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Abstract It is well known that Fourier analysis or wavelet analysis is a very powerful and
useful tool for a function since they convert time-domain problems into frequency-domain
problems. Are there similar tools for a matrix? By pairing a matrix to a piecewise function,
a Haar-like wavelet is used to set up a similar tool for matrix analyzing, resulting in new
methods for matrix approximation and orthogonal decomposition. By using our method, one
can approximate a matrix by matrices with different orders. Our method also results in a
new matrix orthogonal decomposition, reproducing Haar transformation for matrices with
orders of powers of two. The computational complexity of the new orthogonal decomposition
is linear. That is, for an m X n matrix, the computational complexity is O(mn). In addition,
when the method is applied to k-means clustering, one can obtain that k-means clustering
can be equivalently converted to the problem of finding a best approximation solution of a
function. In fact, the results in this paper could be applied to any matrix related problems.
In addition, one can also employ other wavelet transformations and Fourier transformation to
obtain similar results.
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1. Wavelet transformation of matrix

It is well known that the Fourier series is very important and it decomposes a function into
infinite sum of sine and cosine functions and the coefficients of sine and cosine functions contain
the spectral information of the original function. Wavelet transformation is an update of Fourier
transformation (series) and it decomposes a function into infinite sum of wavelets. Since the co-
efficients of the wavelets (Fourier transformation) are the spectrums of the functions, the wavelet
(Fourier) transformation converts time-domain problems into frequency-domain problems. In
this section a Haar-like wavelet transform is employed to set up a new matrix analyzing method.
The same as the function’s wavelet (Fourier) transformation, the new method can also convert
time-domain problems of a matrix into its frequency-domain problems, by resulting in a new

orthogonal decomposing of a matrix into a matrix composed of its spectrums.
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For an m x n matrix A = (a; j)o<i<m—1, 0<j<n—1, we define function f4 on [0, a] x [0, b] by

i i+ 1 ib i+ 1)b
fA(x,y):ai,j,ﬁ<x<w,i<y<u, 0<i<m-1,0<j<n—1. (1)
m m n n
a=1b=ora= " b=1is reasonable, but we set @ = b = 1 for convenience. That

is, we assign the matrix A to a piecewise constant function with possibly break lines z = #,
1<i<m-landy= %, 1<i<n-—1. A and f4 are called dual pair of each other.

For the value of f4 at a point on the beak lines, although definition is acceptable, we define
it to be the average of the function values of its neighbors. For example, we define
1

f(a, %) = Z(ai—l,j—l tai—1j+aij1+aij), 0<i<m, 0<j<n,
i 1 ) j j+1
f(a,y) = i(ai—l,j +a;j;), 0<i<m, - <y< ——.

To obtain a Haar-like wavelet, we define
ho(z) =1, 0 <z <1, ho(z) =0,2 <0or x> 1, ho(0) = ho(1l) = 0.5,
h(z) =1, 0 <z <05, h(z)=-1, 0.5 <z <1, ho(z) =0,z <0orz>1,

ho(0) = 0.5, h(0.5) =0, ho(1) = —0.5. (2)
Then, we define

hij(@) =23 (25 — j) = haeyj(x), i>0,0<5 <2 —1, (3)
It is easy to see that h; = ho,o = h. The following lemma is obvious.
Lemma 1.1 {h;,i > 0} is an orthonormal basis of L*[0,1]. That is, {h;,i > 0} is a Haar
wavelet-like basis of L?[0,1].

It is obvious that fa € L?([0,1] x [0, 1]) and thus there holds

oo o0

Zc ihi(x ), in L? (4)

1=0 j=0

Cij = y)dy falz,y)h;(x)dz = hj(y)dy 1 fa(z,y)hs (z)de.
f; s [ Jj o |

It is well known that, like Fourier series, ¢; ; reflects the frequency information of f4 contained

where

in the support region of h;(x)h;(y), i.e., ¢; ; reflects the corresponding spectrum information of
fa. Equation (4) is called the (Harr) wavelet transformation of the matrix A. For the expansion

of fa in (4), we have the following lemma.

Lemma 1.2 fu(x, y) = mel Z;OZO cijhi(x)hi(y) if m = 2™ for some natural number M,
falz,y) =272, Zj "o cijhi(z)h;(y) if n =2V for some natural number N, and

m—1n—1

fa@y) = D> cijhi()h;(y) (5)

i=0 j=0

if both m = 2M and n = 2V for some natural numbers M and N.
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Proof If i > m = 2™, then there exists s > M and 0 < t < 2% — 1, such that i = 2° + ¢.
Therefore, there holds

Cij :/ dy/ falz,y)hi(x)dx 7/ j(y)dy/o1 fa(z,y)hs (z)de.

