < 1), we have
eP(X =Y = (m — o) < —z) _x Jg" P(X < —2+ (1 — pa2) + u)dFo(u)
P(X =Y = (un —po) >x) PX =Y — (1 — p2) > )
w [ P(X < —a+ ( — po) + u)dFs(u)
P(X =Y — (1 — p2) > )
=K + Ks.

To estimate K7, it follows from the condition (4) and F; € C C D that
K, < 2P(X < —z+ (u1 — p2) + va)Fa(vx)
PX-Y — (p1—p2) >2Y <vzx)
_ 2R (0~ e+ (u— ) B —v)a+ (n — p2))
T R =)+ —p2)  Fi((v+ Dz + (pn — pe2))
Using EY?*! < 0o and Proposition 2.7 gives

— 0, asz — o0.

rFy(vz)
(X =Y — (1 —p2) >z, X > 2+ 1)
xFy(va)
= Fy(pe)Fi(z + )
2P TRy (vx)
= Fy(po)rr Fy(z 4 )
So, the proof of the lemma is completed. O]

K2§P

— 0, as z — oo.

Remark 3.3 Lemma 3.2 means that the left tail of X — Y is lighter than its right tail.

Theorem 3.4 Let {X;,j > 1} be a sequence of NA and nonnegative and identically distributed
random variables with common distribution function F; € C, finite mean 0 < p; < oo, and yp, >
1. Also let {Xs;,7 > 1} be a sequence of nonnegative and independent and identically distributed
random variables with common distribution function Fy. For some p > vp,, E'ng+1 < oco. For
i = 1,2, n;(t) is a positive integer function, n;(t) — oo ast — co. We assume that {X;;,j > 1}2_,

are mutually independent, Sy, ) = Z?’;(lt) X;; is partial sum of {X;;,j > 1}, i =1,2. If ny(t)
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and na(t) satisty
4
lim na() =a, 0<a< o0,
t—o00 nl(t)

then for any fixed v > 0 and some p > yr,, we have
P(S1 1y () = Stina(ey = (1ma(t) = pana(t)) > @) ~ na (1) Fy(x)
holds uniformly for all z > ~y(n(t))P*! as t — co. That is,

lim sup (Sll 7 ( Sim(t) — (uana(t) — pana(t)) > )
E200 4> (ny (1)) P+ (0B (7)

-1 =0

737

Proof Throughout this section, all limit relationships, unless otherwise stated, are as t — oo.

Here we divide our proof into two parts. Firstly, we give the proof under the condition 0 < a < 1.

Secondly, we give the proof under the condition 1 < a < co.

Firstly, we deal with the case of 0 < a < 1. From (5), there exists a large enough ¢y > 0,

when t > tg > 0, we have
s (t) Z Tlg(t).

Under this condition, the asymptotic relation (6) holds if and only if for any fixed v > 0,

P(S!

— 52 — ni(t) — pons(t)) >
liminf  inf Lo ~ S1na(t) (lfl 1(t) — pana(t)) > ) -
t=00 &>y (ni(t))P+! n1(t)Fi(z)

. PSL, 0~ 52 ( (0) > )

- — ni(t) — pona(t)) > x
lim sup sup ( Lna(®) Lnz(t) ('Lfl 1(t) = pona <1
t=00 @y (ny (t)P+1 n1 () F1(x)

Now, we prove (8). Let
gli—2 e
1n2(t Z XlJ X2J
nl(t
Shrime = O Xl TA(H) = m(t) —na(t), pl7 = — po.
J=na(t)+1

Using (7), for any 0 < € < 1, we get
P(Sll,nl(t) - 57 na(t) — (Hana () — pana(t)) > )
_ P(S{lgf(]t Sh st o > &+ 1B ng(8) + oy -l (t))
> P({S = Z]t) > (14 &)z 4 plt=ny (1), S}LQ(tHLnl(t) > —ex + pp -nl72(#)) U
(8%, etmy > (L4 )a + py - nl=2(e), U2 > —er 4 =2y ¢ })
> P(S1 2 > (14 2)o 4 ul g (), 8L, )41y > 22+ -l =2(0))+

P<Sm(t)+1 () > (L4 8)z + pr - nl=2(8), 5[1 2(]t) > —ex + pl! 2]n2(t))—

({S - 2]15) > (L4 &)z + g ()2} ({Sh, 1y 11m ey > (L + )+ pr - nl 2 (t)}>

(7)
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55;2(]” > (1+¢) —|—,u[1 2] nz( )) + P(Snz(t)Jr1 0 >1+e)z+m .plt=2] (t))—
Stinaty > (L €)1 (6), S) )1y <~ + (D) -

St > A+ + - nl2(@), S17H < —ex 4l 2]n2(t)) -

S£1;22(]t) > (1 _’_5)1. _|_'u[1 2] 712( )) (Slg(t () (l + E)JJ + pq - nlt—2l (t))
=L+1L—-I3—1,— 1 - I,

>P
P
P
P

where we use Lemma 3.1 and Proposition 2.1 in the third inequality. Since F} € C, we have

Fi(1
lim lim limsup |17+6)

—1/=0.
el0 1200 1> (1) F1( ) |

Then for any 0 < § < 1, all sufficiently small € and (7), we have
Fi((1+e)z) > (1-0)F(w) (10)
holds uniformly for > yn(t). By Lemmas 3.1 and 3.2, Proposition 2.4, (3), (10) and (7), for
any 0 < § < 1 and any fixed 7 > 0, we have
1+ On()F (14 e)x) > I > (1 —8na(H)F1((1+e)x) > (1 —6)*na(t) Fy(z) (11)

holds uniformly for all & > yny(t). Similarly, noting that n'=2l(t) — oo as t — oo, for large

enough ¢ > 0 we have
(14 0)2n =A@V F (1 + e)z) > I > (1 — 0)2nlt 2 (1) Fy (2) (12)

holds uniformly for all 2 > yn!'=2/(¢). According to finite mean 0 < p; < oo, it is easy to check
that, for any fixed v > 0,

lim sup nq(t)Fi(z)=0.