Since the support of hy; is (&, 52) C (5%, i) = (L, 21) According to the definition,

287 28 m’ m

2
fa(z,y) is independent of « in the region (-, £t1) x [0,1]. Therefore,

/0 fa(@,y)hsi(z)de = fA(x,y)/O hst(z)dz = 0.

That is ¢; ; = 0. The other two conclusions can be proved similarly. [J

In fact, the following result shows that (4) holds point-wisely almost everywhere.

Theorem 1.3 Let B, = {1,0<i<m}, By={1,0<j<n}andD={kt,s>1,0<t<2}.
Then,

o0 o

DD cighi(@)hy(3)

i=0 j=0

converges if both T ¢ B, and §j ¢ B,. Furthermore, if both & ¢ B, |JD and y ¢ B, |J D, then

ZZ% = fa(z,p), (6)

=0 j=0

ie., (4) holds point-wisely almost everywhere. If & € B, or § € By, 32,2, 372 ¢ijhi(Z)h;(y)

usually diverges, but it is a bounded sequence.

Proof Only the most important case of both z ¢ B, |JD and § ¢ B, |J D is taken as an example
to prove Theorem 1.3. Assuming & = >, 5: and y = ooy 2t are the binary representations
of Z,5 € (0,1), where both &5 and 7y equal 0 or 1. Since T ¢ D and § ¢ D, both 5 and 7,

contain infinite many 0's and 1’s. Since z ¢ B, and § ¢ B,, there exist ig and jo such that

7 10+ 1 j jo + 1
DoegT N 0TS
m

Fori>1,let i =2% 4+ b with 0 < b < 2% —1. Then

h2) = gl =200 ) =2 D02 0 3 )

s=1 s=a+1

(—1)Fe+12%, ifb=2037 2

0, otherwise.

Similarly, for j > 1, let j = 2% + ¢ with 0 <t < 2% — 1. Then

hy(§) = hsa(§) = 250(2°F — ) = 23 h(‘f’ ——t+ Z o =)
l=s+1

(—1)m+128, =250 W

0, otherwise.
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Since ho(Z) = ho(g) = 1, we have

D> cijhi(@)h; —CooJrZCzoh ZCOJ 9+ D> cihi(@)h;(y)

=0 j=0 i=1 j=1

RTED DS ILIECINIES 3 S LEC
j=1

oo oo X
ZZ(_1)€a+l+ns+l2§+%C2“+b,23+t7 (7)

a=0 s=0

where b=2%"%_ £ and t =2°3 | & Since 2 < 7 < fotl b < g < 2t by denoting

a

€] m
xO:07xa:§ ?a y0:07ys: v
=1 =1

there exist a and 3, such that

1 ) 1 1
f<xa<x<xa+f ot , ]fo<ys<y<ys+*<jOJr : (8)
m 2a m n 28 n

Thus, fa depends only on y for « € [z4,%5 + 35| and f4 depends only on z for y € [ys, ys + 55 ).
Therefore, for j > 0 and a > a (b = 2%x,), it holds that

1 wa+515
Coatbj :/ dy/ falx,y)hap(z )dx—/o hj(y)dy/i fa(x,y)hap(z)de

- [ wumwa /ﬁ;mamml[mw;mwwzhw@mo

Similarly, for i > 0 and s > § (¢t = 2%y,), it holds that

Ci, 254t = 0.

Thus, (7) is reduced to

co 00 a—1 5—1
Z Z ¢i,jhi(Z)h;(y) =co,0 + Z(—1)5”+12%02a+b,0 + Z(—l)"”lﬁco,zwﬁ
a=0

i=0 j=0 s=0
a—135—-1
§ :§ :(—1)Ea+l+ns+l2%+%C2a+b,25+t
a=0 s=0

=co0+ ) (=128 cpepp ot

51 a-1
> (—1)meri2d [CO,QSH + Z(—l)e"*lﬁ@%bawt] (9)
s=0 a=0

This shows that > .~ Z;io ¢i,jhi(Z)h;(g) converges. In addition, for any « ¢ D, one can easily
check that

ho(:l?) + (—1)61}1(17) = 2h0(21‘ — 61)
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and for any k > 1 it holds that

k k k+1
2% he (2% -3 2’”51-) + (—1)@%12’%(2% = 2’Hsi) — ok+lp, (2’”1:5 -3 2‘”1*1@).
=1 =1 =1

Thus, by mathematical induction, for any k£ > 0, it holds that

k k41
ho(a) + 3 (~1)Fe+128 hyy(z) = 251 hg (2’““::: -3 2k+1—%i). (10)
a=0 =1
Noting that b=2*37"_| 5= and t = 2> | &, one can prove that
- 51 a1
coo + Z(—I)Ea+12%62“+b,0 4 Z(_l)ns+12§ {CO,ZS-&-t + Z(_1)€a+12%C2a+b,25+t:|
a=0

//fA:L’y ) [2%ho (2 22“ )| [22ho (2 1:—22‘” )| dzdy. (11)

In fact,

5—1 a—1
0,0 + E 1)%412% cya 0 + E 1)7++122 [cg 2014 + E 1)+ 22 coatp 20 44]

/ho dy/ falx,y)ho(z dx—!—z E““22/h0 dy/ fa(z,y)hgp(z)dz+
5—1

Z( "S+122 / he(y dy/ fa(z,y)ho(x)dz+
s=0

:Z_:(—l)sa+123 /01 hs +(y)dy /01 fA(x,y)hmb(x)dx]
_ /0 ho(y)dy /0 o) [ho(x)d + Zz_;l)(—l)ea+12gha7b(x)}dx+
1)es19s /0 1 het(y)dy /0 1 Fa(z,y) [ho(x)dx n :Z_(l)(—l)sa+12§ha7b(x)} dz

= /O1 ho(y)dy /01 fa(z,y) {Qaho (2% — i Qa_ifi)} dz+

5—1

Z(—l)mpﬁ/ st dy/ fa(z y 2 ho(2 x_ZQa i }
= [ et St [t S
s=0 =1

a

:/0 /0 fA(x7y)[2§ho(23 ZQs i )} [2%0( iy 9o )}dxdy

i=1 i=1
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According to the definition of hqg,

1,1 s a
/0 ; fa(z,y) [2§h0 (2°y — Z 2571‘62')} {Zaho (2% — Z 2&451_)} dzdy
i=1 =1
aca,—&-Q% y§+2% B ~ s . _ _ a _
= / dx/ falz,y) [Q‘Qho (Q‘Qy — Z 25—2&')} {2aho(2al‘ - Z 2(1_251‘)}(19
T s =1 =1
wa-‘rz% y§+2% o
_ / dz / Falw,y)272%dy = fa(z, 7). (12)
Tg Ys

In the last step, the fact that, according to (8), restricted to the rectangle region (x,y) €
[za, xa + 27] lys, ys + FL falz,y) = alio,jo) = fa(Z,y) is used. (6) is thus obtained by (9),
(11) and (12). Theorem 1.3 is proved. O

The following result is a direct conclusion of Theorem 1.3.

Corollary 1.4 For any p, 1 < p < oo, it holds that

x,y) = ZZCi,jhi(x)hj(y), in LP. (13)

i=0 j=0

Since
oM _19N_

fMN .7} y Z Z Cl,j ) (14)

=0 j=0
is piecewise constant with possible break lines z = 2M, 1<i<2M_1and y= —N 1<i<2VN_1
its dual pair matrix Ay n can be obtained by

2i+1 2j+1
AmN = (erN(QMJrl’ N1 ))O§i§2M—1, 0<j<2N —1°

(15)

Since fjs,v is an approximation of f4, Aas, n is thus an approximation of the matrix A, with the

property that

Lemma 1.5 A=Ay N ifm= 2M and n = 2N.

Lemma 1.5 is a direct conclusion of Lemma 1.2.

Note that
2M_12N 1
fan(@y)= > > cijhi () = I (@)Cr, b (y),
i=0 j=0
where

Ihi(@) = (ho(x), hi(2), ha(x), ..., how 1 (2)), Wi (y) = (ho(y), b1 (y), ha(y), - - hax —1(y))
and CM’N = (Ci,j)OSiSZMfl 0<j<2N -1 it holds that

2i+1 2541
Apn = (fM N(2M+1’ ON+1 ))O<z<2M 1, 0<j<2N -1 HJI\}OMWHN’ (16)

where Hy = (hy(5hr) hu(5ir) - ht(%)) is a 2¢ x 2¢ matrix. The following lemma is well

known.
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Lemma 1.6 Q; = 2_%Ht is a Haar orthogonal matrix for any natural number t > 1.

According to the above results, we obtain the following wavelet decomposition of matrix.

Theorem 1.7 Let A be an m x n matrix and fa(z,y) = o Z;io cijhi(x)h;(y) be wavelet
expansion of its corresponding dual pair function. Then Ay n, an approximation matrix of the

matrix A defined in (16), has the following orthogonal decomposition.
Ay N = Hy Oy nHy,
where Q; = 275 H, is an orthogonal matrix. In addition,
A=Ayn=HyCunHy,

ifm=2M and n = 2V.
We should note that Hy is also a sparse matrix with each column having equal t+ 1 non-zero

entries. Hy, Ho, H3 are given as follows.