E=00 1> my (1)

Note that
o T Ana ) F((L+ o))
tlﬂooxzswnlf(t) 1 (1) Fy ()
s =2 (t)ny () CFi((1+¢)z) (B Fi(x) =0

t—o0 x>ynq(t) ( (t)
So we arrive at

I+ I = o(ny (t) Fy (x)) (13)
holds uniformly for & > ynq(t). Here we show that
Is+1, = O(Tll (t)Fl(l‘)) (14)

holds uniformly for = > ~(ny(¢))P*L. Since for any fixed € > 0, there exists a positive B such
that

I Pt S —se i) na)P(Xu - Xa -t < o55)

MO R @) = e (O () = 2 () 1 (2)
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P(X1 = Xo1 — (1 — p2) < 75) P(Xu1 > 355 + (m — k) P(Xu > 55)

T P(X11— Xop — (g1 — p2) > %) P(X11 > ()) Fy(z)

_ mem (K11 = Xon — (1 — p2) < 275)  P(Xu > 775 + (1 — p2)) B )i
~  P(X11— Xo1— (p1 — pe) > n2(t)) P(X11 > "2(”) na(t)

=o(1)

holds uniformly for & > ~(n;(¢))P™!, where the fourth inequality uses Proposition 2.6, and the
last step holds due to Lemma 3.2 and F; € C C D. Similarly,

I3 = o(n (t) Fi(x))

holds uniformly for z > v(ny(¢))?™!. Combining (11)—(14), we arrive at

PS4 Sttt > a0 o)+ -0l =2(0)) = (10201 (1) Fi(2) + o(m (1) Fy ().
Therefore, letting ¢ | 0, (8) follows.
Next we will prove (9). Here we use the same ¢ which appeared above, there is
P(SF;QQ(L) + S’rlzg(t flm@) > T+ pB A (t) + pynltt =2 (t))
< p({sllnj]t) > (1 e)a + uB g0 IS, (1 > (L — )z + mnl =3 ()}
{S[1 ¥ ) >ex+ Ay (1), Sng(t)+17nl(t) > ex + pynlt =2 (t)})
< P(S[1 2(]f) > (1 —e)x+ plt2ny(t )) + P(Snz(t)Jrl m > (L—e)z+ panlt—2 (t)>+
P(S?;z(]t) >ex+ ,u[l_z]ng(t), Srlzz(t)Jrl,m(t) >cer + Nln[l_Q] (t))
< P(Sgln 2(]t) > (1 —e)a + pl = Any(t )) + P(Sm(t)Jrl @ > =gz + =2 (t)>+
P(SFJ%) > ex + u[1*2]n2(t)>P<S}L2(t)+1 na(t) > €T+ ,um[l”] (t))
< (L+8)m (O F((1 = e)2) + (14 0)*nl = (t)na (1) (Fy(ex))?
< (1+6)*m(t)Fi(x) + o(ni(t) (Fu(x)) ).

To get last formula we use the same method in the proof of the lower bound. Letting § | 0, we

get (9). Then we complete the proof of the case of 0 < a < 1. O

At last let us deal with the case of 1 < a < co. From (5), we rewrite S}Ll(t) — Siz(t) as

ni(t) [a]n () na(t)
Snstt) ~ Shat) Z X5 = Z Xoj= ). Xy
j=la]ni(t)+1
[a]
- Sl 'n,l S[tl TLl(t)Jrl ’ng(t)
where
n1(t) jla]

Sﬂl(t) =Y (Xy— Y. Xu),

Jj=1 k=(j—1)[a]+1
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and
ng(t)
2 —
Slalna(+1,m2(t) = Z Xoj.
j=la]ni(t)+1
Using Lemma 3.1, we obtain {X;; — i:[i](j—l)[a]-s-l KXok, Xoi, 1 < § < my(t),[a]ni(t) +1 < i €

na(t)} are NA. Referring to the discuss in the case of 0 < a < 1, we have
P(SY ) = 2 matey — 11 (8) + pama(t) > ) ~ ma(8) i ().

If @ = 1, when ny(t) > na(t), by Lemma 3.1, {X1 —Y1,..., X0, 6) = Yoo (t)s Xna) 15 > Xnn(0) }
are N A, this argument is similar to the case of 0 < a < 1; when n4(t) = n2(t), by Lemma 3.1,
{X1-Y1,..., X0,0) — Ynop) } are NA, they are also ND, Theorem 3.4 holds by Proposition 2.4;
otherwise the argument is similar to the case of 1 < a < co. Then the proof of Theorem 3.4 is

completed. (I
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