1 1 1 1 1 1 1 1
1 1 1 1 -1 -1 —1 —1
V2 V2 V2 V2 0 0 0 0
Hy — 0 0 0 0 V2 V2 V2 -2

2 =2 0 0 0 0 0 0
0 0 2 -2 0 0 0 0
0 0 0 0 2 =2 0

0 0 0 0 0 0 2 —2

Since H; is known, all the computational complexity of the wavelet decomposition comes from
Ci,j-
Theorem 1.8 The calculation of ¢; j involves at most 69 multiplications. Therefore, the wavelet

decomposition (16) has linearly computational complexity O(2M2N).

Proof To calculate ¢; j, for 0 <z <z <1 and 0 <y; <yz <1, we first calculate

x2 Y2

I(zy, 22591, y2) = / fa(z,y)hi(x)h;(y)dzdy.

z1 Y1

Let

my = [max1], ma = [mxa], n1 = [ny1], na = [nya],
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where [z] is the greatest integer of less then or equal to z. Then,

m1+1 n1+1

(2 — 1) (Y2 — Y1)my iy, if 2 < and yp < ;

(x2 - xl)((n1+1 yl)a‘ml,nl +5 Z;Lz n11+1 amy,j + (y2 . )aml,n2)>

n1+1

if.’L’QS

mi+1
= and yo >

(y2 - yl)((ml-"_1 - xl)amhnl + % E:nzmllJrl i,y + (CC2 - %)am%”l)’

if > ™t and y, < ML
I($1»$2§y17y2) = 41 1 ma—1
(y2 = y) (5= = 20)@my ny + 5 2020, 1 G T (P2 = T2) s ny),

if x2>m17+1andy2§%,

Iy, Py, o) 4+ T(22, @95y, y2) + T(PLEL, B2y, Mty
I(m;jlvwn?v?ay )+mzyi27;1+1 ;2n11+la’1])

if a9 > m}ﬂ“ and yo > "1+1

(17)
Equation (17) shows that the calculation of I(x1,x2;¥1,y2) needs at most seventeen multiplica-
tions. Let 1 =2° 4+¢,0 <t < 2% and j = 2% 4+ v,0 < v < 2%. Then

coj = / 1 /  fa(e i)y (g)dady = / 1 / () () (y)dlacly

:25+Tu([(i 2t+1_£ 2v+1)7 (t 26+1 2v+1 ’u+1)

9257 9s+1 7 9u’ Qu+l 257 9s+1 ) u+l 7 gu
20+1 t+1 v 20+1 204+1 t+1 20+1 v+1

I( 2s+1 7 9s ’27u’ Qu+1 )+I( 92s+1 7 9s ; utl ’ 9u ))

Above equation shows that the calculation of ¢; ; involves at most 69 multiplications. O]

2. Some applications of wavelet decomposition of matrix

A k-partition of {0,1,...,m—1} is to decompose {0, 1,...,m—1} into k non-empty sets S =
{51, Ss, ..., Sk} such that Ule S; ={0, 1,...,m—1} and S; (S} is empty if ¢ # j. The k-means
clustering of a given set of d-dimensional observation data z; = (agj,a1,,---,ad-1,;)" € RY,
0 <j<m-—1,is to find a k-partition S = {5’1, 5'2, ceey S’k} such that for any other k-partition
S ={S51,52,...,Sk}, it holds that

k k
Do lai—mgP <y Nl —myl?,

J=lies, j=14€S;
where
- 1 - - -
mj = | ~'| Z €T = (moyj,ml)j, e 7md—1,j)Ta
J iGS'j
T
mj = |S | ZIz = (mo,j, M5, -, Ma-1,5)

€S,
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and |A| is the cardinality of the set A. k-means clustering is an NP-hard and very active
problem [1,2]. Different from all the current methods, in this section a new method is presented

by converting the k-means clustering to an equivalent new form.

For any k-partition S = {51,52,..., Sk} of {0,1,...,m — 1}, denote D; = J,g, (L, el
Then D = {D1, Ds, ..., Dy} is called a k-partition of 1nterva1 (0 1) based on intervals {(-~ i 1:21),

0 <i < m-—1}. Tt is easy to see that any k-partition of {0, 1,...,m—1} is pairing to a k-partition

e

of interval (0, 1) based on intervals {(--, -

),0 < i <m— 1}, and vice versa.
Assume that A = (@i j)o<i<d—1,0<j<m—1 and its dual pair function is fa(z,y). For a k-
partition S = {Sl,SQ, .. ,Sk} of {0, 1,....m— 1}, denote £ = (bi)j)ogigdfl’ogjgmfl where

by = (bot, b1ty ba—14)T = my; if t € S;. Then it holds that
k m—1
SO s =mil? = > lla; = bl*> = |A - E|%, (18)
j=1i€s8; §=0

where [[A]| is the Frobenius norm of the matrix A. Denote also that D; = {J;cg, (£, 1) and
let fg(z,y) be the dual pair function of E. Then,

) + 1
fe(z,y) =m,;, for é <r< l—; and y € D;.
In fact, it holds that
1+ 1
mij = aiy = aig = / fa(z,y)dy, — <z<
! | ]| l;: |D ‘meas ZS':J |D ‘meas d d
where |Dj|meas is the Lebesgue measure of D;. That is,
fe(z,y) = D5 e | / fa(z,y)dy, fory € D; (19)

is the mean of of f4 on the set D;. This shows that the k-means clustering of vectors is
corresponding to the following k-means clustering of a piecewise constant function.
k-means clustering of a given piecewise function f defined on the unit square with possible
break lines x = g, 1<i<d-1andy= %, 1 <j<m-—1Iis to find a k-partition D =
. . . 7 +1 .
{D1,Ds,..., Dy} of interval (0, 1) based on intervals {(;-, “=),0 <4 < m — 1}, such that

1 1
||fA—fE|\2=/0 /0 Faesy) — fule,y)Pdady

is minimum among all possible such kind k-partitions, where

1

‘Dj |meas D;

fE(xay) = fA(xvy)dyv for Yy e Dja 1§J§ k.

Let E = (b; j)o<i<d—1,0<j<m—1 denote the pair matrix of fg. Then, for ¢t € S}, it holds that

bi = |Za”’ fort € S;

|Jzes

where S = {S1,S5%,...,Sk} is the pair k-partition of {0,1,...,m — 1} corresponding to D =
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{D1,D3,...,Dy}. According to the definitions of f4 and fg, it holds that

1 1 d—1m—1
1 1
2 _ 2 - b 2= ——|A—E]3
lta=sell = [ [ st setePasa = 205 3l bisf = 4=l (20
According to (18) and (20), the following equivalent theorem is obtained.
Theorem 2.1 The k-means clustering of vectors x; = (aOJ,aLj,...,ad,l,j)T € R%0 <

7 < m — 1, is equivalent to the k-means clustering of the piecewise function fa, where A =
(@ij)o<i<a—1,0<j<m—1-
The above equivalent theorem provides a new method to study k-means clustering. The

following lemma is obvious.

Lemma 2.2 If ) is an orthogonal matrix of order d and c is a constant, then the k-means
clustering of vectors x; = (ag j,ai1j,...,a4-1,)7 € R4, 0 < j < m — 1 is equivalent to the
k-means clustering of vectors cQx; € R%,0<j<m-—1.

Assuming that Ay n is a suitable approximation of A, according to (16), it holds that

Hy Ay oy =2MCpr vHy.

Since usually Cyy,n is an approximate sparse matrix and Hy is a sparse matrix, above formula
produces a new method for dimensional reduction other than principal component analysis. In
addition, this skill can be repeatedly used to achieve better results. Considering dimension

reduction is a key step for k-means clustering, a new method is presented for k-means clustering.

Theorem 2.3 Assume that the k-partition S = {gl, So,.. ., S'k} of {0,1,...,2N ~1} is a k-means
solution of the data Ay n and denote that Dj = Uieéj(%\, 1. Then S = {S1,Ss,...,Sk} is an
2N 2
approximate solution of the k-means clustering of the original data z; = (ao j, a1 5, - -, ad,l,j)T €
R?, 0 < j <m—1, where S; is the collection of all the index i such that (£, “£1)N D; has the
maximum Lebesgue measure, i.e.,
. 1 1+1 - 1+ 1
S;={is I(—, )[) Djlmeas = max{|(

]
)
m m m m

) Dilmeasi 1 <1< k}},

In addition, this method is also useful in feature extraction, such as image processing or

signal processing. The study of this aspect is still investigating.

References

[1] J. A. HARTIGAN, M. A. WONG. Algorithm AS 136: A K-Means Clustering Algorithm. Journal of the
Royal Statistical Society, Series C, 1979, 28(1): 100108.

[2] V. ALON, S. S. SHAI. K-means Recovers ICA Filters when Independent Components are Sparse. Proc. of
Int’l Conf. Machine Learning (ICML 2014).



